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8 following tracts, ſeveral things in the 

dofrine crntripetal forces and pbyfical 
aftronomy are attempted to be explained, in 4 
way ſomewhat different from the uſual manner 
of confidering theſe ſubjefts. There is likewiſe, 
from the theory of gravity, a new method 
pointed out for determining the fun's diſtance 
from the earth. Tt depends on aſcertaining the 
proportion of the centripetal force of the moon 
to the earth, to the mean folar force affecting 
the gravity of the moon to the earth. This, it 
7s thought, may be done, both from the motion 
of the moon's apogee, and likewiſe from the mo- 
tion of its nodes. To aſcertain this force is a 
point which merits attention, as it affords the 
moſt exact way of" finding the fam g diflance 
From the earth. 155 


T is well known, that the varibus methods 


bitherto attempted fo ſolve this curious problem, 
have 


nr Ace. 


have failed, in a great meaſure, on account of 
the vaſt diſtance of the ſun from the earth: but 
the method hinted at here, will give the ſolution 
the more accurately, the more diſtant the fun is 
From the earth; for it proceeds on the ſuppoſi- 
tion that the diftance of the * from the earth 
7s great, 2 | 


Ader er ve ſeveral propoſitions, particularly 
in the ſecond and third tratts, the uſe of which 
will not eafily appear to the reader. They were 
intended to explain ſeveral things in the lunar 
theory which the author had in view, but 
which, as the book has felled to @ greater 
fize than was at firſt expected, he was obliged 
10 defer at preſent. I what is done here be 
Found agreeable to the public, they may proba- 
bly be the ſalject of anotver volume. 


The laſt eight propoſitions of the fourth trad, 
(ſome of which were - publiſhed in the ſecond 
Wn UG the Edinburgh Eſſays, art. 6 * con- 

tain 


1 1 « 


tain a very ſhort, eaſy, and exuct method, 
of finding the place of a planet in its orbit, 
This is a problem of the utmoſt conſequence in 
oftronomy, and ſeveral ſolutions of it have been 
given by mathematicians of the firſt rank. Their 
methods of ſolution require a conſiderable knows 
ledge in the more difficult parts of nathema- ; 
tics; but the method here given, requires only 
the knowledge of the elementary parts, and of 
plain trigonometry. 


As the reader is ſuppoſed to be well ac- 
quainted with Euchd's Elements, there are no 
references made to them ; but as his knowledge 
of conic ſettions may not be ſo extenſive, there 
are references made to the excellent treatiſe on 
this ſubjeft, by that great geometrician Dr 
Robert Simſon Profeſſor of Mathematics in 
the univerſity of Glaſgow, whoſe reputation is 
already great in the learned world, and muſt 
continue to increaſe, as long as true geometry is 
- underſiood, or valued. 


College of Edinburgh, 
Avg. 20, 1701, 


Py — —4 * 1 FR 5 & yt 1 * N 1 * oe” * * 
2 a * Y g : * » * =" & = 
N * 5 
kh A | | 
* o "4x N 1 | " m * . 3 
1 M4 4 * 6 L #5 i 8 ( lt > $ 3 
1 a p " 
' ' f . ſi + 14 2 - + * : 4 
| * Ft A 5 1 L 8 4 . \ 
— 1 6 , F | © of = 


„ e ey we þ 


PROPOSITION. I Hg. l. 


Ex ABC br any curve whoſe axis it 
AD: and let EFG be a curve line, 
/e related to the curve ABC, that if 
' from any point H, in AD, there 


' be drawn HB perpendicular to AD, meet- 


ing the curve ABC in B, and the curve. 
EFG in F; and if from B there be drawn 


Bf, 4 tangent to the curve ABC, in 1 
meeting AD in f; the reftangle IHF is % 


the ſquare of HB, in a given ratio, ſuppoſe 


that of p tog: from A draw AE perpendi- 


' cular to AD, meeting the curve EFG in 


E: the reftangle FHF. will be double of the 


"" ares . 


*4;} 


Let AH be divided 1 into v indy nale 


( pot I -parts, 


— 
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parts, in tlie points K, L., M, Sc. draw 
KN, LO, MP, Ge. parallel — HB, meet- 
ing the curve ABC in N, O, P, Sc. and 
the curve EFG in WR, 8, &6.;: through 
B draw BT parallel to AD; and let the rect- 
angle H BT be equal to the rectangle FHF, 
and join HI'; through N, O, P, &c. draw 
NV, OX, PV, Sc. parallel to BT or AD, 
meeting HT in V, X, Y, Sc.; and let NZ, 
a tangent to the cutve ABC in N, meet AD 


in Z; let NV meet BI in @, e 
BH, NK, in 6, c. 6 


| Becauſe the rectangle HET is \ equal, to 
the rectangle FHF, BI will be to HF as 
fH to HB; that is, (becauſe the triangles 


FHB, Na, may be conſidered as ſimilar), as 


Na or KH to Ba; therefore the rectangleaB T 
is equal to the rectangle KHF. Again, be- 


cauſe the rectangle ZKQis to the ſquare of 


KN or Ha as p to 9, that is, as the rectangle 


FHF to the ſquare of HB, and the ſquare of 
Hais tothe rectangle Ha Vas the ſquare of HB 
to the rectangle HBT; therefore, by equa- 


lity, the rectangle ZKQ' will be to the rect- 
angle HaV, as the rectangle FHF to the 
rectangle HBT; therefore the rectangle 


* will be equal to the rectangle HaV ; 
and 


and MATHEMATICAL. 3 
and therefore Va will be to K Q, as ZK 
to Ha or KN, that is, as oc to N, that is, 
(becauſe oc is equal to LK, and N equal 
to ab), as LK to ab, therefore the rectangle 
baV is equal to the rectangle LKQ. A- 
gain, let PV meet BH in d, and the fame 
way it is ſhown, that the rectangle X is 
equal to the rectangle MLR, and ſo on; 
therefore the ſum of the rectangles aB T, 
za V, dbx, &c. is equal to the ſum of the 
rectangles KH F, LKQ , MLR, Sc.: but 
the ſum of the rectangles aB T, BaV, dbX, 
Sc. may be conſidered as equal to the tri- 
angle HBT, and the ſum of the rectangles 
KHF, LKQ,, MLR, &c. may be conſidered 
as equal to the figure AEF H; therefore the 
triangle HBT is equal to the figure AEF H: 
but becauſe the rectangle HF is equal to 
the rectangle HB T, the rectangle FHF will 
be double of the triangle HBT ; and there- 
fore the rectangle f HF will be double of 

the Area AEFH. bps E. D. | 


PROP: n. ER 2 


Let ther hes curve ABC, hoſe axis is ADs 
anne A 2 and 
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. ind let EFG ben curve, whoſe afymiptote is 
AH, perpendicular to AD; i the 
curdes ABE, EFG, be jo related to euch 

otber, that i from any points B, C, in the 
curus ABC. there be drawn BR, CD, per- 

* e AD, meeting AD in K, D, 

and the curve EFG in F, G; and BL, 

, CM. tangents to the curve ABC in B, C, 
meet AD in L, M; tbe redtangie MDG 

is to the retungił LK F a CD 70 BK; the 
figure HADGE will Ran ne. 
. * 


Fem F dae FN attic to BL, ihotiag 
AD in N; and let CD be divided into inde- 
finitely little parts in O, P, Q., R, 8, c.; 
draw OT, PV, Q., RY, SZ, &c. parallel 
to AD, meeting the curve. 'ABC in 
T, V, X, V, Z. Sc.; and draw Ta, Vb, Xc; 
Va, Ze, Ge. parallel to CD, meeting AD 

in a, b, c, 4, e, Gc. and the carve EFG in 
++ . b, E, J, &c.; and tet Tm, Vo, tangents 
to the curve ABC, in T, V, meet AD i in m, 
0; let VP.meet Tann f.. 14 | 

' Becauſe FN is parallel to BL, BK will be 
Se ann therefore the re&. 
15 angle 
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angle BKN will be equal to the rectungle 
LKF: and becauſe the rectang 


le MDG is 
to the rectangle LKP as CD to BR, that 
is, as the rectangle contained by CD, KN, 
to the rectangle BKN, and the rectangle 
LKF is equal to the rectangle BK Ny there- 
fore. the rectangle MPG will be equal bo 


the rectangle contained by CD, KN. The 


ſame way it is ſhown, that the rectangle a 
is equal to the rectangle contained hy T; 
KN; and ſo on. Again, becauſe the rect- 
angle MDG is equat to the rectangle con- 
tained by CD, KN; DG will be to KN 
as CD to PM, that is, as CO toOT of Da; 
therefore the rectangle GDs is equal to the 
rectangle contained by CO, KN: and be- 
cauſe the rectangle af is equal to the fect- 
angle "contained by Ta, KN; of will be to 
KN as Ta to an, that is, as Tp to V, or 


* therefore the rectangle fab is equal to 


the rectangle contained by Ty, KN; chat 
zs, equal to the rectangle contained by OP, 


EkN. The ſame way it is ſhown, that che 


rectangle ghc is equal to the rectangle con- 
tained by PQ_, KN ; and ſb on: therefbre 


* 
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the ſam of the' rectangles G Da, fab, glc, 
is equal to the rectangle contained by KN, 
and the ſum of CO, OP, P., Gc.: but 
the ſum of the rectangles GDa, fab, gbc, 
Sc. may be conſidered as equal to the figure 
HADGE ; and the ſum of CO, OP, P, 
Sc. is equal to the line CD; therefore 
the wo HADGE. is equal to the rect- 
angle contained by CD, KN, that is, e- 
qua to the reftangle' DO. &. E. P. 


PROP. III. x. 3. 


Telnet is the line AB, from the 
place A, and ſuppofing any centripetal force 
whatever ; let CDE be a curve, ſucb, that 
if from any two points F, G, in AB, there 
be drawn FD, GE, perpendicular to AB, 

. meeting the curve in D, E; tbe centripetal 
force at F is to the centripetal force at G 
as FD to GE ; from A draw AC, perpen- 
dicular to AB, meeting the curve in C; the 
velocity at F vill be to the velocity at G, 
in the ſubduplicate ratio of the area Ach. 
{0 {he area ACEG. © 


| * 
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Let AHK be a curve, ſuch, that if from 
any points F, G, in AB, there be drawn 
FH, GK, perpendicular to AB, meeting 
the curve AHK in H, K; FH is to GK 
as the velocity at F to the velocity at G; 
and let HL, KM, tangents to the curve 
AHK, in Hand K, meet AB in L., M; 
let FN, GO, be ſpaces paſſed over; in an 
indefinitely little part of time, by the body 
when at F and G; through N, O, draw NP, 
O, perpendicular to AB, meeting the 
curve AHK in P. Q; draw HR, RS, 
parallel to AB, meeting NP, O, in 
R, S; and let the rectangle KG T be equal 
to the rectangle contained by FH, GE. 

Becauſe FH is to NP as the velocity at 
F to the velocity at N, and G to O 
as the velocity at G to the velocity at O; 
PR will be to QS as the increment of the 
velocity at F to the increment of the veloci- 
ty at G, that is, as the centripetal force 
at F to the centripetal force at G, chat is, 
as FD to GE; therefore FD is to GE as 
PR to QS; and becauſe the ſpaces FN, 
GO, are paſſed over in the ſame time; the 
"A: F will be to the velocity at G as 

FN 
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EN d, that is, -as HR tb KS," thafl is, 
FH id to AK as HR to KS. Becauſe; HR 
js to RH as'LFc to FH, that is, as the redt< 
angle LFD to the rectangle DFH; and 
PR is to O8, as FD to GE, chat is as the 
rectangle DFH to the rectangle! contained 
by FH; GE, or the rectangle KGT, HR 
will ce to QS as the rectangle LF to the 
xahgle: KG T': but Q8 is to: NK as KG 
te UM, chat is, as the rectangle RG T to 
the rectangle MG therefore HR is to 
KS! as the rectangle LFD to the tectangle 
MSI therefore FH is to GK as tlie rect- 
angle LFD to the tectangle MGT : but 
the ſquare of FH is to the tectangle contain - 
ed by FH, GK, as FH to GK, chat is, as 
the rectangle LF to the rectangle MG T; 
and the rectangle contained by FH, GK, is 
to the ſquare of GK, as FH to GK, chat is, 
(becauſe the rectangle KG T is equal to the 
recangle contained by FH, GE), as GT to 
GE, that is, as the rectangle MGT"to the 
rectangle MGE; therefore the ſquare of 
FHHisco the ſquare of GK as the fectangle 
LD to the rectangle MGE; cherefore 
[prop:1F che rectangle LFD will be don< 
VAL ble 
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ble of the area ACDF, and likewiſe the 
rectangle MGE will be double of the area 
AcEG; therefore the rectangle LFD will 
be to the rectangle MGE as the area ACDF 
to the area ACEG ; therefore the ſquare of 
FH will be to the ſquare of GK as the area 
ACDF to the area ACEG; therefore FH 
will be to GK in the ſubduplicate ratio of 
the area ACDF to the area ACEG : but 
FH is-to GK as the velocity at F to the ve- 
locity at G; therefore the velocity at F is 
to the velocity at G in the ſubduplicate 
ratio of the area ACDF to the area AckG. 


EE - 10 
PROP. IV. By 4. 


Let i body A th lie AB, . the 
place A; and fuppofing any centripetal force 
whatever, let CDE be a curve, ſurb, that 
if from any Points F, G, in AB, there be 

drawn FD, GE, perpendicular to AB, 
meeting the curve CDE in D, E, GE ts 
10 FD as the velbeity at F to the velocity at 
G; let AH, perpendicular to AB, be the 

g * curve CDE; the time of 


4 
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« deſcent from A to F will be ts the time of 
deſcent from A to G as the figure HATDE 
ER AGES. | | 


Let AKL be a curve, | foe; thas 2 
FK, GL, perpendicular to AB, meeting 
the curve AKL in K, L, FK will be to 
GL as the time of deſcent from A to F to the 
time of deſcent from A to G: let KM, LN, 
tangents to the curve AKL at K, L, meet 
AB in M, N; let FO, GP, be ſpaces paſſ- 
ed over by the body in an indefinitely little 


part of time; when at F, G, draw OQ_, 


PR, perpendicular to AB, meeting the 
curve AKL in Q, R; draw KS, LT, pa- 
rallel to AB, meeting OQ_, RP, in 8, T. 

Becauſe PR is to GL as the time of de- 


| ſrent from A to P to the time of. deſcent 
from A to G, and O to FK as the time 


of deſcent from A to O to the time of de- 
ſcent from A to F, RT will be to. Os as 
the time of deſcent from G to P to the time 
of deſcent from F to O: but the time of 
deſcent from G to P is equal to the time of 
deſcent from F to O; therefore RT, QS, 
are equal. Becauſe the ſpaces GP, FO, 

d. | are 
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are paſſed over in equal times, the velocity 
at G will be to the velocity at F as GP to 
FO, that is, as LT to KS: but DF is to 
GE as the velocity at G to the velocity at 
F; therefore DF is to EG as LT to KS: 
but becauſe the rectangle MFD is to the 
rectangle contained by M., EG, as FD to 
EG, that is, as LT to KS, and the rect- 
angle contained by MF, EG, is to the 
rectangle contained by FK, EG, as MF 
to FK, that is, as KS to S.; therefore, 
by equality, the rectangle MFD will be to 
the rectangle contained by FK, EG, as LT 
toQS, that is, as LT to TR, that is, as 
NG to GL, that is, as the rectangle NGE 
to the rectangle LGE; and alternating, the 
_ rectangle MFD will be to the rectangle 
NGE as the rectangle contained by FK, 
EG, to the rectangle LGE, that is, as FK 
to GL: therefore prop. '2.] the figure 
HAFDC is equal to the rectangle MFD, 
and the figure HAGEC equal to the rect- 
angle NGE ; therefore FK will be to GL 
as the figure HAFDC to the figure 
HAGEC: but FK is to GL as the time of 
deſcent from A to F to the time of deſcent 

| B 2 from 
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from A to G ; therefore the time of deſcent 
from A to F is to the time of deſcent from 


A to G as'the _ HAFDC tothe figure 


PROP. V. Big 8. 


Suppoſe @ body to deſcend fp the point A, in 
the line AB; and let ACDE be à curve, 
fo related to the line AB, that if from any 
two points F, G, in AB, there be drawn 
FC, GD, perpendicular to AB, meeting the 
curve ACD in C, D, tbe velocity at F is 
to the velocity at G in the ſubduplicate ratio 
/ FC te GD: let CH, DK, tangents to 
the curve ACD, in the points C, D, meet 
Ag in H, K; the centripetal force at F 
will be to the centripetal force at G as the 
reclangle contained by FC, GK, to the recl. 
angle contained by GD, HF. | 


Let LMN be a curve, ſo * to ) AB, 
that if from any two points F, G, in AB, 
there be drawn FM, GN, perpendicular to 
AB, meeting the curve EMN in M, N, 
the centripetal force at F is * 
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tal force at G as FM to GN: in FB take 
FO indefinitely little, and draw OP parallel 
to FC, meeting the curve ACD in P; and 
in GB take G equal to FO; and draw 
QR paralle] to GD, meeting the curve 
ACD in R; draw CS, DT, parallel to AB, 
meeting OP, QR, in S, T; let OP, QR 
meet the curve LMN in V. X; and 
draw AL perpendicular to AB, mentingehs 
curve LMN in L. 

Becauſe the velocity at F is to the velocity 
at G in the ſubduplicate ratio of FC to 
GD, and the velocity at F is [4.] to the ve- 
locity at G in the ſubduplicate ratio of the 
ſpace LAFM to the ſpace LAGN ; there- 
fore the ſpace LAFM will be to the ſpace 
LAGN as FC to GD; and therefore the 
curves ACD, LMN, are fo related to each 
other, that if from any two Points F, G, in 
AB, there be drawn FC, GD, perpendi- 
cular to AB, meeting the curve ACD in 
C, D, and likewiſe meeting the curve 
LMN in M, N; the ſpace LAFM will be 
to the ſpace LAGN as FC to GD: there- 
fore the ſpace LAOV is to the ſpace LAFM 


as OP to FC; therefore, by diviſion, the 
rectangle 


14 TRACTS; Piysrcar” Tr. I. 


rectangle MFO will be to the ſpace LAFM' 
as 8P to FC: but the ſpace LAFM is to 
the ſpace LAGN as FC to GD; therefore, 


uality, the recta e MFO is to the 
Kaen LAN en 8 11085 but becauſe 


the ſpace LAG MN is to the ſpace LAQX as 
GD to QR, the ſpace LAGN. will be to 
the rectangle NGQ as GD to RT; there- 
fore, (becauſe the rectangle MFO is to the 
ſpace LAGN as PS to GD, and the ſpace 
LAGN is to the rectangle NGQ as GD. to 
RT), by equality, the rectangle MFO 
will be to the rectangle NGQ as, PS 
to RT: but becauſe FO, GQ, are e- 
qual, FM is to GN as the rectangle MFO 
to the rectangle NGQ_; therefore FM is 
to GN as PS to RT. . Becauſe FO is inde- 
finitely little, the triangles HFC, CSP, may 
be conſidered as ſimilar; therefore HF will 
be to FC as CS or FO to PS; therefore the 
rectangle contained by PS, HF, will be e- 
qual to the rectangle CFO. The ſame way 

it is ſhown, that the rectangle contained by 
RT, CR, is equal to the rectangle DGQ ; 
therefore the rectangle contained by PS, HF, 
will be to the rectangle contained by 
121 RT, 
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RT, GK, as the rectangle CFO to the 
rectangle DG Q, that is, as FC to GD, 
that is, as the rectangle contained by CF, 
GK, to the rectangle DGK; therefore the 
rectangle contained by PS, HF, will be to 
the rectangle contained by CF, GK, as the 
rectangle contained by RT, GK, to the 
rectangle DGK, that i is, as RT to DG, 
that is, as the rectangle contained by RT, 
HF, to the rectangle contained by DG, 
HF; therefore the rectangle contained by 
PS, HF, will be to the rectangle contained 
by RT, HF, as the rectangle contained by 
CF, GK, to the rectangle contained by 
DG, HF; that is, PS will be to RT as 
the rectangle contained by CF, GK, to the 
rectangle. contained by DG, HF. But FM 
is to GN as PS to RT; therefore FM is to 
GN as the rectangle contained by CF, GK, 
to the rectangle contained by DG, NF. 
But the centripetal force at F is to the cen- 
tripetal force at G as FM to GN ; therefore 
the centripetal force at F is to the centripe- 
tal force at G as the rectangle contained by 
CF, GK, to the rectangle contained 17 
DG, HF. . E. D. 


PROP. 
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— PROP. VI. "Fig. 6. 


1 4 "oY ated upon by a e, yo 
tending to a fixt centre, deſeribes à curve 
Une, the angular velocity of the body round 
the ft centre will be reciprocally as the 

3 of the diſtance of the body from the 

es, ch s 


Let ABC be any curve deſcribed by a bo- 
dy that is acted upon by a centripetal force, 
tending to the centre 97 draw 8A, SB, to 
any two points A, B, in the curve; the 
angular velocity of the line 8A round the 
point 8 is to the angular velocity of the line 


SB round the point S as the ſquare of SB to 
the ſquare of SA. 


Let AD, BE, be deſcribed in indefinite- 
ly little equal parts of time; join SD, SE; 
with the centre 8, and diſtance SD, de- 
| ſcribe a circle meeting SA, 8B, SE, in F, 
G, H; and with the centre 8, and diſtance 
SE, deſcribe a circle meeting SB in K. 
Hhecauſe AD, BE, are deſcribed in equal 

fimes, the triangles ASD, BSE, will be e- 
1041 qual; 
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qual; therefore DF will be to EK as BS 
to SA, that is, as the ſquare of BS to the 
rectangle ASB: and EK is to GH as ES 
to SH, that is, as BS to SA, that is, as the 
rectangle ASB to the ſquare of SA ; there- 
fore, by equality, DF is to GH as the 
ſquare of SB to the ſquare of SA; and 
therefore the angular velocity of the line 
SA round the point S is to the angular ve- 
locity of the line SB round the point S as 
the ſquare of SB to the ſquare of SA, 


2, E. D. 


PROP. vn. Fig.7. 


Let SA, SB, be two right lines interſecting 
each other in the point S; and let AC, BD, 
be perpendicular to SA, SB; and let AE, 
BF, be zndefinitely little parts of the lines 
AC, BD, deſcribed by bodies moving in the 
lines AC, BD, in an indefinitely little part 
of time ; let SB be to SG as the ſquare of 
BF to the ſquare of AE: the centrifugal 
force at B will be to the centrifugal force at 
A as AS to SG; that is, the force of the 


body at B, t jy of from the cue will 
he 
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. be to the force | of the body at A, to fly off 
from the centre 8, as AS to SG. WY 


Join SE, SF; with the centre S, and 
diſtance SA, deſcribe a circle meeting SE 
in H, K; and with the centre 8, and di- 
ſtance 8B, deſcribe a circle meeting SF in 
L, M. Becauſe the ſquare of BF is equal 
to the rectangle MFL, and the ſquare of 
AE equal to the rectangle KEH; the 
ſquare of BF will be to the ſquare of AE as 
the rectangle MFL to the rectangle KEH. 
But becauſe BF, AE, are indefinitely little, 
MF, ML, may be conſidered as equal, 
and likewiſe KE, KH, may be conſidered 
as equal; therefore the ſquare of BF will be 
to the ſquare of AE as the rectangle MLF 
to the rectangle KHE, that is, as the rect- 
angle SLF to the rectangle SHE : but the 
ſquare of BF is to the ſquare. of AE 
as BS or SL to SG, that is, as the rectangle 
SLF to the rectangle contained by SG, FL; 
therefore the rectangle SLF will be to the 
rectangle SHE as the rectangle SLF to the 
rectangle contained by S8, FL; therefore 
the rectangle SHE is equal to the rectangle 

contained 
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contained by SG, FL; therefore FL is to 
EH as AS to SG: but FL is to EH as the 
centrifugal Force at B to the centrifugal 
force at A; therefore the centrifugal force 
at ; is to the centrifugal force at A as AS to 


SG. & E. P. 


PROP. VIII. Ng. 8. 


Let ABC be any curve, deſcribed by a body that 
is acted upon by a centripetal force, tending 
to the centre S; the centrifugal force at any 
point B in the curve will be to the centrifu- 
gal force at any other point A in the curve 
as the cube of SA to the cube of 88. 


Suppoſe the body, in an indefinitely little 
part of time, to deſcribe the part AD; and 
let BE be a part deſcribed by the body, in a 
time equal to that in which the part AD 
was deſcribed; draw DK, EL, perpendi- 
(cular to SA, SB, meeting SA, SB, in K, 
L; complete the parallelograms -AKDF, 
BLEG; and let the ſquare of BG be to 
the ſquare of FA as BS to SH: join 8D, 
SE, SF, SG, 
C 2 Becauſe 
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: * Becauſe AD, BE, are indefinitely little, 
they may be conſidered as ſtraight lines; 
the force acting in the direction AD may 
be reſolved into the forces AF, AK; like- 
wiſe the force acting in the direction BE 
may be reſolved into the forces BG, BL. 
Becauſe AD, BE, are deſcribed in equal 
times, the triangles ADS, BES, will be 
equal; and therefore the triangles SAF, 
'SBG, will be equal; therefore AS will be 
to 8B as BG to AF; therefore the ſquare 
of AS will be to the ſquare of SB as the 

| -quare' of BG to the ſquare of AF, that 
is, as BS. to SH; therefore the parallelopi- 
ped whoſe baſe is the ſquare of AS, and al- 
titude SH, will be equal to the cube of SB ; 
therefore the cube of AS will be to the 
cube of SB as the cube of AS to the paral- 
lelopiped whoſe -bafe is the ſquare of AS, 
and altitude SH, that is, as AS to SH: but 
the centrifugal force at B is to the centrifu- 
gal force at A [/.] as AS to SH; there- 
fore the centrifugal force at B is to the cen- 
fugal force at A as the cube of SA to the 
cube of 8B. 2, E. D. 
PROP. 
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PROP. IX. Eg. 9. 


Suppofing a body atted upon by à centripetal 
force tending to the centre 8, to be projett- 
ed at the point A, in the direction AB, 

perpendicular to AS; and ſuppoſe in an in- 
definitely little part of time the body would 
deſcribe AC by the projettile force alone; 
let AD be the ſpace that would be deſcribed 
in the ſame time by the centripetal force 
tending to the centre 8: the centrifugal 
force at the point A, arifing from the pro- 
Jeftile force in the direction AB, will be to 
the centripetal force at the point A, tending 
to the centre S, as the ſquare of AC to 
twice the 'reftangle SAD. 


Join SC; with the centre 8, and diſtance 
SA, deſcribe a circle meeting SC in E, F. 
Becauſe EC is to AD as the rectangle FCE 
to the rectangle contained by FC, AD, and 
the rectangle FCE is equal to the ſquare of 
AC; therefore CE is to AD as the ſquare 
of AC to the rectangle contained by FC, 
AD: but becauſe CE is indefinitely little, 
CF, 


| 
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CF, FE, may be conſidered as equal; 
therefore the rectangle contained by FC, 
AD, may be conſidered as equal to the 
rectangle contained by FE, AD, that 
is, equal to twice the rectangle SAD; 

therefore CE will be to AD as the 
ſquare of AC to twice the rectangle SAD : 
but CE is to AD as the centrifugal force 
at A to the centripetal force at A; therefore 
the centrifugal force at A is to the centri- 
petal force at A as the ſquare * 
the u 70 SAD. E. D. ww 


PROP. X. Fig. 10. 


Subfofing 4 body, in an indefinitely little part 
of time, to deſcribe the part AD with an 
uniform velocity, and a body acted upon by 
a centripetal force tending to the centre 8, 
to deſcribe the part AE, in the ſame time: 
the velocity at E will be to the wages "4 in 
AD as twice AE to AD. 


Becauſe the time in which AE is deſcri- 
bed is indefinitely little, the centripetal 
force may be conſidered as acting uniform- 
ly; therefore the body, with the velocity 

acquired 
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acquired at E, acting uniformly, would 


deſcribe the double of AE in the ſame time. 


that AE was deſcribed, that is, in the ſame 
time that AD: was deſcribed with an uni- 
form velocity; therefore the velocity at E 
is to the velocity in AD as twice AE to 
AD. 2; E. D. 


PROP. XI. Fig. rt. 


Suppoſing a body atted upon by a centripetal 
force tending to the centre 8, to deſcend 
in the fliraight line AS from the point A; 
let there be a curve CDE, ſuch, that. if 
from any two points A, B, in AS, there 
be drawn AC, BD, perpendicular to AS, 
meeting . the curve CDE, in C, D, the 
centripetal force at A is to the centripetal 
force at B as AC to BD: let the body at 
the point B be projected in the direction BF, 
perpendicular to SB, with the velocity that 
would be acquired in falling from A to B; 
the centrifugal force at B, arifing from the 
projectile force in the direction BF, Till be 
to the centripetal force at B, tending to the 
centre 8, as twice the ſpace CABD to the 

rectangle SBD. 
Let 


| 
| 
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Let the body, in an indefinitely little part 
of time, deſcend from B to H by the cen- 
tripetal force; and in an equal time, let the 
body, by the projectile force in the direc- 
tion BF, deſcribe BG: draw HK parallel 
to BD, meeting the curve CDE in K; and 
let the rectangle DBL be equal to the ſpace 
CABD. 

Becauſe the velocity at B, by falling 
from A to B, is [prop. 3.] to the velocity at 
H, by falling from B to H, in the ſubdu- 
plicate ratio of the ſpace CABD to the ſpace 
DBHK ; and the ſpace CABD is equal to 
the rectangle DBL, and the rectangle 
DBH equal to the ſpace DBHK, becauſe 
BH is indefinitely little ; the velocity at B, 
by falling from A to B, will be to the ve- 
locity at H, by falling from B to H, in the 
ſubduplicate ratio of the rectangle DBL to 
the rectangle DBH, that is, in the ſubdu- 
plicate ratio of LB to BH ; and the veloci- 
ty at B, by falling from A to B, is equal to 
the velocity in BF : therefore the velocity 
in BF is to the velocity at H, in the ſubdu- 
plicate ratio of LB to BH: but the veloci- 
ty in BF is [prop. 10.] to the velocity at H 

| as 
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as BG to twice BH; therefore BG is 
to twice BH in the ſubduplicate ratio of 
LB to BH ; therefore the ſquare of BG is 
to four times the ſquare of BH as LB to 
BH, that is, as four times the rectangle 
LBH to four times the ſquare of BH; 
therefore the ſquare of BG is equal to four 
times the rectangle LBH : and becauſe the 
centrifugal force at B, ariſing from the pro- 
jectile force in the direction BF, is to the 
centripetal force at B .] as the ſquare of 
BG to twice the rectangle 88H, the cen- 
trifugal force at B will be to the centripetal 
force at B as four times the rectangle LBH 
to twice the rectangle SBH ; that is, as 
twice LB to BS; that is, as twice the rect- 
angle LBD to the rectangle SBD ; that is, 
as twice the area CABD to the rectangle 
SBD. 2, E. D. | 


Con. In SB take any point a, and draw 
ac parallel to BD, meeting the curve CDE 
in e; let the body at the point B be project- 
ed in the direction BF, perpendicular to 
8B, with the velocity that would be ac- 
* in falling m B to : the centri - 

fugal 
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fugal force at B, ariſing from the projectile 
force in the direction BF, will be to the 


centripetal force at B as twice the area 


caBD to the rectangle SBD. 
This may be demonſtrated in Us ſame 


wary as the propoſition. 


PROP: XI. Ng. 12. 


0 a body acted upon y a centripetal Hori 
' tending to the centre S, deſcribe the curve 

ABC; and let AD, BE, be tangents to 

! the curve at any points A, B, in the 

curve; let SD, SE, perpendicular to AD, 

BE, meet AD, BE, in D, E: the veloci- 

ty of the body at A will be to the velocity ar 
5 as ES ts SD. 


Joly SA, SB; and let AF, BG, be 
parts of the curve deſcribed in indefinitely 
little equal parts of time; join SF, SG : 
Becauſe AF, BG, are deſcribed in equal 
times, the triangles ASF, BSG, will be e- 
qual; therefore AF will be to BG as SE to 
8D: but AF is to BG as the velocity at A 
to the velocity at B; therefore the velocity 

ils 1 * at 
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at A is to the velocity at B as ES to SD. 


PROP. XIII. Fig. 13. 


Fa body atted upon by any centripetal force 
is any how moved, and another body deſcends 


or aſcends in a right line, and their veloci- 
ties be equal in any one caſe of equal alti- 
tudes ; their velocities will be alſo 7 at 
all equal altitudes. 


Leet a body deſcend from A through D 
and E to the centre C; and let another bo- 
dy move from V in the curve VBE; from 
the centre C, with any diſtances indefinite- 
ly near to each other, deſcribe the con- 
centric circles DB, EK, meeting the right 
line AC in D, E, and the curve VBk in 
B, K; draw CB, meeting KE in N; and 
on BK let fall the perpendicular NT; and 
imagine the bodies at D and B to have e- 
qual velocities: Then, becauſe the diſtances 
CD, CB, are equal, the centripetal forces 
in D and B will be alſo equal. Let theſe 
forces be expreſſed by the equal lines DE, 

| D 2 : BN; 
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BN; and let the force BN be reſolved into 
the forces NT and TB: the force NT, 
acting in the direction of the line NT, 
perpendicular to the path of the body, will 
not at all affect or change the velocity of the 
body in that path, but only draw it aſide 
from a rectilinear courſe, and make it de- 
flect perpetually from the tangent of the or- 
bit, and proceed in the curvilinear path 
BTK ; that whole force therefore will be 
employed in producing this effect; but the 
other force BT, acting in the direction of 
the courſe of the body, will be all employ- 
ed in accelerating it; and becauſe B and K 
are indefinitely near to each other, and like- 
wiſe D and E indefinitely near to each o- 
ther, the accelerating force from B to K, 
and from D to E, may be conſidered as 
acting uniformly; therefore the accelera- 
tions of the bodies in D and B produced in 
equal times are as the lines DE, BT ; there- 
fore the velocity at E will be to the velocity 
at 'T as DE or BN to BT : but becauſe the 
angle BNK is right, BN is to BT in the 
ſubduplicate ratio of BK to BT ; therefore 
the velocity at E is to the velocity at T, in 
| the 
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the ſubduplicate ratio of BK to BT: but 
the velocity at K is to the velocity at T, in 
the ſubduplicate ratio of BK to BT ; there- 
fore the velocity at E is to the velocity at 
T as the velocity at K to the velocity at T; 
therefore the velocity at K is equal to * 
velocity at E. 2, E. D. 


PROP. XIV. Fig. 14. 


Let there be a ſemicircle whoſe diameter is 
AB, and centre C; biſeft CB in D, and 
draw DE perpendicular to AB, meeting 
the ſemicircle in E; join AE: if from any 
point F, in the ſemicircle, there be drawn 
FG, perpendicular to AB, meeting AB in 
G, and AE in H, the ſquare of DE will 
be ede, * refangy F GH. 


Let EK, a müent Adebeepcde a E. 
meet AB in K, and FG in L: becauſe of 
the cirele, CK, CB, CD, are proportionals; 
therefore, becauſe CB is double of CD, CK 
will be double of CB; therefore KB is e- 
qual to BC, that is, equal to AC; and be- 
* BD is equal to DC, therefore AD, 

D*. 
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DK, are equal. Again, becauſe the ſquare 
of AD is to the rectangle DAG as DA 
to AG, that is, as DE to GH, that 
is, as the ſquare of DE to the rectangle 
contained by DE, GH; alternating, the 
ſquare of AD will be to the ſquare of DE 
as the rectangle DAG to the rectangle con- 
tained by DE, GH: and becauſe the rect- 
angle AGK is to the rectangle DAG as GK 
to AD or DK, that is, as LG to ED, that 
is, as the rectangle LGH to the rectangle 
contained by DE, GH; the rectangle AGK 
will be to the rectangle LGH as the rect- 
angle DAG: to the rectangle contained by 
DE, GH; therefore the ſquare of AD is 
to the ſquare of DE as the rectangle AGK 
to the rectangle LGH: but the ſquare 
of AD is greater than the rectangle 
AG K; therefore the ſquare of DE is great- 
er than the rectangle LGH; and therefore, 
becauſe G is greater than GF, the ſquare 
of DE is . the Nee Fak. 
e 175 
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PROP. XV. s. Tho 8 


In the ftraight ne AB, 4 BS 0 this AC 
may be triple of CB; and let D be: any 
point in AB: the ratio of the cube of DA 
to the cube of AC will be 55 1 ratis 
of BC to BD. dt n 


' Upon” AB deſcribe a  ſemiclicls AF Bz 
and let CF, perpendicular to AB, meet the 
ſemicircle in F; join AF, and dra. DG 
parallel to CF, meeting the ſemicirele in 
G, and AF in H; and let the rectangle 
KD H be equal to the ſquare of CF. 

Becauſe the rectangle K DH is equal to 
the ſquare of CF, HD will be to CF as CF 
to DK: but HD is to CF as AD to AC; 
therefore AD is to AC as CF to DK; 
therefore the ſquare of AD is to the ſquare 
of AC as the ſquare of CF to the ſquare of 
DK : but the cube of AD is to the paralle- 
lopiped whoſe baſe is the ſquare of AC, and 
altitude AD, as the ſquare of AD to the 
ſquare of AC; therefore the cube of AD 

is to the parallelopiped whoſe baſe is the 
: ſquare 
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ſquare of AC, and altitude AD, as the 
ſquare of CF to the ſquare of DK: but 
the parallelopiped whoſe baſe is the ſquare 
of AC, and altitude AD, is to the cube of 
AC as AD to AC, that is, as the rectangle 
contained by AD, CB, to the 5 rectangle , 
ACB,- or the ſquare of CF; therefore the 
cube of AD is to the cube of AC as the 
rectangle contained by AD, CB, to the 
ſquare of DK: but becauſe | 14. ] the ſquare 
of CF ĩs greater than the rectangle GDH, 
the rectangle KDH will be greater than the 
rectangle GDH; therefore KD is greater 
than DG; therefore the ſquare of DK is 
greater than the ſquare of DG, or the rect- 
angle ADB; thereſbre the ratio of the rect- 
angle contained by AD, CB, to the ſquare 
of DK, is leſs than the ratio of the rectangle 
contained by AD, CB, to the rectangle 
AbzB, that is, leſs than the ratio of CB to 
BD: but the cube of AD is to the cube 
of AC as the rectangle contained by 
AD, CB, to the ſquare of DK; therefore 
the ratio of the cube of AD to the cube of 
AC is leſs than: the ratio; of CB to BD. 


PROP. 
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PROP. XVI. Fig: 36. 


Let A be à given point in the fraight line 
AB, and ODE à curve, fuch, that if from 
any two points C, D, in the curve CDE, 
there be drawn CF, DG, perpendicular to 


AB, meeting ABin F, G; the cube of 


AG is to the cube of AF as CF to DG: 

in AF take the point H jo that AH may 
be. quadruple of HF; join CH; CH will 
. be a tangent 10 the curve CLI in the 
© print C. Wh | 


| Form dne R. in CH, draw KG 
obrpeadicular to AB, meeting AB in G, 
and the curve CDE in D. f 

\ Becauſe AH is quadruple of HF, AF 
will be triple of HF; therefore [15.] the 
ratio of the cube of AG to the cube of AF 
will be leſs than the ratio of FH to HG; 


but becauſe the cube of AG is to the cube 


of AF as CF ta DG, and FH is to HG as 
CF to GK; therefore the ratio of CF. to 
DG will be leſs than the ratio of CF ta 
GK; therefore DG is greater than GK 

E therefore 


— —— —ᷣ— 2  _— — — 
. . oo . ̃— .AU:AN — Oo O— , 
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therefore the point K is without the curve 
CDE. The fame way it is ſhown, that a- 
ny other point in CH is without the curve 
CDE; therefore CH. is a tangent to the 


curve CD . 1 C. "IS E. D. 


| PROP. XVI. Bp. 17 


Let A he a given point in the ſtraight Lie AB, 
and CDE a curve, Juch, that if from any 
tuo points D, E, in the curve CDE, there 
be drawn DF, EG, perpendicular to AB, 
meeting AB in F, G, DF will le to EG 
as the cube of AG to the cube of AF; draw 
AH perpendicular to AB: If. from any 
two points D, E, in the curve, there be 
drawn DF, EG, perpendicular, to AB, 
' mecting AB in F, G; likewiſe: there be 
drawn DK, EL, perpendicular to AH, 
meeting AH in K, L: the ſpace, DRLE 
will be triple of the ſpace DFGE ;  hkewiſe 
the exceſs of the reflangle AFD above the 
| retlangle AGE will be double of the ſpace 
'ABGE. - 1: 


; I" KL to be divided into indefi, 
* 2 nitely 
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nitely little parts in M, N, c.; draw MO, 
NP, &c. parallel to DK or EL, meeting 
the curve CDE in O, P, Sc.; draw OV, 
PX, Ge. parallel to DF or EG, meeting 
AB in V, X, &c.; let DF meet OM in 9g, 
OV meet NP in r, and PX meet EL in s; 
and take in AB a point T, ſuch, that AT 
may be quadruple of FT; and join DT. 

Becauſe AT is quadruple of FT, DT 
will [16.] be a tangent to the curve CDE 
at the point D; and becauſe MO is indefi- 
nitely near to DK, the triangles DFT, 
D900, may be conſidered as ſimilar; there- 
fore DF is to FT as Dy to 50; therefore 
the rectangle contained by Dy, FT, is e- 
qual to the rectangle contained by Og; DF; 
that is, equal to the rectangle FO: but be- 
cauſe AT is quadruple of TF, AF. will be 
triple of FT; therefore the rectangle con- 
tained by AF, De, will be triple of the 
rectangle contained by FT, Dy; and there- 
fore the rectangle DM will be triple of 
the rectangle FO. The fame way it is 
ſhown; that the rectangle ON is triple of 
the rectangle VP, and the rectangle PL. 


triple of the rectangle XE, and ſo on. But 
E 2 the 


36 TRACTS, Puys8tcat Tr. I. 


the ſum of the rectangles DM, ON, PL, 
Ec. may be conſidered as equal to the figure 
DKLE, and the ſum of the rectangles FO, 
VP, XE, Sc. may be conſidered as equal 
to the figure DFGE ; therefore the figure 
DKLE is triple of the figure DFGE. 

Again, let DF meet EL in V. Becauſe 
the figure DKLE is triple of the figure 
DFGE, the rectangle DL will be equal to 
the rectangle FE, together with the double 
of the figure DFGE: let the rectangle FL 
be added to both, and the rectangle AD 
will be equal to the rectangle AE, together 
with the double of the figure DFGE ; and 
therefore the exceſs of the rectangle AD 
above the rectangle AE, will be double 
of the figure DFGE : therefore the exceſs 
of the rectangle AFD, above the rectangle 
AGE is double of the e DFGE. 
Q. E. D. 


* R © P. XVIII. Ng. 18. 


Let 8 5 a given point in the flraight king AS, 
and CDE à curve, ſuch, that if from any 
two points A, B, in AS, there be drawn 

AC, 
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AC, BD, perpendicular to A8, meeting 
the curve CDE in C, D; BD irt AC 
as the cube of AS to the cube of 8B; pro- 
duct AS to F, and ler A8, SF, be egal 
the reftangle SAC is to the figure CABD 
as twice the ſquare of SB to the rectungir 
ABF; likewiſe the reftangie SBD will be 
to the area CABD as twice the . of 

Ads to the gs ABF. 


Let the a whoſe baſe is the 
ſquare of AS, and altitude SG, be equal to 
the cube of SB: becauſe BD is to AC 
as the cube of AS to the cube of SB; that 
is, as the cube of AS to the parallelopiped 
whoſe baſe is the ſquare of A8, and alti- 
tude S0; that is, as AS to SG; the rect- 
angle SAC will be equal to the rectangle 
contained by SG, BD; therefore the rect- 
angle SBD will be to the rectangle SAC as 
the rectangle SBD to the rectangle contain- 
ed by SG, BD; that is, as SB to 88: but 
becauſe the parallelopiped whole baſe is the 
ſquare of A8, and altitude SG, is equal to 
the cube of SB, the ſquare of AS will be 
to the ſquare of SB as SB to SG ; therefore 

the 
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the rectangle SBD will be to the rectangle 
SAC as the ſquare of AS to the ſquare of 
SB; therefore the exceſs of the rectangle 
SBD above the rectangle SAC, will be to 
the rectangle SAC as the rectangle ABF to 
the ſquare of 8B: but [17.] the exceſs of 
the rectangle SBD above the rectangle 
SAC, is double of the figure CABD; 
therefore twice the figure CABD is to the 
rectangle SAC as the rectangle ABF to the 
ſquare of 8B; therefore twice the figure 
CAB b is to twice the rectangle 8A C as the 
rectangle ABF to twice the ſquare of 8B; 
and therefore the rectangle Sa C is to the 
figure CABD as twice the {quare of SB « to 
the rectangle ABF. 

Again, becauſe the rectangle $BD is to 
the rectangle SAC as the 51.0 of AS to 
the ſquare of SB; that is, as twice the 
ſquare of AS to twice the fquare of SB; and 
the rectangle SAC is to the area CABD as 
twice the ſquare of SB to the rectangle 
ABF; therefore, by equality, the rectangle 
SBD will be to. the area CABD as twice the 


comme of _ to the Fr 5 gd 2. E. D. 
| PROP. 
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PROP. XIX. Pig. 19. 


The bes of contriperal force being given, and 
. granting the quadrature of curves, it ts 
required to find the trajectory in which a bo- 
dy will move, that ſets out from a given 
place, with a given velocity, in the Aer 
| of a given right line. | 


. Suppoſe AEFG to be the trajectory; 
with the centre C, and diſtance: CA, de- 
ſcribe the circle APQ ; draw AY, CZ, 
perpendicular to CA, and let AY be equal 
to CA ;. with the aſymptotes' CA, CZ, let 
there be an hyperbola deſcribed paſſing 
through the. point Y; let SRT be a 
curve, ſuch, that drawing any line CFP, 
meeting the trajectory AEFG in F, and 
the circle APQ_in P; and with the centre 
C, and diſtance CF, a cirele be deſcribed 
meeting CA in K; and KR be drawn per- 
pendicular to CA, meeting the curve SRT 
in R; the ſpace SAKR will be double of 
the ſector ACP. Let fall CB perpendicular 
to AB, the given right line in which the bo- 


dy 
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dy is projected; let AE, FG, be indefi- 
nitely little parts of the trajectory deſcribed 
in equal times; with the centre C, and 
diſtances CE, CF, CG, deſcribe the cireles 
EH, FK, GL, meeting AC in H, K, L; 
and let the circle GL meet CF in M; let 
DA be the ſpace through which the body 
would fall, ſo as to acquire, at the point A, 
a velocity equal to the velocity with which 
the body is projected in the direction AB; 
let CX be to CK as the velocity that would 
be acquired in falling from D to K to the 
velocity that would be acquired in falling 
from D to A; draw La parallel to KR, 
meeting the curve SRT in 4; join CG, 
meeting the circle APQ in Q; and let 
KR meet the hyperbola in V. 

Becauſe the body ſets out at A to deſcribe 
the trajectory with the ſame velocity that 
would be acquired in falling from D to A, 
and CF, CK, are equal, the velocity at F will 
be equal ¶ 13. ] to the velocity that would be 
acquired in falling from D to K; therefore 
X will be to CK as the velocity at F to 
the velocity at A; that is, as FG to AE: 

is! | but 


eb ao ES att. Re. Me & A _ Eo 


.the ſquare of FM 1 is to the ſquare of GM as 
F 
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but becauſe AE, FG, are deſcribed in e- 
qual times, the triangles ACE, FCG, will 
be equal; therefore CK will be to CB as 
AE to GM; therefore, by equality, CX 
will be to CB as FG to GM; therefore the 
ſquare of CX will be to the ſquare of CB as 
the ſquare of FG to the ſquare of GM; 


and therefore, by diviſion, the exceſs of the 


ſquare of CX, above the ſquare of CB, will 
be to the ſquare of CB as the ſquare of 
FM to the ſquare of GM, 

Again, becauſe from the nature of the 
curve SRT, the ſpace SAL is double of 
the ſector ACQ_, and the ſpace SAKR 
double of the ſector ACP, the ſpace 


RKLg will be double of the ſector PCQ ; 


therefore, becauſe KL is indefinitely little, 


KL will be to PQ as CP or CA to KR; 


but PQ is to GM as CP or CA to CR; 


that is, becauſe of the hyperbola, as KV to 
CA; therefore, by perturbate equality, 
EKL is to GM as KV to KR; that is, FM 
is to GM as KV to KR; therefore the 


ſquare of FM is. to the ſquare of GM as 
the ſquare of KV to the ſquare of KR: but 


* 


the 


2 


4 
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the exceſs of the ſquare of CX, above the 


ſquare of CB, to the ſquare of CB; there- 
fore the ſquare of KV will be to the ſquare 
of KR as the exceſs of the ſquare of CX, 
above the ſquare of CB, to the ſquare of 
CB. From whetice may be deduced the 
following 


CONSTRUCTION. 
Draw AY, CZ, perpendicular to CA, and 
let AY be equal to CA; with the aſymp- 


totes CA, CZ, let there be an hyperbola 
deſcribed paſſing through the point Y; and 


let the body ſet out from A in the direction 
of the right line AB, with the velocity that 


would be acquired in falling from D to A; 


from C let fall CB perpendicular to AB; 


and let K be any point in AC; let CX be to 
CK as the velocity that would be acquired 
in falling from D to K to the velocity that 
would be acquired in falling from D to A; 
let SRT be a curve, ſuch, that drawing 
KV perpendicular to AC, meeting the 
hyperbola in V, and the curve SRT in R, 
the ſquare of KV will be to the ſquare of 


KR. as the exceſs of nd ſquare of CX, a- 


bove 


%S. LY 4 
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bove the ſquare of CB, to the ſquare of 
CB; let AY meet the curve SRT in 8; 
with the centre C, and diſtance CA, de- 
ſeribe the circle APQ ; draw CP, ſuch, 
that the area SAKR may be double of the 
ſector CAP; with the centre C, and di- 
ſtance CK, deſcribe a circle meeting CP in 
F: F will be a Point in the trajectory. 
2, E. I. | 


R O P. XX. Fig. 20. 


8 hh Yo ; body ated upon by a centri petal force 
tending to the centre 8 to deſcend in the 
frraight line AS ; let there be a curve CDE, 
ſuch, that if from any two points A, B, in 
AS, there be drawn AC, BE, perpendi- 
cular to AS, meeting the curve CDE in 
C, E; the centripetal force at A is to the 
centripetal force at B as AC ta BE, Sup- 
poſe the body at the point B to be projetted 
in the direction BF, perpendicular to SB, 
with the velocity that would be acquired in 
falling from A to B; and let the centrifu- 
gal force at the point B, arifing from the 
| WR. force, be greater than the centri- 
i + petat: 
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petal force at the point B; it is evident that 
the body will recede from the centre : in SA 
take SG, equal to the greateſt diſtance the 
body wwill recede from the centre: the ſum 
of the centrifugal forces that have acted 
upon the body while it receded from the 
centre, through the ſpace BG, will be equal 
to the ſum of the centripetal forces that have 
atted upon the body in the ſame time. 


Let the rectangle SBF be double of the 
ſpace CABE; and in BE take BH, ſo that 
the ſquare of BH may be equal to the ſpace 
CABE; draw SK. perpendicular to 8B; 


with the aſymptotes SB, SK, let there be 


an hyperbola deſcribed paſſing through the 
point H: let BLM be the trajeftory de- 
ſcribed by the body; ſuppoſe the body at 


any point L in the trajectory, and let LM. 


be a part of the trajectory deſcribed in an 
indefinitely little part of time, and let BO 
be a part of the trajectory deſeribed in a 
time equal to the time the part LM 
was deſcribed; join SL, SM, 80; with 
the centre 8, and diſtance SL, let there be 
a circle deſcribed meeting Sa in G; and 

with 
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with the centre 8, and diſtance SM, de- 
ſcribe a circle meeting SL in N; draw GD 
ndicular to SA, meeting; the curve 
CDE in D, and the hyperbola in P. 
- 'Becauſe LM, BO, are deſcribed in equal 
times, LM will be to BO as the velocity at 
L to the velocity at B; that is, as the velo- 
city at G to the velocity at B: but the ve- 
locity at G is to the velocity at B [3.], in 
the ſubduplicate ratio of the ſpace CAGD 
to the ſpace CABE; therefore LM is to 
BO in the ſubduplicate ratio of the ſpace 
CAGD to the ſpace CABE ;' therefore the 
ſquare of LM will be to the ſquare of BO as 
the {pace CAGD to che ſpace . CABE ; 
that is, as the ſpace-CAGD to the ſquare 
of BH: but becauſe the triangles SLM, 
SBO, are equal, (becauſe LM, BO, are 
deſcribed in equal times), the ſquare of BO 
will be to:the ſquare of MN as the ſquare 
of SL, or SG to the ſquare of SB; that is, 
(becauſe of the hyperbola), as the ſquare of 
BH to the ſquare of GP; therefore, by e- 
quality, the ſquare of LM is to the ſquare 
of MN as the ſpace CAGD to the ſquare 
of GP: therefore it is evident, that if the 
a ſpace 
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ſpace CAGD be equal to the ſquare of GP, 
the ſquare of LM will be equal to the ſquare 

of MN; and therefore LM, MN, muſt 
coincide ; therefore SL or SG will be the 
greateſt diſtance the body will recede from 
the centre 8. 

Let there be a curve FQ_ fo related to 
the line 8A, that if from any two points 
B, G, in SA, there be drawn BF, GQ, 
perpendicular to 8A, meeting the curve 
FQ in F, Q; the cube of SG is to the 
cube of SB as BF to GQ; produce GS to 
R, and let SR be equal to SG, 

Becauſe | 11.] the centrifugal force at B, 
ariſing from the projectile force in the di- 
rection BF, is to the centripetal force at B 
as twice the ſpace CABE to the rectangle 
SBE; and the rectangle SBF is double of 
the ſpace CABE ; therefore the centrifugal 
force at the point B, arifing from the pro- 
jectile force in the direction BF, will be to 
the centripetal force at B as the rectangle 
SBF to the rectangle SBE; that is, as BF 
to BE ; and becauſe BE repreſents the cen- 
tripetal force at B, therefore BF will repre- 
ſent the centrifugal force at B; and. _—_— 

5 
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the centrifugal forces are, at different diſtan- 
ces from the centre, to each other [S.] re- 
ciprocally as the cubes of the diſtances from 
the centre, therefore it is evident, that the 
ſum of the centrifugal forces that have act- 
ed upon the body while it receded from 
the centre through the ſpace BG will be to 
the ſum of the centripetal forces that have 
acted upon the body in the fame time as 
the ſpace FBGQ to the ſpace EBGD : be- 
cauſe the ſquare of BH is equal to the ſpace 
CABE, and the ſquare of GP equal to the 
ſpace CAGD,; therefore the ſpace CABE 
will be to the ſpace CAGD as the ſquare 
of BH to the ſquare of GP ; that is, (becauſe 
of the hyperbola), as the ſquare of SG to 
the ſquare of SB ; therefore, converſely, the 
ſpace CABE will be to the ſpace EBGD as 
the ſquare of SG to the rectangle GBR ; 
therefore twice the ſpace CABE, that is, 
the rectangle SBF, will be to the ſpace 
EBG D as twice the ſquare of SG to the 
refangle GBR: but [18.] the rectangle 
SBF is to the ſpace FBGQ as twice the 
{quare of SG to the rectangle GBR; there- 
fore the rectangle SBF is to the ſpace 


FBGQ__ 
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FBGQ as the rectangle SBF to the ſpace 
EBG D; therefore the ſpace FBGQ is equal 
to the ſpace EBGD; therefore the ſum of 
the centrifugal forces that have acted upon 
the body while it receded from the centre, 
through the {ſpace BG; will be equal to the 
ſam of the centripetal forces that have acted 
a 9 the ſame time. 


| Com: F rom * it is a evident; - that the 
ſum of the centrifugal forces that act upon 
a body while it revolves from apſis to apſis, 
is equal to the ſum of the centripetal forces 
that act upon it in the ſame tre. 


LEMMA. Fig. 21. 


Let AB be the ranfurſe axis of an ellipſe or 
. hyperbola; D, E, the foci; let KG be 
 @ fangent to the ellipſe or  byperbola at the 

point G; from the foci D, E, draw DK, 
ER, perpendicular to the tangent, meeting 
. the tangent in K, R: - the rectangle con- 
_ "-tained by DK, ER, will be equal to the 
rectangle ADB. | | 


7 1 


> 
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Let C be the centre; draw CS, ET, pa- 
rallel to the tangent, er DK in 8, T; 
and join CK. _ 

Becauſe DE is biſected in C. DT will 
be biſected in 8; therefore the rectangle 
DKT, together with the ſquare of TS or 8D, 
will be equal to the ſquare of KS ; there- 
fore the rectangle DKT is equal to the ex- 


ceſs of the ſquare of KS above the ſquare 


of SD j that is, equal to the exceſs of the 
ſquare 'of CK above the ſquare of CD: 
but becauſe [ Con. f. 25:] KC is equal to 
CB, the rectangle ADB will be the exceſs 
of the ſquate of CK or CB above the 
ſquare of CD; therefore the rectangle 
DK is equal to the rectangle ADB : be- 
cauſe KT, ER, are equal, the rectangle 
DKT will be equal to the rectangle cbntain- ' 


ed by DK, ER, therefore the rectangle 


contained by DK, ER, is equal to the 
Ws ADB. 8 2 D. 


Les there be an ellipſe whoſe tranſverſe axis is 
AB, and foci D, E; produce DA f F; 
G and 
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and le DF be equal to AB; upon DF let 

there be a ſemicircle dſcrited ; draw DG, 
DH, 7 any two points G, H, in the el. 
lipſe; and draw.DK, DL, perpendicular 
to k. HL, tangents to the ellipſe at the. 
points G, H; with the centre D, and. di- 
ances DG, DH, deſeri be the ci 7 4 GM, 
HN, meeting AB in M, N; draw MO, 
Np, Perpendicular, to AD, meeting the 
Semicirele in O, P; and j join DO, meet= 
ing NP in Q DK will be to DL as PN 


. # N 


Join EG; — 5 ER Pepeoclenler 
to GK, meeting GK in R. Becauſe the 
ſum of DG, GE, is equal te to AB; that i is, 
equal to DF; and DG, DM, are equal; 
therefore GE, FM, are equal; and there - 
fore DM is to MF as DG to GE: but be- 
cauſe of the ſemicircle, the ſquare of DM 
is to the ſquare of MO as DM to MF; 
therefore the ſquare of DM will be tb the 
ſquare of MO as DG to GE: but_ becauſe 
KR is à tangent to the ellipſe at the point 
G, the angles DGK, EGR, will be equal; 


therefare, becauſe the angles at K and R 
| ars 
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are right, the triangles DGK, EGR, are 
equiangular ; therefore DK will be to ER 
as DG to GE : but the ſquare of DK is to 
the rectangle contained by DK, ER, as 
DK to ER; therefore the ſquare of DK 
will be to the rectangle contained by DK, 
ER, as DG to GE; that is, as the ſquare 
of DM to the ſquare of MO; but [lem,] 
the rectangle contained by DK, ER, is e- 
qual to the retangle ADB; therefore the 
ſquare of DK will be to the rectangle ADB 
as the ſquare of DM to the ſquare of MO. 
The ſame way it is ſhawn, that the ſquare 
of DL is to the rectangle ANB as the {quare 
of DN to the ſquare of NP; therefore, in- 
verſely, the rectangle ADB will be to the 
ſquare of DL as the ſquare of NP to the 
ſquare of DN: but becauſe the ſquare of 
DK is to the rectangle ADB as the ſquare 
of DM to the ſquare of MO ; that is, as the 
ſquare of DN to the ſquare of NQ; and 
the rectangle ADB is to the ſquare of DL 
as the ſquare of NP to the ſquare of DN; 
therefore, by perturbate equality, the 
ſquare of DK. will be to the ſquare of DL 
85 the ſquare of PN to the ſquare of NQ; 
G 2 and 
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and therefore DK is to DL as PN to NQ. 
9, E. D. 


Cor. The ſquare of DK will be to the 
rectangle ADB as DG to GE. | 


PR OP. XXII. Fig. 22. 


Let there be a ſemicircle whoſe diameter is 
AB; and let ADE be @ curve, ſuch, that 
if from any two points D, E, in the 
curve ADE, there be drawn DC, EF, 
perpendicular to AB, meeting AB in C, F, 
and the ſemigircle in G, H, and joining 
BG; meeting FH in K; EF is to DC as 
the ſquare of FH to toe fore of FK ; the 

curve ADE will be an hyperbola : and let 
DL, EM, tangents to the hyperbola at 
D, E, meet AB tu L, M, the rectangle 
contained by EF, CL, will be to the rect. 
angle contained by DC, FM, as the ſquare 
of BE to the Square of BF. 


Let AB be biſected in C; e EF 
to O; and let FO, DC, be equal; through 
0 dray PN parallel to AB, meeting AN; 


BP 
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BP drawn perpendicular to AB, in N, P; 
and DC in R. 

Becauſe EF is to CD as the ſquare of 
HF to the ſquare of FK ; and the ſquare of 
HF (becauſe of the ſemicircle) is equal to 
the rectangle AFB; and the ſquare of FK 
equal to the ſquare of FB, (becauſe the 
{quare of GC is equal to the ſquare of CB); 
therefore EF ig to DC as the rectangle 
AFB to the ſquare of FB; that is, as AF 
to FB; therefore, becauſe DC, FO, are 
equal, EF will be to FO as AF to FB; 
and therefore, by compoſition, EO will be to 
OF as ABto BF; that is, as NP ta PO; and 
becauſe FO, AN, are equal, therefore 
EO will be to AN as NP to PO; therefore 
the rectangle EOP is equal to the rectangle 
ANP; and therefore the curve ADE is an 
hyperbola, whoſe aſymptotes are PB, PN. 

Apain, let the tangents DL, EM, meet 
PN in N, Q; and let DC meet PN in 
R. Becauſe the tangents DN, EQ, 
meet the aſymptotes PN in N, Q; and 
DR, EO, drawn parallel to the aſymptote 
PB, meet the aſymptote in R, O; there- 
fore NR, RP, will be equal; and likewiſe 

| 00. 
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f . OP, will be equal: becauſe EF is to 
FM as EO to O., that is, ag EO to OP; 

and EF is to FM as the rectangle contained 
by. EF, LC, to the rectangle contained by 
FM, LC, and likewiſe EO is to OP as the 
ſquare of EO to the rectangle EOP; the 
rectangle contained by EF, LC, will 
be to the rectangle contained by FM. 
LC, as the ſquare of EO to the rect- 
angle EOP. Again, becauſe LC is to CD 
as NR to RD, that is, as PR to RD, and 
LC is to o as the rectangle contained 
by FM, LC, to the rectangle contained by 
DC, FM; — PR is to RD as the rect. 
angle PRD ta the ſquare of RD; the rect- 
angle contained by FM, LC, will be to the 
rectangle contained. by DC, FM, as the 
rectangle PRD to the ſquare of RD: but 
(becauſe of the hyperbola) the rectangle 
PRD is equal to the rectangle EOP; there, 
fore the rectangle contained by F M, LC, 
will be to the rectangle contained by DC, 

FM, as the rectangle EOP to the ſquare of 
RD: but, becauſe the rectangle contained 
by EF, LC, is to the rectangle contained 
by FM, LC, as the ſquare of EO to the 
rectangle 


FA 
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rectangle. EOP ; and the rectangle contain- 
ed by FM, LC, is to the rectangle contain- 
ed by DC, FM, as the rectangle EOP to 
the ſquare of RD; therefore the rectangle 
contained by EF, LC, is to the rectangle 
contained by DC, FM, as the ſquare of 
EO to the ſquare of RD : but becauſe the 
rectangle EOP is equal to the rectangle 
DRP, EO will be to DR as RP to PO, 
that is, as CB to BF; therefore the ſquare 
of EO will be to the ſquare of DR as the 
ſhaare of CB to the ſquare of BF; and 
therefore the rectangle contained by EF, 
LC, is to the rectangle contained by DC, 
FM, as the ſquare of BC to the ſquare of 
r 
BR P. XXII. . N 
Suppoſe a body to deſeend or aſcend in the lint 
AB; Jet C, F, be any two points in 
AB; draw CG, FH, perpendicular to : 
AB, © meeting the ſemicircle deſeribed upon 
AB . G, H; Join BG meeting FH in 
K: if the velbcity at F be to the velhcity at 
Cai HF to FK, the centripetal * 
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will be to the centripetal force ar C as 2 


5 Mur, re of BC fo the fquare of BF. OO 


Let ADE be a ciirye, ſuch, that if Ford 
any t two points D, E, in the curve, there 
be drawn DC, EF, perpendicular to AB, 
meeting AB in O, F, and the ſemicircle 
deſcribed upon AB i in G, H,. and joining 
BG, meeting FH in K; EF is, to © as. 
the ſquare of HF to the Trane of FK; and 
let DL, EM, tangents te to the Le at D, 
E, meet AB in L, M. 

Becauſe the ſquare of HF is to the ſquars 
of Fk as EF to CD, HF will be to FK 
in the ſubduplicate ratio of EF to CD; but 
the velocity at F is to the velotity at C as 
HF to FK ; therefore the velocity at F will 
be to the velocity at C, in the ſabduplicate 
ratio of EF to CD; therefore | 5.] the cen- 
tripetal force at F will be to the centripetal 
force at C as the rectangle contained by EF, 
CL, to the rectangle contained by DC, 
FM: but the rectangle contained by EF, 
CL, is [22.] to, the rectangle contained by 
DC, FM, as the ſquare. of BC, to the 


ſquare of BF; therefore the centripetal 
IN force 
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force at F is to the centripetal force at C 
as the - hi of BC to the ſquare of BF. 


5 
PROP. XXIV. Fig. 21. 


F a body revolve in an ellipſe, and be acted 
. upon by a centripetal force tending to the 
focus of the ellipſe ; the centripetal force will 

be reciprocally as the ſquare of the diſtance 
From the focus. 


Let a body revolve in the ellipſe whoſe 
tranſverſe axis is AB, and ated upon by a 
centripetal force tending to the focus D; 
produce DA to F; and let DF, AB, be e- 
qual; draw DG, DH, to any two points 
G, H, in the ellipſe ; and draw DK, DL, 
perpendicular to GK, HL, tangents to the 
ellipſe at G, H; with the centre D, and 
diſtances DG, DH, deſcribe the circles 
GM, HN, meeting AB in M, N; draw 
MO, NP, perpendicular to AD, meeting 
the ſemicircle deſcribed upon DF in O, P; 
join DO meeting NP in Q. 

* a body to deſcend or aſcend in 
Oh H an 
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the line AD, and at the point A to have ac- 
quired a velocity equal to the velocity the 
body deſcribing the glliꝑſchas at the point 
A; the velocity therefore of the bodies at 
G and M will | 13.] be equal; and likewiſe 
the velocities of the bodies at H and N will 
be equal : but the velocity of the body de- 
ſcribing the ellipſe at the point His|[12.] to 
the velocity at the point G as DK to DL; 
therefore the veloeity of the body at N is to 
the velocity at M as DK to DL : but [21.] 
DK is to DL as PN to NQ therefore 
the velocity of the body at N is to the velo- 
city at M as PN to NQ; and therefore 
| [23.] the centripetal force at N will be to 
the centripetal force at M as the ſquare of 
DM to the ſquare of DN; that i is, as the 
ſquare of DG to the ſquare of DH: but 
becauſe DH, DN, are equal, the centripe- 
tal force at H will be equal to the centripe- 
tal force at N; and becauſe DG, DM, are 
equal, the centripetal force at G will be e- 
qual to the centripetal force at M therefore 
the centripetal force at H will be to the 
centripetal force at G as the ſquare of DG 

to the ſquare of DH, 
oruxx- 


* 


„% ̃ oe Aa ̃ ↄ̃⁵ñ ( , a _. 


* 


A 2 "> 


Becauſe, QM. GN, are parallel, the 
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OTHERWISE, Fig. 23. 

Let 8 be the focus of the ellipſe, AB the 
greater axis, C the centre, CD halt 
the leſſer axis; and ſuppoſe the body, in an 
indefinitely little part of time, to deſcribe the 
part AE; let F be any other point in 
the ellipſe, and FG a part deſcribed by the 
body in a time equal to that in which the 
part AE was deſcribed; join SE, SF, 
SG; draw EK perpendicular to AB, meet- 
ing ABin K, and GM perpendicular to 
SF, meeting SF in M; let FP be a tan- 
gent to the ellipſe at the point F; draw GP 
parallel to SF, meeting FP in P; join CF 
meeting the ellipſe in the point H; and let 
GN, drawn parallel to FP, meet 8F, CF, 
in N, O; draw CQ parallel to FP, meet- 
ing the ellipſe in Q ; and SF in V; com- 
plete the parallelogram FC T; and draw 
FR perpendicular to CQ, meeting, CQ. 


angles RVF, GNM, will be equal; and 
the angles FRV, GMN, are likewiſe equal, 
becauſe both right; therefore the triangles 

H 2 FRV, 


IF 
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FRV, GMN, will be ſimilar; therefore 
MG will be to GN as RF to FV: but 
[Con: Ff. 25.] FV is equal to CA, 
therefore MG is to GN as RF to CA: 
but e 2. 20. ] the parallelogram 
FCQT is equal to the rectangle ACD; 
therefore RF is to CA as DC to CQ; 
therefore MG 1s to GN as DC to CQ: but 
GN, GO, may be conſidered as equal, 
becauſe FG is deſcribed in an indefinitely 
little part of time; therefore M is to GO 
as DC to CQ; therefore the ſquare of 
MG is to the ſquare of GO as the ſquare of 
DC to the ſquare of CQ: but Con. 2. 1 5.] 
the ſquare of GO is to the rectangle HOF 
as the ſquare of CQ to the ſquare of CF; 
therefore, by equality, the ſquare of GM 
is to the rectangle HOF as the ſquare of 
DC to the ſquare of CF: but the rect- 
angles HOF, HFO, may be conſidered as 
equal; and therefore the ſquare of GM 
will be to the rectangle HFO as the ſquare of 
DC to the ſquare of CF: but the rectangle 
H FO is to the rectangle HFN as FO to 
FN; that is, as CF to FV or CA; that is, 
as the ſquare of CF to the rectangle FCA; 
therefore 


r & Le ro w Z Ä 
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therefore the ſquare of GM is to the rect- 
angle HFN as the ſquare of DC to the rect - 


angle FCA: but the rectangle HFN is to 


the rectangle contained by AB, FN, as 
HF to AB; that is, as FC to CA; that is, 
as the tectangle FCA to the ſquare of CA; 
therefore the ſquare of GM is to the rect- 
angle contained by AB, FN; as the ſquare 
of CD to the ſquare of CA; that is, 
[Con. 2. 6.], as the ſquare of EK to 
the rectangle BKA: but the rectangles 
BKA, BAK, may be conſidered as equal; 
therefore the ſquare of GM is to the rect- 
angle contained by AB; FN; 4s'thefquare 
of EK to the rectangle BAK-;" therefore, al- 
ternating, the ſquare of GM will be to the 
ſquare of EK as the reCtangle contained by 
AB; FN, to the redfangle BAK; that is, 
as PN to AK: but becauſe AE, FG, are 
deſcribed in equal times, the tiñangles 8 AE, 


SFG, will be equal; therefore the rect- 
angle contained by SA, EK, will be equal 
to the rectangle contained by SF, GM; 
therefore GM will be to EK as SA to SF; 
therefore the ſquare of GM will. be to the 
1 N of EK as the ſquare of SA to the 


ſquare 
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ſquare of SF ; therefore FN is to AK as the 
ſquare of SA to the ſquare of SF: but 
becauſe FN, GP, are equal, the centripe- 
tal force at F will be to the centripetal force 
at A as FN to AK; therefore the centripe- 
tal force at F is to the centripetal force at A. 
as the ſquare of SA to the ſquare of SF. 
And therefore the centripetal force is reci- 
procally as the ſquare of the diſtance from 
Go. Hens | Koi D. & denne 


PROP. XV. Fig. 2. 


If a body 8 in an ellipſe, it is — 
to find the law of the centripetal force tend- 
ing to the centre of the gfe. 


Let AB be the greater axis, C the cen 
tre, and CD. half the leſſer axis; and ſup- 
poſe the body, in an indefinitely little part 
of time, to deſcribe the part AE; and let 
F be any other point in the ellipſe, and FG 
a part of the ellipſe, deſcribed in a time e- 
qual to that in which the part AE was de- 
ſcribed ; join CE, CF, CG ; draw EK per- 
pendicular to AB, meeting AB in K; and GM 


perpendicular 
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perpendicular to CF, meeting CF in M; 
let FP be a tangent to the ellipſe at the 
point F; draw GP parallel to CF, meeting 
FP in P; let GN, drawn parallel to PF, 
meet CF in N; draw CQ parallel to FP, 
meeting the ellipſe in Q_; complete the 
parallelogram FCQT ; draw FR mono 
cular to CQ, meeting CQ in R; and 
let CF meet the'ellipſe in H. 
Becauſe the parts AE, FG, are deſcribed 
in equal times, the triangles ACE, FCG, 
will be equal; therefore the rectangle con- 
tained by CA, EK, will be equal to the 
rectangle contained by CF, GM ; therefore 
EK is to GM as CF to CA; therefore the 
ſquare of EK is to the ſquare of GM as the 
ſquare of CF to the ſquare of CA: becauſe 
GN is parallel to CQ, the angles GNM, 
FCR, will be equal; and the angles GMN, 
FRC, are equal, becauſe both right; 
therefore the triangles GNM, FCR, are e- 
quiangular ; therefore GM is to GN as FR 
to FC; therefore the ſquare of GM is to 
the ſquare of GN as the ſquare of FR to the 
ſquare of FC: becauſe the ſquare of EK is 
ae ee ta 
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to the ſquare of GM as the ſquare of CF to 
the fquare of CA; and the ſquare! of GM 
is to the ſquare of GN as the ſquare of FR 
to the ſquate of CF; therefore, by pertur- 
bate equality, the ſquare of EK is to the 
ſquare of GN as the ſquare of FR to the 
ſquare of CA: becauſe Con. 2. 20.] the pa- 
rallelogram FOQT is equal to the rectangle 
DCA, FR is to CA as CD to CQ; there- 
fore the ſquare of FR is to the ſquare of CA 
as the ſquare of CD to the ſquare of C 
therefore the ſquare of EK is to the ſquare of 
GN as the ſquate of CD to, the ſquare of 
CQ: but Con. 2. 15. ] the ſquare of GN is 
to the rectangle HNF as the ſquare of CO to 
the ſquare of CF; therefore the ſquare of EK 
s to the rectangle HNF as the ſquare of 
CD to the ſquare of CF; therefore, inverſe- 
ly, the rectangle HNF is to the ſquare of 
EK as the ſquare of CF to the ſquare of CD : 
but the ſquare of EK is [Con. 2. 6.] to 
the rectangle. BKA as the ſquare of CD to 
the ſquare of CA; therefore, by equality, 
the rectangle HNF is to the rectangle BKA 
as the ſquare. of CF to the ſquare of CA: 
but becauſe F G, AE, are indefinitely little, 
| the 
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the rectangles HNF, HFN, may be conſi 
dered as equal; and likewiſe the rectangles 
BKA, BAK, may be conſidered as equal; 
therefore the rectangle HFN js to the rect- 
angle BAK as the ſquare of CF. to the 
ſquare of CA; therefore the rectangle 
EN is to the rectangle CAK as the ſquare 
of CF to the ſquare of CA; therefore FN 
is to AK as CF to CA: but FN, GP, are 
equal ; therefore GP is to AK as CF to 
CA: but GP is to AK as the centripetal 
force at F to the centripetal force at A; 
therefore the centripetal force at F is to the 
centripetal force at A as CF to CA. And 
therefore the centripetal force tending to 
the centre of the ellipſe is as the diſtance 
from the centre of the ellipſe. 2, E. IJ. 


PRO P. {XXVI. Fig. 25. 


Let there be an ellipſe whoſe tranſverſe axis 
is AB; let F be a given point in AB; ſuppoſe 
à body atted upon. by a centripetal force, 
tending to the point F, to deſcribe the el- 
lipſe : it is required to determine the law of 


the centripetal force tending to the point F. 
I Let 


„ — 
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Let C be the centre of the ellipſe, and 


E: the focus; and let CD be half the leſſer 


axis; let KL be a part of the ellipſe de- 
ſeribed in an indefinitely little part of time; 
join FK, CK, EK, and FL; draw LP 
perpendicular to FK, meeting FK in P; 
draw LM parallel to FK, meeting KM, a 
tangent to the ellipſe at K, in M; and 
draw LN parallel to KM, meeting FK, 
CK, in N, O; draw CQ parallel to KM, 
meeting FK, EK, in Q, X; and draw 
FY parallel to CQ or KM, meeting EK 
in Y; let CK, CQ, meet the ellipſe in 
T, R; and draw KS perperidicular to CR, 
meeting CR, FV, in 8, Z; let AG be a 
part of the ellipſe deſcribed in a time equal 
to that in which the part LK was deſcribed ; 
draw GH perpendicular to AB, meeting 
AB in H; join FG; and let the rectangle 
contained by CA, * be equal to the 
rectangle AFV. 

Becauſe LN, FZ, are parallel, the 
angles LNP, KFZ, will be equal; and the 
angles LPN, KZF, are likewiſe equal, be- 
cauſe both right ; therefore the triangles 
LPN, FKZ, are fimilar ; therefore NL will 
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be to LP as FK to KZ; therefore the 
rectangle contained by NL, KZ, will be e- 
qual to the rectangle contained by LP, FK: 
but becauſe KL, AG, are deſcribed in e- 
qual times, the triangles FEL, FAG, will 
be equal; therefore the rectangle contained 
by LP, FK will be equal to the rectangle 
contained by GH, FA; therefore the rect- 
angle contained by LN, KZ, will be equal 


to the rectangle contained by GH, AF; 


therefore LN will be to GH as AF to 
KZ; that is, as the rectangle contained by 
AF, CR, to the rectangle contained by 


KZ, CR : but becauſe KZ is to KV as 


KS to KX or CA; that is, as CD ta CR; 
the rectangle contained by KZ, CR, will 
be equal to the rectangle contained by 
CD, KY ; therefore LN will be to GH as 
the rectangle contained by AF, CR, to the 


' rectangle contained by CD, KY ;. therefore 


the ſquare of LN will be to the ſquare of 


GH, in the duplicate ratio of the rectangle 


contained by AF, CR, to the rectangle 
contained by CD, KV: but the ſquare of 
GH is to the reQangle BHA in the dupli- 
o ratio of CD to CA; that is, in the du- 

1 2 plicate 


68 TRACTS, PaysIcart Tr. I. 


plicate ratio of the rectangle contained by 
CD, KY, to the rectangle contained by 
CA, KY; therefore the ſquare of LN will 
be to the rectangle BHA, in the duplicate 
ratio of the rectangle contained by AF, CR, 
to the rectangle contained by CA, KV; 
but becauſe the rectangle contained by CA, 
KY, is equal to the rectangle AFV, the 
rectangle contained by AF, CR, will be to 
the rectangle contained by CA, K, as the 
rectangle contained by AF, CR, to the 
rectangle AFV; that is, as CR to FV; 
therefore the ſquare of LN will be to the 
rectangle BHA, in the duplicate ratio of 
CR to FV ; that is, as the ſquare of CR to 
the ſquare of FV; therefore, inverſely, the 
rectangle BHA will be to the ſquare of LN 
as the ſquare of FV to'the ſquare of CR: 
but becauſe KL is indefinitely little, LN, 
LO, may be confidered as equal; there- 
fore the rectangle BHA will be to the 
ſquare of LO as the ſquare of FV to the 
ſquare of CR: but the ſquare of LO is to 
the rectangle TOK as the ſquare of CR to 
the ſquare of CK ; therefore, by equality, 
the Pong BHA will be to the rectangle 
TOR 
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TOK as the ſquare of FV to the ſquare 
of CK: but becauſe AG, KL, are 
indefinitely little, the rectangles BHA, 
BAH, may be conſidered as equal; and 
likewiſe the rectangles TOK, TKO, may 
be conſidered as equal; therefore the rect- 
angle BAH will be to the rectangle TKO 
as the ſquare of FV to the ſquare of CK: 
but the rectangle TKO is to the rectangle 
TKN as KO to KN; that is, as CK to 
K; that is, as the ſquare of CK to the 
rectangle CK | ; therefore the rectangle 
BAH will be to the rectangle TKN as the 
ſquare of FV to the rectangle CKQ but 
the rectangle TK N is to the rectangle con- 
tained by AB, KN, as KC to CA; that is, 
as the rectangle CKQ to the reQangle 
contained by CA, K; therefore the 
rectangle BAH will be to the rectangle 
contained by AB, KN, as the ſquare of FV 
to the rectangle contained by AC, KQ ; 
therefore AH will be to KN as the ſquare of 
FV to the rectangle contained by AC, KQ._ 
Becauſe the rectangle AFV is equal 
to the rectangle contained by CA, KY, FV 
will be to CA as KY to AF; therefore the 
{quare 
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ſquare of FV will be to the ſquare of CA. as 
the ſquare of KY to the ſquare of AF; that 
is, as the parallelopjped whoſe baſe is the 
ſquare of KY, and kltitude FK, to the pa- 
rallelopiped whoſe-baſe is the ſquare of AF, 
and altitude FK; but the ſquare of CA is 
to the rectangle contained by AC, KO., 
as AC to K Q.; that is, as XK to KQ_; 
that is, as VK to KF; that is, as the cube 
of VK to the parallelopiped whoſe baſe is 
the ſquare of KY, and altitude FK; there- 
fore, by perturbate equality, the ſquare of FV 
will be to the rectangle contained by AC, K 
as the cube of KY tothe parallelopiped whoſe 
baſe is the ſquare of AF, and altitude FK; 
therefore AH will be to KN as the cube of 
KY to the parallelopiped whoſe baſe is the 
ſquare -of AF, and altitude FK : but be- 
cauſe GH is parallel to the tangent to the 
ellipſe at the point A, and LN parallel to 
the tangent to the ellipſe at the point K; 
and AG, LK, are indefinitely little, and 
deſcribed in equal times; the centripetal 
force at A will be to the centripetal force at 
K as AH to KN; therefore the centripetal 
force at Al is to the Eatripetal force at K as 


the 


and MatnemATICAL 571 


the cube of K to the parallelopiped whoſe 
baſe is the ſquare of AF, and altitude FK. 
VE. D. 


Cor. This propoſition comprehends the 
two former. For if the point F coincide 
with the focus E, the point V will coincide 
with the point E; and the cube of KY will 
be equal to the cube of KE ; likewiſe the 
parallelopiped whoſe baſe is the ſquare of 


AF, and altitude FK, will be equal to the 


parallelopiped whoſe baſe is the ſquare of 
AE, and altitude KE; therefore the cen- 
tripetal force at A is to the centripetal force 
at K as the cube of KE to the parallelopiped 
whoſe baſe is the ſquare of AE, and alti- 


tude EK; that is, as the ſquare of KE to 


the ſquare of AE; which agrees wi 
Prop. 24. 

Again, if the point F coincide with the 
centre C, KY will be equal to CA; there- 
fore the cube of KY will be equal to the 
cube of CA; and the parallelopiped whoſe 
baſe is the ſquare of AF, and altitude FK, 
will be equal to the parallelopiped whoſe 
baſe 1 is the ſquare of AC, and altitude CK ; 

therefore 
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therefore the centripetal force at A is to the 
centripetal force at K as the cube of AC to 
the parallelopiped whoſe baſe is the  fquare of 
AC, and altitude CK; that is, as AC to 


CK; which agrees with prop. 25. 


PRO P. XXVII. Fig 56: 4 


Va body deſeribe an hyperbola, it is 5 required 
to find the law of the centripetal force tend- 
ing to the Focus of the hyperbola. 


Let 8 1 the focus of che bypertiola, AB 
the tranſverſe axis, C the centre, and CD 
half the ſecond axis; and ſuppoſe the body, 
in an indefinitely little part of time, to de- 
ſcribe the part AE; and let F be any other 
point in the hyperbola, and FG a part de- 
ſcribed by the body in a time equal to that 
in which the part AE was deſcribed; join 
SE, SF, SG; draw EK perpendicular to 
SA, meeting SA in K, and GM perpendi- 
cular to SF, meeting SF in M; let FP be 
a tangent to the hyperbola at the point F; 
draw GP parallel to SF, meeting FP in P; 


| join CF, and produce CF to H, ſo that 
| . - - 
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CF, CH, may be equal; and let GN, 
drawn parallel to FP, meet SF, CF, in 
N, O; let CQ the ſemidiameter conjugate 
to CF, meet SF in V; complete the paral- 
lelogram FC QT; and draw FR perpendi- 
cular to CQ, meeting CQ in R. 

| Becauſe QV, GN, are parallel, the 
angles RVF, GNM, will be equal; and 
the angles FRV, GMN, are likewiſe equal, 
becauſe both right ; therefore the triangles 
FRV, GMN, will be ſimilar; therefore 
GM will be to GN as FR to FV: but 
[Con. 5. 25.] FV is equal to CA; there- 
fore MG is to GN as FR to CA; but 
[Con. 3. 45.] the parallelogram FCQT 
is equal to the rectangle ACD; there- 
fore FR is to CA as CD to CQ; 
therefore MG is to GN as DC to CQ: 
but GN, G0, may be conſidered as equal, 
becauſe FG is deſcribed in an indefinitely 
little part of time; therefore MG is to GO 
as DC to CQ; therefore the ſquare of 
MG is to the ſquare of GO as the ſquare of 
DC to the ſquare of CQ: but [ Con. 
3. 28.] the ſquare of GO is to the rect- 
angle HOF as the ſquare of CQ to the 
5 K ſqu e 
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ſquare of CF; therefore, by equality, the 
ſquare of GM is to the rectangle HOF as 
the ſquare of CD to the ſquare of CF: but 
the rectangles HOF, HFO, may be conſi- 
dered as equal; and therefore the ſquare of 
GM will be to the rectangle HF O as the 
ſquare of CD to the ſquare of CF: but the 
rectangle HF O is to the rectangle HFN as 
FO to FN; that is, as CF to FV or CA; 
that is, as the ſquare of CF to the rectangle 
FCA; therefore the ſquare of GM is to the 
rectangle HFN as the ſquare of CD to the 
rectangle FCA : but the rectangle HFN is 
to the rectangle contained by AB, FN, as 
HF to AB; that is, as FC to CA; that is, 
as the rectangle FCA to the ſquare of CA; 
therefore the ſquare of GM is to the rect- 
angle contained by AB, FN, as the 
ſquare of CD to the ſquare of CA: but 
[Con. 3. 7.] the ſquare of CD is to the 
ſquare of CA as the ſquare of EK to the 
rectangle BKA; therefore the ſquare of 
GM. is to the rectangle contained by AB, 
FN, as the ſquare of EK to the rectangle 
BKA: but the rectangles BKA, BAK, 
may be conſidered as equal; therefore the 

{quare 
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ſquare of GM is to the rectangle contained 
by AB, FN, as the ſquare of EK to the 
rectangle BAR; therefore, alternating, the 
ſquare of GM will be to the ſquare of EK 
as the rectangle contained by AB, FN, to 
the rectangle BAK ; that is, as FN to AK : 
but becauſe AE, FG, are deſcribed in equal 
times, the triangles SAE,. SFG, will be e- 
qual; therefore the rectangle contained 
by SA, EK, will be equal to the rectangle 
contained by SF, GM; therefore GM 
will be to EK as AS to SF; therefore the 
ſquare of GM will be to the ſquare of EK 
as the ſquare of AS to the ſquare of SF: 
but becauſe FN, GP, are equal, the cen- 
tripetal force at F will be to the centripetal 
force at A as FN to AK; that is, as the 
ſquare of GM to the ſquare of EK; that is, 
as the ſquare of AS to the ſquare of SF; 
and therefore the centripetal force is recipro- 
cally as the ſquare of the diſtance Gow the 
r ee 1 M 96d 
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LEMMA. Fg. 27. 


ner parabola whoſe focus is S, and 
vertex A; join SA; draw SF to any point 

F, in theparabola; and draw SQ perpen- 
dicular to FO, a tangent to the parabola 

- at F, meeting FQ in Q: FS will be to 
SQ as SQ to SA. 


Let FQ meet AS in R; join AQ ; 
draw FT perpendicular to AS, meeting AS 
in T; and draw FC parallel to AS. 

Becauſe FR is a tangent to the parabola 
at F, the angle SFQ_ will -[Con. 1. 9.] be 
equal to the angle QFC ; that is, equal to 
the angle SRQ ; and the angles SQF, 
SR, are equal, becauſe both right; and 
SQ is common; therefore FO, QR, are 
equal: likewiſe the angles FSO , QSR, 
are equal: and becauſe TA is [ Con. 1. 10.) 
equal to AR, therefore FQ is to QR as 
TA to AR; therefore FT, AQ _, are pa- 
rallel; therefore the angle SAQ is equal 
to the angle STF; that is, equal to the 
angle SQF : and becauſe the angles FSQ_ , 
. 
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QSR, are equal, the triangles FSO, 
SA, are ſimilar; 1 2 
N 3 * tefont 


TR 


PROP. V Fb. | 


if a 5 derite a N itis Agra to 
find the law of the eee 1 
to ee Wannen 


Let 8 be the Food of the parabola, AB 
the axis, and A the vertex ;- and ſuppoſe 
the body, in an indefinitely little part of 
time, to deſcribe the part AE; and let F 
be any other point in the parabola, and FG 
a part deſcribed by the body in a time equal 
to that in which the part AE was deſeribed; 
join SE, SF, SG ; draw EK perpendicular 
to Sa, meeting SA in K, and GM perpen- 
dicular to SF, meeting SF in M; let FP 
a tangent to the parabola at F, meet SA in 
R; draw FC parallel to AB, and GP paral- 
lel to SF, meeting FP. in P, and GN, pa- 
rallel to FP, meeting SF, FC, in N, O; 
and draw SN perpendicular to FR, meet- 


ing ä 
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angles GNM, SFQ.-;/will: be equal, and 
the angles GMN; S, likewiſe are equal, 
becauſe both right; therefore the triangles 
GNM, .SFQ , will be ſimilar, therefore 
NG will be to GM as FS to $Q : but 
GN, -GO, may be conſidered as equal, 
becauſe FG is deſcribed in an indefinitely 
little part of time; therefore OG is to GM 
as FS to SQ; therefore the ſquare of OG 
will be to the ſquare of GM as the ſquare 
of Fg to the: ſquare of 8; but flem.] 
FS is to 8 as 8 to SA; therefore 


the'fhuare of FS is to the ſquare of 80 


as PS to SA; therefore the ſquare of 
OG will be to che fquare of GR as FS 
to SA. Again, 'becauſe the ſquare of 


80 is [Con. 1. 13. ] equal to the rect» 


angle contained by FO and the para- 
meter of the diameter CF; and four times 
SF is equal to the parameter of the diameter 
F; the ſquare of GO: will he eq 


zual to four 


times the rectangle SFO; therefore four 
times the — be to the 
ſquare of GM as FS to SA; that is, as 
n times the rectangle SFO to four times 

the 
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the rectangle contained by SA, FO; there- 
fore the ſquare of GM is equal to four times 
the rectangle contained by SA, FO: but 
[Con. 1. 12.] the ſquare of EK is equal 
to four times the rectangle: SAK; there- 
fore the ſquare of GM will be to: the 
ſquare of EK as four times the rectangle 
contained by SA, FO, to four times the 
rectangle SA K; that is, as FO to AK: but 
becauſe NO, FR, are parallel, and like- 
wiſe FO, SR, parallel, the triangles 
FNO, FSR, will be ſimilar; therefore 
NF is to FO as FS to SR: but FS, 
SR, are equal; therefore FN, FO, like- 
wiſe are equal; therefore the ſquare of 
GM is to the ſquare of EK as FN to AK: 
but becauſe AE, FG, are deſcribed in equal 
times, the triangles SAE, SFG, will be 
equal; therefore the rectangle contained by 
SA, EK, will be equal to the rectangle 
contained by SF, GM; therefore GM will 
be to EK as AS to SF; therefore the ſquare 
of GM will be to the ſquare of EK as the 
ſquare of AS to the ſquare of SF : but the 
ſquare of GM is to the ſquare of EK as FN 
to AK; therefore FN is to AK as the 

| " ſquare 
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ſquare of AS to the ſquare of SF : but be- 
cauſe FN, GP, are equal, the centripetal 
force at F is to the centripetal force at A as 
FN to AK ; therefore the centripetal force 
at F is to the centripetal force at A as the 
ſquare of As to the ſquare of SF; and 
therefore the centripetal force is reciprocally 
as the ſquare of the e nm 
2 E. 7 gs. 
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TRACT I. 
PROP. I. Bg. 28. 


E S tbe a given point, and ABC, 
ADE, tao curves, ſo related ts each 
other, that jaining SA, and drawing any 
two equal lines SB, SD, to the curves ABC, 
ADE, the angle ASB js to the angle ASD 
in given ratio; ſuppeſe that of þ to q : let 
BF, DG, be tangents to the curves ABC, 
ADE, at B. D; and draw SF, SG, per- 
pendicular in BF, DG, meeting BF, DG, 
in F, G: the refangle contained. by SF, 
DG, will be to the rectangle cuntained by 
| 88, BF, 4 Þ 10 9. 


Draw SH meeting the curve ABC in the 
point H, indefinitely near to the point B; 
and let SK, equal to SH, meet the curve 
ADE in the point K, indefinitely near to 
the point D; draw HL, KM, perpendicu- 
lar to SB, $N, meeting SB, SD, in L, M. 


Becauſe the triangles BHE, BSF, arg 
L fimilar, 
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. 
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ſimilar, BL will be to LH as BF to FS; 


therefore the rectangle contained by BF, 
HL, will be equal to the rectangle contain- 


ed by SF, BL. The ſame way it is ſhown, 


that the 1 contained by DG, KM, 
is equal to the rectangle contained by SG, 
DM; therefore the rectangle contained by 
DG, KM, vill be to the rectangle contain- 
ed by BF, HL, as the rectangle contained 
by SG, DM, to'-the/ rectangle contained 
by SF, BL: but becauſe BS, SD, are e- 
qual, and likewiſe HS, SK, equal; there- 
fore BL, DM, are equal; and therefore 
the rectangle contained by SG, DM, will 
be to the rectangle contained by SF, BL, 
as SG to SF; that is, as the rectangle con- 


tained by SG, BF, to the rectangle SFB; 


therefore the rectangle contained by DG, 
KM, will be to the rectangle contained by 


BF, HL, as the rectangle contained by 


SG, BF, to the rectangle SFB; and, alter- 
nating, the rectangle contained by DG, 
KM, will be to the rectangle contained by 
SG, BF, as the rectangle contained by BF, 
HL, to the rectangle SFB; that is, as HL 
to SF; that is, as the rectangle contained 


by 


mg mn mige am a «4 SMS A. _— —_ 
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by HL, DG, to the rectangle contained 
by SF, DG; therefore, inverſely, the rect- 
angle contained by SG, BF, will be to the 
rectangle contained by DG, KM, as the 
rectangle contained by S, DG, to the 

rectangle contained by HI., DG; there- 
fore, alternating, the rectangle contained 
by SG, BE, will be to the rectangle con- 
tained by SF, DG, as the rectangle con- 
tained by DG, KM, to the rectangle. con- 
tained by HIL, DG; that is, as KM. to 
HL; and therefore, inverſely, the rect- 
angle contained by SE DG, will be to the 
rectangle contained. by 50, BF, as III. to 
KM. Becauſe the angle A8 H is to the 
angle ASK as. Pp is: to q 5. that is, as the 
angle ASB to the angle ASD; the angle 
BSH will be to the angle DSK as p to 9; 
and therefore HL will be to KM as p is to 
93 and therefore the rectangle contained 
by SF, DG, will be to the rectangle con- 
tained by 88, BF, as 5 is to 9. Q. E. D. 


Ln e. 
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prop. 1. tip 2 


1 fore world whoſs tran axis 

is AB, and focts,S; in 8A take SF, ena 
0 8B; and ket H be d Point in FS s. 
| thiced; in AF nde tabs FG equal 0 
AH; and n GH kt thett be u ſemitirtl 
- GOH deſcribed ; let there 5 a carte ADE; 
fo related to the llipſe, that if, toith the 
' Cthtre 8, and atiythftahcb BC, b rixtie be db. 
 fetibed nec be el C, und the cui 
DE in D; a SC, SD, '# dum; the 
5 gt ASC is 6 ib angle ASD, i 1h 
|  Jubduplicate vati0 of the recbungio ASF th 
| l. e reflanghe AHF: idfuw- SD, SE, 1 
| any two point D, E, ia the cue ADE; 
| ani draw BR, SL, perpemdicalar ro DR, 
EL, tangents ro the ur ADE, at D, 
| 


E, mreting DR, EL, in K, L; toith the 
centre 8, and diſtames SD, SE, dhſcribe 
be circles DM, EN, mitttnig AS in M. 
N; draw MO, NP, perpendicular to AS, 
meeting the ſemicircle GOH in O, P; and 
Join SO, meeting NP in Q: KS will be 


0 SL as PN r NQ. | 
Let 


Tc & . 


„ Ra. fv. w ꝛðo ¾m ˙ oat P 0 


+ 
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Let R be the other focus of the ellipſe ; 
afid join RC; draw SY perpendicular to 
CV, 4 tangent to the ellipſt at C, and 
meefingiCV ib! V4 and in SA take SX 6- 
Ame 

Becauſe the Ales of Sy i ſeve; prop. 
21. Ter. ]tb the rectangle ASB az 8C to CR; 
that is, as SM to MX; chat is, as the 
ſquare of 8M to the rectangle SMX; alter- 
nating, the ſhuare of SV will be to the 
ſquare of SM or 80 as the rectangle ASB 
or SAX to the tectangle SMX; cherefore, 
inverſely, the fquare-of SC will be to the 
ſquare of SV as the tectangle SMX to the 
rectangle SAX; thetefore, byUivifion; the 
ſquare of CV will be to the ſquare of 8 
as the rectangle AMF to the reftangle 
ASB; therefore CV will be to Vs in the 
ſubduplicate rat of the rectangle AMF to 
the rectangle A8 B: but the teRangle con- 
tained by CV, 8K, is do the reckangle 
VSK as CV to VS; cherefore the rectangle 
contained: by CV, SK, is tb the rectangle 
VSK, in the ſubduplieate ratio of che re&- 
angle AMP to the reQangle ASB : and be- 
cauſe the rectangle contained by SV, DK, 


w———————————————_————_— rr ,, Ge ²˙—e1:F̃' ̃ Zu. ˙X nn OOO 
1 IS — - 
— —— cc — — 


the rectangle VSK in the ſubduplicate ratio 
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is to the rectangle contained by CV, SK, 


{ 1.} in the ſubduplicate ratio of the rect- 
angle ASB to the rectangle AHF; and 
the rectangle contained by CV, SK, is to 


of the rectangle AMF to the rectangle 
ASB; therefore, by perturbate equality, 
the rectangle contained by SV, DR, is to 
the rectangle VSK, in the ſubduplicate ra- 
tio of the rectan gle AMF to the rectangle 
AHF: but the rectangle contained by SV, 
therefore DK is to KS, in the ſubduplicate 
ratio of the rectangle AME to the rectangle 
AHF; therefore the ſquare of DK is to the 
ſquare of KS as the rectangle AMF to the 
rectangle AHF; therefore, by compoſition, 
the ſquare of DS is to the ſquare of SK as 
the rectangle G MH to the rectangle AHF ; 

and, alternating, the ſquare of Ds will be 
to the rectangle G MH as the ſquare of SK 
to the rectangle AHF: but becauſe GOH 
is a ſemicircle, the ſquare of MO is equal to 
the rectangle GMH ; therefore the , ſquare 
of DS or SM is to the ſquare of MO as the 
{quare of SK to the rectangle AHF; that 


is, 


— — vc * 
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is, the ſquare of SK is to the rectangle 
AHF as the ſquare of SM to the ſquare of 
MO. The ſame way it is ſhown, that the 
ſquare of SL is to the rectangle AHP as the 
fquare of SN to the ſquare of NP; there- 
fore, inverſely, the rectangle AHF will be 
to the ſquare of SL as the ſquare of NP to 
the ſquare of NS : but becauſe the ſquare 
of SK is to the rectangle AHF as the ſquare 
of SM to the ſquare of MO; that is, as the 
ſquare” of SN to the ſquare of NQ; and 
the rectangle AHP is to the ſquare of SL 
as the ſquare of PN to the ſquare of NS; 
therefore, by perturbate equality, the 
ſquare of KS will be to the ſquare of SL as 
the ſquare of PN to the ſquare of NQ; 
and therefore KS is to SL as PN to NQ__ 
> * E. D. nds 


"= 0 P. III. Fig. 30. 

Let there be a eb 150 nn 16 AB; 
and let 8 be a given goint in AB; let there 
be a curve ADE, ſuch, that if from any 

tuo points D, E, in the curve ADE, there 

| 9 EG, perpendicular to AB, 


meeting 
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. meeting AB in F, G. and the femucirdle in 


| — K; and joining 8H, merting GK in 


L; EG ig t FD as tbe fquere of KG to 
the ſyvore of GL 3- lt DM @ tangent to 
_ the curve ADE gf the point D. meet AB 

in M; and t SH meet the circle in N: 
N I er 
e of BP... | 


. From Garten ADE, in- | 
df near to the point D, draw OP 
to AB, meeting AB in P, 


9 cirele in Q., T. and SH in R; 


and am DV parallel 0 AB, meeting Of 


in V. 


Becauſs the reckangle Opy is to the 
ſquare of FD as OP to PV or FD; that is, 
from the nature of the curve ADE, as the 


ſquare of QP to the ſquare of PR; the 


rectangle OP V will he to the ſquare of QP as 
the ſquare of FD to the ſquare of PR; there- 
fore the rectangle OV will be to the rect. 
angle TRQ or HRN as the rectangle OP 
to the ſquare of QQ P: but becauſe QQ. is 
indefinitely near to DH, the rectangle OPV 


ax Wie hn pages 


und MAThgMATICAL 8 
DF, the ſquare of PQ may be conſidered 
as equal to the ſquare of FH, and the rect- 
angles NRH, NHR, may likewiſe be con» 
ſidered as cqual z therefore the rectangle 
OVP will be to the fectangle NHR as the 
ſquare of DF to the ſquare of FH. Again, 
becauſe the triangles OVD; DFM, may 
de conßdered as fitnilar, DV or FP will 
bo to OV as MF to FD1 but the rectangle 
DFP is to the rectangle OVP as FP to 
Oy; and che rectangle MFD is to the 
ſquare of FD as MF to FD; therefore the 
rectangle DFP is to the rectangle OVP as 
the rectangle MFD to the ſquare of FD} 
and becauſe the rectangle OVP is to the 
rectangle NHR as the ſquare of FD to the 
ſquare of FH; therefore, by equality, the 
rectangle DFP will be to the rectangle 
Vm as the rfectangle MED to the fquare 
of = ax" Again; becauſe. the rectangle 
DFP is to the rectangle contained 
by ber HR; as FP to HR; that is, 
as FS to SH; that is, as the rectangle 
DFs to the rectangle contained by DP, 
SH; and the rectangle contained by 
DF, HR, is to the rectangle NHR as DF 
M to 
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to HN; that is, as the rectangle contained by 
DF, SH, to the rectangle SH N; the rect- 
angle DFP will be to the rectangle NHR 
as the rectangle DFS to the rectangle SHN : 
but the rectangle DFP is to the rectangle 
NHR as the rectangle MFD to the ſquare 
of FH; therefore the rectangle DFS is to 
the rectangle SHN as the rectangle MFD 
to the ſquare of FH; therefore, alternating, 
the rectangle DFS is to the rectangle MFD 
as the rectangle SHN to the ſquare of FH: 
but the rectangle DFS is to the rectangle 
MFD as SF to FM; therefore SF is to 
FM as the * SHN to the 1 of 
FH. * E. D 


FCOR” Iv, Ng. 31. 


Let A, B, be too points in CD, the ſemidia- 
meter of à circle whoſe centre is C; and 
let the rectangle ACB be equal to the ſquare 
of CD ; from any point E, in the circle, 


draw EF perpendicular to CD, meeting 
Cd in F; and draw AG perpendicular to 
ESG, @ tangent to the circle! at E, meet- 
0 8 ing 


* 


c CO 


P —= 
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ing EG in G: AG will be to BF as AC 
to CD, 


Join CE, DE; and let DE meet AG in 
0 H; draw DK parallel to AG or CE, meet- 
: ing EG in K; let DC meet the circle in 
5 L 3 and join EL. 
) Becauſe EK is a tangent to the circle at 
E; the angle DEK will be equal to the 
angle DLE ; that is, equal to the angle 
DEF; and the angles DKE, DFE, are 
e equal, becauſe both right; therefore (be- 
o | cauſe DE is common to both the triangles 
F | PKE, DFE) DF will be equal to DK; 
therefore DF is to GH as DK to GH; 
that is, as DE to EH; that is, as DC to 
CA: but becauſe the rectangle ACB is e- 
qual to the ſquare of CD, BC will be ta 
. | CDas CD to CA; therefore BD is to DA 
11 | 25 CD to CA; therefore DF is to GH as 
yo | BD to DA; therefore (becauſe DA is e- 
, qual to AH) BF is to AG as BD to DA; 
19 that is, as DC to CA; and therefore, inverſe- | 
70 , AG is to BF as AC to CD. & E. D. 


«». Www 
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PROP. V. Fg. 32. 


In the ſemi diameter of a circle whoſe centre is 
C, let there be taken two points A, Bj 
and let the reangle ACB be equal to the 
ſquare of the ſemidiameter; draw AE meet- 
ing the circle in E, F; and draw EG 
perpendicular to AB, meeting AB in G: 
the rectungle AEF will be equal te twice the 
refangle contained by AC, BG. 


Join CE, meeting the circle in D; and 
— FD; and let AH, drawn perpendicu- 

r to EH, a tangent to the e E. 
meet EH in H. 

Becauſe EH is a tangent to the clicks at 
E, the angle AEH will be cqual to the 
angle EDF; and the angles AHE, EFD, 
are equal, becauſe both right; therefore 
the triangles AEH, EFD, are equiangular; 
therefore EA is to AH as DE to EF; 
therefore the rectangle AEF is equal to the 
xeftangle contained by AH, DE; that is, 
equal to twice the rectangle contained by 


AH, CE; but becapſe [4.] AH is to BG 
as 


* 
* m — as a 1 Py —_— 
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as AC to CE, the rectangle contained by 
AH, CE, will be equal to the rectangle 
contained by AC, BG ; therefore twice the 
rectangle contained by AH, CE, will be e- 
qual to twice the rectangle contained by AC, 
BG ; therefore the rectangle AEF will be 
equal to twice the rectangle nen 
b BG, 8 E. D. 


Con. Wee L 
bo the circle, meeting the circle again in M; 
and draw LN perpendicular to AB, meet- 
ing AB in N; the rectangle AEF will be 
to the rectangle ALM as GB ta BW. 
Becauſe the rectangle AEF is equal to 
twice the rectangle contained by AC, BG, 
and the rectangle ALM equal to twice the 
tectangle contained by AC, BN, the rect- 
angle AEF will be to the rectangle ALM 
as twice the rectangle contained by AC, BG, 
to twice the rectangle contained by AC, BN; 


that is, as GB to BN. 2. E. P 


PROP. 


— ————— A > — ES 
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PROP. vr. Ng. 33. 


Let Abele a Pmidinch wheſ e AB, 
and centre C; let 8 be a given point in 
: AB; in CB take CQ, on the ſame ſide the 
centre C, with the point 8; and let the 
rectangle QCS be equal to the ſquare of 
CB; let DEF, KLM, be. tuo curves, 
ſuch, that if from any two points G, H, in 
AS, there be drawn GE, HF, perpendi- 
 .. cular to AS, meeting the curve DEF in 
E, F, and hkkewiſe meeting the curve KLM 
in L, M; the ſquare of HS is to the ſquare 
SG as GE to HF; hkewiſe the rect- 
angle QE is to the rectangie QHF as the 
redtangle SGL to the retangie SHM : let 
GE, HF, meet the ſemicircle in N, O ; join 
SN, meeting OH in Z: ſuppoſe a body to 
deſcend or aſcend in the line AS; and the 
velocity at H to be to the velocity at G as 
OH r HZ; the centripetal force at H 
will be to the centripetal force at G as HM 
to GL. 


> hdd og © HK, bt == 


Let APR be a curve, meeting GN, HO, 
in 
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in P, R, fo related to the ſemicircle,” that 
HR is to GP as the ſquare of OH to the 
ſquare of HZ; and let PT, RV, tangents 
to the curve RPR at P, R, meet As in 
T, V; r e 
Wr.. bull. 
- Becanſe the rectanjle QGE bs Geset- 
bnole-contained by: Of, GE, as QG to 
QH-; that is, :[cor. to prop. 5.] as the 
rectangle :SNX to the rectangle SO; 
that is, as the parallelopiped whoſe: baſe is 
the rectangle SNX, and altitude GE, to 
the parallelopiped whoſe baſe is the rect- 
angle SOV, and altitude GE; and the 
rectangle contained by QH, GE, is to the 
rectangle QHF as GE to HF; that is, as 
the parallelopiped whoſe. baſe is the rect- 
angle SOY, and altitude GE, to the paral- 
lelopiped whoſe baſe is the rectangle 80, 
and altitude HF; therefore, by equality, 
the rectangle QE will be to the rectangle 
QF as the parallelopiped whoſe baſe is 
the rectangle SNX, and altitude GE, to 
the parallelopiped whoſe baſe is the rect- 
angle SOY, and altitude HF: but the rect- 
_— SG is to the retangle' SHM as the 
rectangle. 
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rectangle QE to the rectangle 'QHF 
therefore the rectangle 80 L is to the rect- 
angle 8H M as the parallelopiped whofe baſe 
is the rectangle SM, and altitude GE, to 
the parallelopiped whoſe baſe is the rect- 
angle SOY, and altitude HF: but the 
rectangle 8 HM is to the rectangle MH as 
SH te HV; that is, as che rectangle | 3.] 
80 to the ſquare of OH ; that is, as the 
parallelopiped whoſt baſe is the rectangle 
80 V, and altitude HF, to the parallelopi- 
ped whoſe baſe is the ſquare of OH; and 
altitude HF; therefore the rectangle SGL 
is to the rectangle MH as the parallelopi- 
ped vvhoſe baſe is the rectangle 8 NX, and 
altitude GE, to the parallelopiped whoſe 
baſe is the ſquare of 'OH; and altitude HF; 
therefore, inverſely; the rectangle MHV 
will be to the rectangle SGL as the paralle- 
. whoſe baſe * 2 ſquare f OH, 
whoſe! baſe is tlie — Nx, and alti- 
tude G: but the rectangle 80 L is to the 
tectangle LGT as 80 to GT; that is, as 
the rectangle SNX to the ſquate of GN; 
that is, as the paraltclopiped whoſe baſe is 
© n the 


g. erg g. eg r K „ e „ e © @Aw wo. 
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the tectangle SNX, and altitude GE, to the 
iped whoſe baſe is the ſquare of 
GN, and altitude GE; therefore the rect- 
angle MHV will be to the rectangle LGT 
as the parallelopiped whoſe baſe is the 
ſquare of OF, and altitude HF, to the pa- 
rallelopiped * whoſe baſe is the ſquare of 
NG, and altitude GE: but becauſe HF is 
to GE as the ſquare of GS to the ſquare of 
SH" that is, as the ſquare of GN to the 
ſquare of HZ; the parallelopiped whoſe 
baſe is the ſquare of GN, and altitude GE, 
will be equal to the parallelopiped whoſe 
baſe is the ſquare of HZ, and altitude HF; 
therefore the rectangle MHV will be to the 
reQangle LGT as the parallelopiped whoſe 
baſe is the ſquare of OH, and altitude HF, 
to the 'parallelopiped whole" bels is the 
ſquare of HZ, and altitude HF; that is, as 
the ſquare of OH to the ſquare of HZ: 
but RH is to PG as the ſquare of OH to 
the ſquare of HZ ; therefore the rectangle 


MHV will be to the rectangle LGT as RH 


to GP; that is, as the rectangle contained 
by RH, GT, to the rectangle PGT; 
therefore, alternating, the rectangle MHV 


93 TRACTS, Parser Tr. II 


will be to the rectangle contained by RH, 
T, as the rectangle LG to the rectangle 
PG T; that is, as LG to GP; that is, as 
the rectangle contained by LG, HV, to the 
rectangle contained by GP, HV; and 
therefore, alternating, the rectangle MH 
will be to the, rectangle contained by LG, 
HV, as the rectangle contained by RH, 
GT, to the. rectangle contained by GP, 
HV ; and therefore MH will be to GL as 
the rectangle contained by RH, GIT, to 
* rectangle contained by GP, HV. 
- Becauſe the ſquare of OH is to the fquare 
of HZ as RH to GP, OH will be to HZ 
in the ſubduplicate ratio of RH to GP: 
but the velocity at H is to the velocity 
at G as OH to H; therefore the velocity 
at H is to the velocity at G, in the ſubdu- 
plicate ratio of RIH to GP: but [g. Tr. 1 17 
the centripetal force at H is to the centri- 
petal forcg at G as the rectangle contained 
by RIH, GT, to the rectangle contained by 
GP, HV q dot "50 the centripetal force at 
His to the centripetal * at 8 as MH to 


Be e 
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1 K R 0 f. vn. Fig. 36. 5 


Let Here * an ellipſe whoſe tranfoerſe axis is 


AB, and focus S; in SA take SF, equal 
t SB; and let H be a point in AS produ- 


cd; in SA. produced tale FG equal to 
AH j upon GH let there be a ſemicircle 
Agſcribed; biſe# AF in K; in KH take 
EL on the ſame fide the point K with the 
point S, and let the relangle LKS be e- 


qual to the ſquare of KH ; let there be two 
curves DCE, MNO, Juch, that If from, 


any two points P. Q, in GS, there be 
' drawn PC, QE, perpendicular to" SA, 
meeting the curve DCE. in C, E, and 
' likewiſe meeting the curve MNO in N, O; 
the ſquare of QS is to the ſquare of SP: as 
PC 7a QE; Lkewiſe the rectangie LPC 
is to the reftangle LQE as the rectangle 
SPN 7 the rectangle SQO : let ART be 
2 curve ſo related to the ellipſe, that if with 
the centre 8, and any diſtance SV, a circle 
be deſeribed meeting the. ellipſe in V. and 
tbe curve ART in R; and SV, SR, be 
grown ; the angle ASV is to the angle ASR 


N 2 in 
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in the ſubduplicate ratio of the rectangle 
ASF to the rectangle AHF: let a body 
acted upon by a centripetal force tending to 
the point 8, deſcribe the curve ART; with 
the centre 8, and diſtances SR, ST, de- 
ſeribe the circles RP, TQ, meeting the 
curve ART in R, T, and SA in P, Q 
draw PN, QO, perpendicular to AS, 
meeting the curve MNO in N, O: the 
centripetal force at R will be to the centri- 


petal foree at T as PN fo 2. 


Let PN, QO, meet the curve DCE in 
C, E, and the ſemicircle in X, Y; and 
join SX, meeting QY in Z; and draw Sa, 
$6, perpendicular to Ra, T4, tangents to 
the curve ART in R, T, meeting Ra, 
T3, in a, 5; and join ST. 

Suppoſe a body to deſcend or aſcend in 
the line AS, and at the point A to have ac- 
quired a velocity equal to the velocity the 
body deſcribing the curve ART has at the 
point A; the velocities, therefore, of the 
bodies at Rand P will [ 13. Tr. 1.] be equal: 
but the velocity of the body deſcribing the 
curve ary at the point T is [12, Tr. 1.] 
to 


and MATHEMATI CAL. 101, 


to the bbc at the point R as 83 to 86; 
therefore the velocity at QA is to the velod= 
ty at Pas 84 to Sb: but Sa is to Sb [2.] as, 
YQ to Q; therefore the yelocity at Q_is. 
to the velocity at P as YQ, to. QZ; there- 
fore [6,] the centripetal force at P will be 
to the centripetal force at Q as. PN to OO: 
but becauſe SP, SR, are equal, the centri- 
petal forces at P and R will be equal: and 
becauſe S., ST, are equal, the centripe- 
tal forces at Q and T are equal: therefore 
the centripetal force at R is to the centri 
force at T as PN to QO. V E. D. 


PRO P. vm. Rr 35. 01 


In the line AB take a point C, ſuch, that AC 
is double of CB; and take any point D in 
AB: the ratio of CB to BD will be great- 

er than the ratio of th on AD ts 


ſquare of AC. 


| 8 AB to E, ſo that AE may be e- 
qual to AC; and biſect EB in F. di 

V, If the point D be between C, B; 
becauſe FD is greater than FC, the rect- 


angle 


+62" TRACTS, Pursicar Tr.ll. 
angle EDB will be leſs than the rectangle 
ECB; that is, leſs than the ſquare of AC; 
therefore the ratio of the rectangle EDC to 
the rectangle EDB will be greater than the 
ratio of the rectangle EDC to the ſquare of 
AC; chat is, the ratio of CD'to DB will be 
ger than the ratio of the rectangle EDC 
to the ſquare of AC; therefore, by compo- 
ſition, the ratio of CB to BD will be great- 2 
er than the ratio oy ig 1781 ol AD tothe 
e of AC.” | 
24 It the point D be Wee A, C; 
| becauſe FD is leſs than FC, the reckangle 
EDB will be greater than the rectangle 
ECB; that is, greater than the ſquare of 
AC; therefore the ratio of the rectangle 
EDB to the rectangle EDC will be greater 
than the ratio of the ſquare of AC to the 
rectangle EDC; that is, the ratio of BD to 
DC vill be greater than the ratio of the 
ſquare of AC to the rectangle EDC; and, 
by diviſion, the ratio of BC to CD will be 
greater than the ratio of the ſquare of AD 
to the rectangle EDC; therefore, inverſe- 
ly, the ratio of DC to CB will be leſs than 
the ratio of the rectangle EDC to the ſquare 
of 
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of AD, and, by compoſition, the ratio of 
DB to BC will be leſs than the ratio of the 
ſquare of AC to the ſquare of AD; there- 
fore; | inverſely, the ratio of CB to BD will 
be greater than the ratio of the 3. 55 | 
Doin meg GUS Pr wh 


ww ei AJ 


ic tb R 0 P. m. n 6. 


Let Al given point in, neg: 
AB; and CDE à curve, ſuch, that if 
from any two points C, D, in the curve 

CDE, there be drawn CF, DG, perpen 
dicular to AB, meeting AB in F, G, gl 
ſnare of AG-will be to the fruare of AF | 

4 CF te DG; in AF tale the, point H, 

al, that AH may. be triple of HE; join 

CH: CH will, be. 4 on 
| curvy CDE C. CORD 05 1a u * 


© Hom any — K. in CH, yn KG 
perpendicular to AB, meeting Ah in G, 
and the curve CDE in D.. 

Becauſe AH is triple of HF, AF will be | 
double of FH; therefore [8.] the ratio of 


Nn vil be greater than the ratio of 
he dhe 


— GG 
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che ſquare of AG to the ſquare 6f AF: but 
becauſe CF is t&'KG'as FH to HG,” and 
F to 'DG as che ſquare of A0 to the 
fauare of AF; therefore the ratio of F to 
KG wilt be greater than the ratio of F to 
DG; therefore DG is greater than KG; 
therefore the point K is without the curve 
CDE. .*The fame way it is ho that a- 
ny other point in CH is without the curve 
CDE; And therefbre CH. 2 tangent to 
the curve CDE at "the point S. „E. * 


77 5 wel —— 1 { < » 


+= R op; = PD 


27 an 4 given point in the flraight'line 
AB; and CDE & curve,  futh,” that if 

un diy bus points" D, E, in the" turve 

CDE, there be drawn DF, EG, perpen- 
dicular to AB, eri AB: in P, G, DF 

_ will be to EG as the ſquare of AG to the 
aer of AP; draw AH perpendfcul. to 
"AB if from wy rw points B, E, In the 
. curve, there be Haun DK, EL, perpen- 
' icular to AH, meiting AH in N. 'L; 
* and. likewiſe DF, 10. ber, 
A5. Uneeting AB zu F, 


und MAtatMATicat, Toy 
- DKLE / be double of the ſpare DFGE ; 
: likewiſe the ſpace DEGE will be_equal ts 
. the enceſs nee above an 
3 * 


" Suppoſe KL t be vided into” del 
nitely little parts in M, N, Se.; draw 
MO, NP, Se. parallel to DK or EL, 


meeting the curve CDE in O, P, Gr.; 


draw OV, PX, Ge. parallel ts DF or EG, 
meeting AB in V, X, &c.; let DF meet 
OM in , OV meet NP in r, and PX nieet 
EL in 731 take, in AB, à point T, 
fuch, that AT may be rn and 

Bega AT is triple ef TF, Dr will 


[9-] be a tangent to the curve CDE at the 


point D; and becauſe MO is indefinitely 
near to DK, the triangles DFT; DyO, may 
be conſidered as fimilar ; therefote DF is 
to FT us Dy to 9O; therefore the rectangle 
contained by Dy, FT, is equal to the rect- 
angle contained by Og, DF; that is, ual 
to the rectangle FO: but becauſe AT is 
triple of TF, AF will be double of FT; 
therefore the rectangle contained by AF, 
O 


* 


| 
| 
| 
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Dq, will be double of the rectangle contain- 
ed by FT, Dꝗ; and therefore the rectangle 
DM will be double of the rectangle FO. 
The ſame way it is ſhown, ¶ that the rect- 
angle ON is double of the rectangle VP, 
and the rectangle PL. double of the rect- 
angle XE, and ſo on. But the ſum of the 
| rectangles, DM, ON. PL, Sc. may be 
conſidered as making up.the figure DKLE; 
and the ſum of the rectangles FO, VP, 
XE, Gc. may be conſidered as making up 
the figure DF GE; therefore the te 
DRLE is double of the figure DFGE. 
Agein, let DF meet EL in X. Becauſe 
the figure DKLE is double of the figure 
DEGE,; the;reQtangle DL will be equal to 
the figure DFGE, together with, the rec 
angle FE: let the reGtangle FL. be added 
to both, and the rectangle AD will be e- 
qual to the figure . DFGE,, together with 
the rectangle AE; and therefore the ſpace 
DFGE: will be equal to the exceſs, of the 
rectan gle. AD above. the rectangle AE; 
that is, equal to the exceſs of the rectangle 
"wy D W the e ſd 2, E. D. 
2 O P. 
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PROP. XI. my. 36 


Ls * given point in the ſtraigbi ane AS, 
prom CDE @ curve, ſuch, that if from any 
two points A, B, in AS, there be drawn 

AC, BD, perpendicular to A8, meeting 
the curve CDE in C, D; the ſquare of AS 

is to the ſquare of SB as BD to AC: the 
rectangle SAC will be to the area CABD 

- as SB to BA; likewiſe the rectangle SBD 
will be to the area CABD as SA 10 AB. 


Becauſe the reQangle SBD i is to Be rect- 
angle contained by SB, AC, as BD to AC; 
that is, as the ſquare of AS to the ſquare of 
SB; and the rectangle contained by SB, 
AC, is to the rectangle SAC as BS to SA; 
that is, as the ſquare of SB to the rectangle 
ASB; therefore, by equality, the rectangle 
SBD will be to the rectangle SAC as the 
quare of AS; to the rectangle ASB; that is, 
as AS to SB; therefore, by diviſion, the 
exceſs of the rectangle SBD above the rect- 
angle SAC will be to the rectangle SAC as 
AB to BS; therefore, inverſely,” the rect- 

4 O 2 angle 
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angle SAC will be to the exceſs of the rect- 
angle SBD above the rectangle SAC as SB 
to BA ; but the area CABD is [ 10.] equal 
to the exceſs of the rectangle SBD above 
the rectangle SAC; therefore the rectangle 
SAC is to the area CABD as $B to BA. 
Again, becauſe the rectangle SBD is to 
the rectangle SAC as A8 to 88, and the 
rectangle SAC is to the area CABD as 8 
to BA, therefore the rectangle SBD will be 
to the area CABD as SA to AB. Q, E. D. 


PROP. XII. Hg. 39. 


Suppoſe a lach acted upon by a centripetol force 
' tending to the centre 8, to deſcend in the 


ſtraight line AS, and the centripetal force 


to be recipracally as the ſquere of the di- 


ſtance from the centre 81 upon AS deſcribe 


@ ſemicircle AFS; from any to points B. 

G, in AS, draw BF, GH, perpendicular to 
As, meeting the femicirele AFS, in F, 
„H an join SB, meeting GH in K : fup- 
poſe the body ta fall from the paint A, the 
velocity at G wwill be to the l at B 
. H 70 GK, | 


'In 


-+_ oa H2wwaA e = a cos R oo a XX os 8ﬀ86xa tw/ 


and MATHEMATICAL, tog 


Let CDE be a curve, ſuch, that if from 
any two points B, G, in AS, there be 
drawn BD, GE, perpendicular to AS, 
meeting the curve CDE in D, E, the 
ſquare of BS is to the ſquare of SG as GE 
to BD; and draw AC perpendicular to AS, 
meeting the curve CDE in C; let BD, CE, 
meet the ſemicircle deſcribed upon A8 in 
F, H; and join SF, meeting GH in K. 

Becauſe the centripetal force at G is to 
the centripetal force at B as the ſquare of 
BS to the ſquare of SG, and the ſquare of 
BS is to the ſquare of SG as GE to BD, 
the centripetal force at G will be to the 
centripetal force at B as GE to BD; and 
therefore [ 3. Tr. 1.] the velocity at G is to 
the velocity at B in the fubduplicate ratio of 
the area CAGE to the area CABD : but be- 
cauſe the rectangle SAC is [II.] to the 
area CAGE as SG to GA; that is, becauſe 
of the circle, as the ſquare of SG to the 
ſquare of GH; inverſely, the area CAGE will 
be to the rectangle SAC as the ſquare of HG 
tothe ſquare of GS: but the rectangle SAC is 
to the area CABD as SB to BA; that is, as 
the-ſquare of $B to the ſquare of BF; that 

18, 
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5s; as the ſquare of SG to the ſquare of GK ; 
therefore, by equality, the area CAGE is 
to the area CABD-as the ſquare, of HG to 


the ſquare of GK; therefore HG is to GK 


in the ſubduplicate ratio of the area CAGE 
to the area CABD: but the velocity at G is 
to the velocity at B in the ſubduplicate ra- 
tio of the area CAGE to the area CABD; 
therefore the velocity at G is to the veloci- 
ty at B as HG to GK. 2, E. D. 


PROP. XI. ig. 40. 


Suppoſe a body acted upon by a centripetal 
force tending to the centre S, to deſcend in 
. the flraight line AS, and the centripetal 
force to be reciprocally as the ſquare of the 
Aiſtance from the centre 8; let the body, at 
. the point B, be projected in the direction 
BC, perpendicular to AB, with the velri- 
iy that would be acquired in falling from 
A t B: the centrifugal force at the point 
B, ariſing from the projectile force in the 
direction BC, will be to the centripetal force 
. at tbe point B as twice, AB to AS, 
a. 3 * - Let 


* 4 
* Z ow 1 


-- 


TY — _——_— - ** cot " = aac. ood. — went. ——_— 2 


. 
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Let DEF be a curve, ſuch, that if from 
any two, points A, B, in AS, there be 
drawn AD, BE, perpendicular to AS, 
meeting the curve DEF in D, E, the 
lqagee, of AS Nane en 
to AD. n : 

.\ Becauſe the centripetat fats at B is to 
the centripetal force at A as the ſquare of 
AS to the ſquare of 8B, the oentripetal 
force at B will be to the centripetal force at 
A as BE to AD; therefore | 11. Tr. 1. ] the 
centrifugal force at B, ariſing from the 
projectile force in the direction BC, 
perpendicular to AB, vill be to the centri- 
petal force at the point B as twice the area 
DABE to the rectangle SBE: but becauſe 
the rectangle SBE is to the area DABE 
[11.] as SA to AB, the rectangle SBE will 
be to twice the area DABE as SA to twice 
AB; therefore, inverſely, twice the area 
DABE vill be to the rectangle SBE as twice 
AB to AS; and therefore the centrifugal 
force at B, ariſing: from the projectile 
force in the direction BC, perpendicular 
to AB, will be to the centripetal force at 
the point B as twice AB to AS. 2; E. D. 

PROP. 
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PROP: Kix. EY | 


Let FEY be a Haine ba diameter isAB, 


and centre C; and let there be à cure 


BDE, /o related to the ſemicircle, - that if 
un any point F in the fomicircle there be 


drawn FG 


perpendicular to AB, meeting 


Ag in G, and the curve BDE in H, BG 
will be to GF ar GH AC; draw AN 


cular is AB} it is evident that AN 


n an afymmptote to the curve BDE: Join 
Bp, the ſpace contained by AG, GH, 
- the turve HE indefinitely produced, and its 
 afymptote AN, is double of the ſcctor ABF, 
* likewiſe the ſpace contained by AB, and the 


dure BDE indefinitely produced, and its 
 aſymptote AN; . 


Arn. 


e 00 FA ts be divided int 


indefinitely little parts in 4, b, e, . be. 


draw ae, bf, cg, db, &c. 
. meeting AB in e, f; , 5, &c: and 


alar to 


me eutve BDE in , I, m, n, &c. Join 


* * Be, Bd, &c.; let FK be a tangent 
to 


el oe wo }_-» - 


. . A. rH AE aSRMD P\ FD => 4c.” 2 — may £5 


"0 > i 6: 5 41 Qo EOS, % 4% 
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APW eas draw BK perpendi- 
lar to FK, meeting FK in K; join CF, 
FA; and draw ap parallel to AB, meeting 

FG e 
Becauſe the angle KFB is "nal to tho 
angle FAB; that is, equal to the angle 
BFG ; and the angles BKF, BGF, are 
likewiſe equal, becauſe both right ; the tri- 
angles BKF, BGF, will be every way equah 
(becauſe BH is common to both}; there- 
fore BK, BG, are equal: but, becauſe. of 
the curve BDE, BG is to GP as HG to 
AC os CF; therefore BK is to GF as HG 
to CF z therefore, alternating, BK is to GH 
as GF to FC: but OF is ta FC as 0 to F; 
that is, as Ge to aF; therefore BRK is to 
GH as Ge to F; and therefore the rect- 
angle HGe is equal to the rectangle con- 
tained hy BK, Fa; but the rectangle con- 
uined by BK, Fa, is double of the triangle 
FBa ; therefore the ſpace. He is double of 
the triangle FBg. The ſame way it is 
ſhown, that the ſpaces , g, mb, &e, are 
double of the triangles Bb, bBc, cBd, &c.; 
therefore the fpace'contained by AG, GH, 
os cueve Nx indefinitely produced, and its 
' £8 aſymptote 
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\ af ymptote AN, is double of the ſector ABP. 
From this it is evident, that the ſpace con- 
tained by AB, and the curve BDE indefi- 


nitely produced, and its aſymptote, is dou- 
| ble of the ſemicircle AFB. VV E. De” 


PROP. xy. Fig. 42. 


Gunten 4 body 70 Aſcend? in the: fright tne 
As, from the point A, and the centripetal 
- force tending to the centre 8, to be — 
' cally as the ſquare f the diſtance from the 
Centre; upon AS bet there be a femicirtle 
- ADS'deferibed; From any. taps points B, C, 
in AS let there be druum BD, CE, per. 
* Se to AB,” meeting the ſemicircle in 
D, E; and join DS, SE: the time of de- 
cent from A to B will be to the time of di- 
geen from A to C as the ſeffor ASD to the 
-» ſeftor ASE; and the time of deſcent from 
12 time f deſcent from 
A 8 a the . to the n 
ADS. AAR 99694 261.35 y 


Bika 480 in F ; * SGH: * 4 curve, 
ſuch, OS: wy point D in the ſemi- 
; | circle 


1— 
” 

* 

1— 
” 


1 
1 
= 
| 
2 


2 
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* there be drawn DB perpendicular to 
AS, meeting AS in B, and the curve SGH 
in G, SB is to BD as GB to AF; let EC 
meet the curve SGH, in K; and let SD 
meet EC in M; draw AL perpendicular to 
AS, on the ſame fide of AS that the curve 
SCH 1 oo 

Becauſe, from the natureof the curve SGH, 
SC is to CE as CK to AF, inverſely, EC will 
be to CS as AF to CK: but SC is to CM as SB 
to BD; that is, as GB to AF; therefore, by 
perturbate equality, ECis to CM as GB to 
CK: but the velocity at C is to the velocity at 
B[12.] as EC to CM; therefore the velocity 
at C is to the velocity at Bas Gg to CK; and 
therefore [A. Tr. 1. ] the time of deſcent 
from A to B will be to the time of deſcent - 


from A to Cas the ſpace contained by AB, 


BG, the curve GH indefinitely produced, 
and its aſymptote AL, to the ſpace contain- 


ed by AC, CK, the curve KH indefinitely 


produced, and its aſymptote AL; but the 
ſpace contained by AB, BG, the curve GH 


indefinitely produced, and its afymptote AL, 


is [ 14.] double of the ſector ASD; and the 
ſpace contained by AC, CK, the curve KH 
P 2 indefinitely 
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mdefinitely produced, and its aſymptote AL, 
is double of the ſector A8 E; therefore the 
time of deſcent from A to B will be to the 
tire of deſeent from A to C as the double 
ef the ſector ASD to the double of the ſec- 
tor ASE z that is, ease 
ſector ASE. 

From this it is evident, that he time 
bt defornt from A to B is to the time of de- 
ſcent from A to $ as the ſector ASD to the 
ſemicircle ADS. 9, BE. D. 


PROP. XVI. Pig. 43. 


Suppog ran buds i ee A and B 
in the ſtraight lines AS, BS, to the centre 


S, and the tentripetal force tending to the 
centre 8 to be reciprocally as the ſquare of 
« the dn the centre; the ſquare of 

the time of deſcent from A to 8 will be to 

the ſquare of the time of deſcent from B to 

S919 eee 


| „ | Upon AS, BS, deleribe the ſemicircles 
| ACS, BDS; and let AE, BF, be deſcribed 
in an 9 little part of time; draw 

EC 


td a rf IH mm mp &, & Mkt 


ſ; 
5 
tr 
al 
{ 
a 
8 
t 
a 
q 
b 
a 


te 


. 
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EC perpendicular to AS, meeting the ſe- 
micircle ACS in C; and draw FD perpen- 
dicular to SB, meeting the ſemicircle BDS 
in D; join CS, SD; draw BG meeting the 
ſemicircle BDS in G, ſo that the ſemicircle 
BDS may be to the ſector BGS as the ſe- 
micircle ACS to the ſector ASC; and 
draw GH perpendicular to BS, meeting 
BS in H. | | 
Becauſe BF, AE, are deſcribed in the 
ſame time, and the time is ſuppoſed indefi- 
nitely little, BF will be to AE as the cen- 
tripetal force at B to the centripetal force 
at A; that is, as the ſquare of AS to. the 
ſquare of SB: but BF is to AE as the re&- 
angle SBF to the rectangle contained by 
SB, AE; therefore the rectangle SBF is to 
the rectangle contained by SB, AE, as the 
ſquare of AS to the ſquare of SB; therefore, 
alternating, the rectangle SBF will be to 
the ſquare of AS as the rectangle contained 
by SB, AE, to the ſquare of SB; that is, 
as AE to SB; that is, as the rectangle SAE 
to the rectangle ASB; therefore, alterna- 
ting, the rectangle SBF will be to the rect- 
angle SAE as the ſquare of AS to the rect- 
angle 
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angle ASB; that is, as AS to SB. Becauſe 
BF, AE, are indefinitely little, the re&- 
angles SBF, SFB, may be conſidered as e- 
qual; and likewiſe the rectangles SAE, 
SEA, may be conſidered as equal; there- 
fore the rectangle SFB will be to the rect. 
angle SEA as AS to 8B: but becauſe of 
the ſemicircle, the rectangle SEA is. e- 
qual to the ſquare of EC; and the re&- 
angle SFB equal to the ſquare of FD; there- 
fore the ſquare of FD is to the ſquare of 
EC as AS to 8B; that is, as the cube of 
AS to the parallelopiped whoſe baſe is the 
ſquare of AS, and altitude SB, Again, 
becauſe the ſemicirele BDS is to the 
ſector BGS. as the ſemicircle ACS to the 
ſector ASC; therefore the ſectors ASC, 
GBS, are fimilar ; therefore CE is to GH 
as AS to SB; and therefore the _ ſquare of 
CE will be to the ſquare of GH as the 
ſquare of AS to the ſquare of SB; that is, 
as the parallelopiped whoſe , baſe is the 
ſquare of AS, and altitude SB, to the cube 
of SB: but becauſe the ſquare of FD is to 
the ſquare of EC as the cube of AS to the 
parallelopiped ' whoſe baſe is the * 
1 5 6 


kent from B to S as DF to GH; and there- 
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of AS, and altitude 8B; and the ſquare of 
EC is to the ſquare' of GH as the parallelo- 
piped whoſe baſe is the ſquare of A8, and 
altitude SB, to the cube of SB; therefore, 
by equality, the ſquare of FD is to the 
ſquare of GH as the cube of AS to the 
cube of SB. Becauſe the time of de- 
ſcent from A to $ is {15.] to the time of 
defcent from A to E as the ſemicircle ACS 
to the ſector ABO; that is, as the ſemicircle 
BDS to the ſector OBS ; and the time of de- 
ſcent from A to Eis equi” to the-time 'of 
deſcent from B to F; therefore the time of 
deſcent from A toSi is to the time of deſcent 
from B to F as the ſemicircle BDS to the 
ſector GBS: but 1 5. ] the time of deſcent 
from B to F is to the time of deſcent from B 
to 8 as the ſector BSD to the ſemicircle BDS; 
therefore the time of deſcent from A to 8 
is to the time of deſcent from B to 8 as the 
ſoctor BSD to the ſector GBS: and becauſe 
the ſectors BSD, GBS, are indefinitely lit- 
tle; the ſector BSD will be to the ſector 
GBS as DF to GH; therefore the time of 
deſcent from A to 8 is to the time of do- 


fore 
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fore the ſquare of the time of deſcent from 
A to 8 is to the ſquare of the time of de- 
ſcent from B to 8 as the ſquare of DF is to 
the ſquare of GH ; that is, * a of 
Kameras bn 


2 


Let there be a arch whoſe bg is. AB, 

and centre 8; and ſuppoſing a bod to re- 
_ valve in the circle, and the centripetal farce 
tending to the centre S to be reciprocally as 
| the fquare of the diftance from the centre; 
Fraduce SA. to Cz, and let CS be equal to 
Ag; the periodic time of the buch reuolving 
in ile circle is double. the time NEE men 
it MO OLIN ff 7-03-41 


| Let AD be a part of the circle defaribed 
io an. indefinitely little part of time; join 
SD; and draw DG perpendicular to AB, 


meeting AR in G; let the body falling in 
in a time equal to that in which the part 
M was deſcribed ; draw FE perpendicular 


i EB SO FS 8 SSS SS geg =» ad io 


nm » 41 - 
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ts SC, meeting the ſemicircle deſcribed upon 
SC, in F; and join SF. 
Becauſe AD is deſcribed in an indefinite- 
ly little part of time, it is evident that AG 
would be deſcribed in the ſame time by the 
centripetal force tending to the centre 8 
therefore AG would be deſcribed in the 
fame titne that CE is deſcribed ; therefore 
AG is to CE as the centripetal force at A 
to the centripetal force at C; that is, as the 
ſquare bf CS to the ſquare of SA : but, be- 
cauſe CS is double of SA, the ſquare of CS 
will be quadruple the ſquare of SA ; there- 
fore AG is quadruple of CE ; arid therefore 
the rectangle BAG will be quadruple the 
reQangle SCE: but, becauſe AG, CE, are 
indefinitely little, the rectangles BAG, 
BGA, may be conſidered as equal; and 
likewiſe the rectangles SCE, SEC, may be 
conſidered as equal; therefore the rectangle 
BGA is quadruple the rectangle SEC: but, 
becauſe of the circle, the rectangle BGA is 
equal to the ſquare of DG; and the rect- 
angle SEC is equal to the — of wk 
therefore the ſquare of DG is 
n of — and = — is np 
of 


| 
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of FE: and becauſe CS is double of SA, 
ttferefore DG is to FE as CS to SA; there- 


fore the ſectors ASD, CSF, are equal. 


Again, becauſe the periodic time of the bo- 


dy revolving i in the cirele ADB is to the 


time in which the part AD was deſcribed 


as the circle ADB to the ſector ASD, and 
the time in which the part AD was deſeri- 
bed is equal to the time in which a body 
would deſcend. from C to E, and likewiſe 
the ſector ASD is equal to the ſector CSF; 
therefore the periodic time of the body re- 
volving in the circle ADB is to the time in 
which the body would deſcend from C to 
El as the circle ADB to the ſector CSF: but 
the time in which a body would deſcend 
from C to E is to the time in which a body 
would deſcend from C to 8 [ Ig. ]. as the 
ſector CSF to the ſemicircle CFS; there- 
fore, by equality, the periodic. time of the 


body: revolving in the circle ADB is to the 


time in which a body would deſcend from 
C to 8 as the circle ADB to the ſemicircle 
CFS :* but becauſe AB, SC, are equal, 
therefore the circle ADB is double of the 


an CFS; and therefore the periodic 


9 time 


— 


and MATHEMATICAL. 123 


time of the bady revolving in the circle 
ADB is double of the time a body would 
take to deſcend from C to 8. 2 th ay 


PROP. XVII. Dig: 45. 


Let there be an ell iſe ABP whoſe greater axis 
is AP, and focus 8; and ſuppoſing a body 
acted upon by a centripetal force tending to 
the focus S to revolve in the ellipſe, produce 
SA to C; and let CS be equal to AP: 

. the periodic time of the body revolving in 

. the ellipſe ABP ts double of the time a body 
would take to deſcend from C to S. 


Let D be the centre of the ellipſe; and 
draw DB perpendicular to AP, meeting 
the ellipſe in B, E ; and upon SC deſcribe 
the ſemicircle CHS ; let AK be a part of 
the ellipſe deſcribed in an indefinitely little 
part of time; join SK; and draw KN per- 
pendicular to AP, meeting AP in N; let. 
the body deſcending in the line CS deſcend; 
through the part CL, in a time equal to. 
that in which the part AK was deſcribed by 
the body revolving in the ele draw: 

22 LM 
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LM perpendicular to CS, weeting che ſe. 
micircle in M; and join SM. 


. Becauſe AK is deſcribed in an indefinite- 
ly little part of time, it is evident that AN 


| would be deſcribed in the ſame time by the 


centripetal force tending to 8; therefore 
AN, CL, would be deſcribed in equal 
times; therefore CL is to AN as the cen- 
tripetal force at C to the centriperal force at 
A; that is, [24. Tr. 1.], as the r of 

AS to the ſquare of SC; but, becauſe SC 
AP, are equal, the rectangle SCL will be 
to the rectangle PAN as CL to AN; there- 
fore the rectangle SCL is to the rectangle 
PAN as the ſquare of AS to the ſquare of 
SC: but, becauſe CL, AN, are indefinite- 
ly little, the rectangles SCL, SLC, may 
be conſidered as equal; and likewiſe the 
rectangles PAN, PNA, may be conſidered 
as equal; therefore the rectangle 8LC will 
be to the rectangle PNA as the ſquare of 
AS to the ſquare of SC: but [ Con. 2. 6. 
the rectangle PNA is to the ſquare of KN 
as the ſquare of AP or SC to the ſquare of 
BE; therefore, by equality, the rectangle 
8LC will be to the ſquare of KN as the 
ſquare 
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ſquare of AS to the fquare of BE: but, 
becauſe of the ſemicircle, the ſquare of. 
ML is equal to the rectangle SLC; there- 
fore the ſquare of ML is to the ſquare of 
KN as the ſquare of SA to the ſquare of 
BE; and therefore ML is to KN as SA to 

BE; therefore the rectangle contained by 
SA, KN, is equal to the rectangle contain- 
ed by BE, ML; and therefore the re&- 
angle contained by SC, ML, will be to the 
rectangle contained by SA, KN, as the 
rectangle contained by SC, ML, to the 
rectangle contained by BE, ML; that is, 
as SC or AP to BE: but, becauſe CM, 
AK, are indefinitely little, the ſector CSM 
will be to the ſector ASK as the rectangle 
contained by 8C, ML, to the rectangle 
contained by SA, KN ; therefore the ſector 
CSM is to the ſector ASK as CS or AP to 
BE; that is, as the ſemicircle to the ſemi- 
ellipſe; therefore, alternating, the ſector 
CSM is to the ſemicircle as the ſector ASK 
to the ſemiellipſe; therefore, inverſely, the 
ſemicircle is to the ſector CSM as the ſemi- 
ellipſe to the ſector ASK: but the time of 
deſcent from C to 8 is to tas, time of de- 
ſeent 
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ſpent from C to Las the ſemicirele [1 5.] to 
the ſector CS M; and the time in which the 
body revolves in the ſemiellipſe is to the 


time in which the part AK is deſcribed as 


the ſemiollipſe to the ſector ASK; therefore 


the time in which the body revolves in the 
ſemiellipſe is to the time in which the part 
AK is deſcribed as the time of deſcent from 
C to S to the time of deſcent from C to L: 
but the time of deſcent from C to L is e- 
qual to the time in which the part AK is 


deſcribed ; therefore the time in which the 
body revolves in the ſemiellipſe is equal to 


the time of deſcent from C to 8: but, be- 
cauſe the ellipſe is double of the ſemiellipſe, 


the periodic time of the body revolving in 


the ellipſe will be double of the time in 


which the body revolves in the ſemiellipſe; 
therefore the periodic time of the body 


revolving in the ellipſe is double of the 


ane: of gaucem from 9 to, 8. * E. D. 


PROP. XIX. 


S . 7200 hokies to es in 45 ferent 


_— about a common focus, atted upon by 
centripeta! 


* 6 %F we * 
. - — 
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tentripetul forces tending to the common fo- 


. rus; the ſquare of the- periodic time in the 
done will be to the ſquare of the periodic time 
in the other, as the cube of the tranſverſe 
ney ra ee hee; — 
7 axis of the other: UAC 20 0 
241 O uo un: % mam : 0 2181 ö 
Becauſe the — — incheelliple 
are acted upon by centripetal forces tending 
to the focus of the ellipſes, therefore [24. 
Tr. 1. ] the centripetal forces are reciprocally 
as the ſquare of the diſtances from the focus; 
therefore the periodic time of each of theſe 
bodies [18.] revolving in the ellipſes is 


double the time in which the bodies would 


deſcend' to the focus from a height equal to 
the tranſverſe axis of the ellipſe : but [16.] 
the ſquares of the times the bodies would 
take to deſcond to the focus from different 
heights are as the cubes of thoſe heights; 
therefore the ſquares: of the ; periodic times 
of the bodies revolving in the ellipſes about 
a common focus are as the cubes of the 
tranſverſe axis of the ellipſes. Q, E. D. 


+ 4 


COR. I, Suppoſing two bodies to revolve 
| in 


—ͤ—ũ——̃— OOO 9 
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in different circles about a common : centre, 
and the centripetal force tending to the cen- 
tre to be reciprocally as the ſquare of the 
diſtance from the centre; the ſquare of the 
periodic time in the one will be to the 
ſquare of the periodic time in the other, as 
the cube of the diameter af che one to the 
n W . 7 
eint vd G1 1 
2 2. ene ed bodies Aer 
on by a centripetal fotet᷑ that is ceciprocally 
as the ſquare of the diftance from the centre 
of force, the one to revolve im an ellipſe, and 
the other in a circle, and the centre of force to 
de the focus of the ellipſe, and likewiſe the 
centre of the circle; the ſquare of the peri- 
odic time of the body: tevolving in the el- 
lipſe will be to the ſquare of the periodic 
time of the body revoleing in the circle, 
as the cube of the tranſverſe axis ot the 


circle. 


rn the . of che 


PROP. 
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E — a — eo Bl 
. that is directh as its diſſance from the cen- 


tre 8 deſcend in the firaight line AS front 
the point A; with the centre 8, and diſtance. 


SA, deſcrthe a orrele ; from, any point B 

in AS draw BD perpendicular to AS, meet= 
im the circle in D: the velocity at & will 

hen rs. ET 
| Let the Gele ect AG 1 0. das, AE 
ieular to AS; and let AE tepreſent 
the centripetal force at the point A; join 
SE ; and draw BF parallel to AE, meeting 
E in F; F therefore will repreſent the 
centripetal force at the point B; and there- 
fore the velocity at $ will be to the velocity 
at B [3, Tr, 1.] in the ſubduplicate ratio of 
the triangle ASE to the trapezium ABFE : 
but, becauſe the triangle ASE is to the tri- 
angle BSF as the ſquare of Ag to the ſquare 
of SB, converſely, the triangle ASE will be 
to the trapezium ABFE as the ſquare of AS 


to the rectangle ABC; that is, as the 
R - ſquare 
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ſquare of AS to the ſquare of BD; there- 
fore AS is to BD in the ſubduplicate ratio 
of the triangle ASE to the trapezium 
ABFE; and therefore the velocity at 8 
eee eee ee e 
2 E. D. ä 


PROP. XXI. 25 . 


Ler AB 275 ee Rochelle centre 
7s C; join CA, CB; in CD, drawn prrpen- 
dicular to AC, take any given point D; et 
DE be a curve, fuch, that i, from any 

point F in AC there be drawn FG perpen- 

dlicular to AC; meeting the circle in G, 

and the curve DHE in H, che rectangl 
GFH is equal to the reftangle BCD; draw 

AK perpendicular to AC: it is evident 
tbat AK will be an aſymptote to the cur 
DE; the ſpace contained by AF, FH, the 

Curve HE indefinitely produced, and its a- 

ymptote AK, will be to the ſpace contained 
"by AC, CD, "the curve DE indefinitely 
produced, and its aſymptate AR, z 40 the arc 

nord broader HHS 


* Suppoſe 


Da PH EA aa re. al jy =, wm nt A, ww = ww od -- 


_—___ >. a xO©£/ wi  O4Joze 
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 Sappoſe-the-arc AG, to be divided into 
indefinitely little parts in L, M, N, Sc.; 
draw Lo, J Mp, Ng, Sc. perpendicular to 
AF, meeting AF in a, p, 9, &. and the 
curve HE in O, P, 2 &c, 3 join CG; 
and draw L parallel ta AC, _—_ GF 
in rand CG in s. 

Becauſe the rectangle GFH is * to 
the rectangle BCD; that is, equal to the 
rectangle GC D; FH will be to CD as CG 
to GF; that is, as 5G to Gr but becauſe 
LG is indefinitely little, GL may be conſi- 
dered as coinciding with the tangent: to the 
circle at G; therefore the angle LGs is 
right; therefore the triangles LG, Os are 
ſimilar z therefore G is to Gr as GL to 
Lr or Fo; therefore FH is to CD as GL to 
Fo; therefore the rectangle Hs is equal to 
the rectangle contained by GL, CP. The 
ſame way it is ſhown, that the rectangle 
Oep is equal to the rectangle contained by 
LM, CD; and the rectangle Peg equal te 
the rectangle contained by MN, CD, and 
ſo on: but, the rectangles H Fo, Qop, Ppg, 
Fc. may be confidered as: equal to the ſpace 
contained by AF, FH, the curve HE in- 
R 2 definitely 


| 
| 
| 
| 
| 


2142 TRACTS, Pnrifcar Trill, 


definitely produced, and its aſymptote AK; 
and the rectangles contained by GL, CD; 
LM, CD; MN, CD, &c.; may be con- 
ſidered as equal to the rectangle contained 


by the ate AG, and CD; therefore the ſpace 


contained by AF, FH, the curve HE in- 
definitely produced, and its aſymptote AK, 
is equal to the rectangle contained by the 
ate AG, and COD. The fame way it is 
ſhown, that the {pace contained by FC, 
CD, the curve DH, and FH, is equal to 
the rectangle contained by the are BG, and 
CD; cherefote the ſpace contained by AC, 
CD, the curve DE indefinitely produced, 
and its aſymptote AK, will be equal to the 
rectangle contained by the arc AGB, and 


CD; and therefore the ſpace contained by 


AF, FH, the curve HE indefinitely pro- 


duced, and its aſymptote AK, will be to 
the ſpace contained by AC, CD, the curve 


DE indefinitely. produced, and its aſymp- 
tote AK, as the rectangle contained by the 


arc AG, and CD, to the rectangle contain- 


ed by the ate AGB, and CD; that is, as 
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PROP, XX. Fig.4h. 
a body afted upon by u rentripetal 


force tending to the centre C to deſtend in 


the firaight line AC; and let the centripe» 
tal force be as the diftance of the body from 
the centre C; draw CB perpendicular ro 
CA; ' with the contre C, ' and difante-CA, 
deſeribe i eirei mevting CB in B; und iet 
D be any point in AC]; dau DR perpen- 
Hitular to AC, meeting the civele in E: 


the time of deſcent um A to D will be 10 
| iv Hate of defer FOR" "CRP AR 1 


AE 6 the art AEB. | 
In BC produced, take any jail wy let 


FG be a curve, ſuch, that if from any point 
D, in AC, there be drawn DE perpendicu- 
lar to AC, meeting the circle in E, and the 
curve in H, the rectangle EDH is equal 
to the rectangle BCF; draw AR perpenide. 
cular to AC. 


Becauſe the rectangle EDH is equal to 


the rectangle BCF, ED will be to BC as 
CF to DH; but the velocity at D is to the 
velocity 


velocity at C [20.] as DE to BC; there. 
fore the velocity at D is to the velocity at C 
as CF to DH; therefore [4. Tr. 1. ] the 
time of deſcent from A to D will be to the 
time of deſeent from A to C, as the ſpace 
contained by AD, DH, the curve HG in- 
definitely produced, and its aſymptote AK, 
to the ſpace contained by AC, CF, the 
curve FG indefinitely produced, and its a- 
ſymptote AK: but the ſpace contained by 
AD, DH, the curve HG indefinitely pro- 
duced, and its aſymptote AK, is to the 
ſpace contained by AC,. CF, the curve FG 
indefinitely produced, and its. aſymptote 
AK 121.) as the arc AE to the are AEB; 

therefore the time of deſcent from A to D 
will be to the time of deſcent from A 
nnn 
V 1 D. IEF | 


PROP. n. - Fig. 4 49% 
Suppoſe woo bodies ated upon by a centripetal 
_. farce . that is direftly as the diſtances from 


| #be centre e force, to deſcend from A and 
B to the centre C; the time of. deſeent. from 
A 
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ran n 
re Ih Ed Bad 17 


Let AF, BG, be ſpares paſſed over * 
the bodies at A and B in an indefinitely lit- 


tle part of time; with the centre C, and 
diſtances CA, CB, let there be circles de- 
ſcribed meeting CA, CB, in D, E; draw 
FH, GK, perpendicular to CA, CB, 
meeting the circles AD, BRE, in H, K; 
draw CL, CM, perpendicular to CA, CB, 
meeting the circles AHD, BKE, e 1 3 
and join CH, CMA H ad; 21 
Beeauſe AF, 80, are deſcribedin.s an in- 
definitely little part of time, AF will be to 
BG as the centripetal force at A to the cen- 
tripetal force at B; that is, as CA to CB; 
that is, as DA to EB; that is, DA will be 
to EB as AF to BG; therefore, alternating, 
DA will be to AF as EB to BG; therefore, 
by diviſion, DF will be to FA as EG to 
GB; therefore the rectangles DFA, EGB, 
are ſimilar; therefore: the rectangle DFA is 
to the rectangle EGB as the ſquare of AF to 
the ſquare of BG; that is, as the ſquare of 
CA to the ſquare of BC: but, becauſe of 
the 
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velocity at C [20.] as DE to BC; there. 
fore the veloeity at D is to the velocity at C 
as CF to DH; therefore 4. Tr. 1.] the 
tithe of deſcent from A to D will be to the 
time of deſcent from A to C, as the ſpace 

contained by AD, DH,” the curve HG in- 
definitely produced, and its aſymptote AK, 
to the ſpace contained by AC, CF, the 
curve FG indefinitely produced, and its a- 
ſymptote AK: but the ſpace contained by 
AD, DH, the curve HG indefinitely pro- 
duced, and its aſymptote AK, is to the 
ſpace contained by AC, CF, the curve FG 
indefinitely produced, and its aſymptote 
AK [2 f.], as the arc AE to the arc AEB; 
therefore the time of deſcent from A to D 
will be to the time of deſcent from A 
ne 
2 E. D. a 


PROP. In. Ek. 49 


Suppoſe bes bodies afted upon by a centripetal 
. farce that is direftly as the diſtances from 
be centre of force, to deſcend from A and 


B to the centre C; the time of deſcent, from 
. A 


( „% „„ 


r KK make 


5 AO” — 2 © = Wain a 


2 
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e- rr 
C rb Yi r Dat 273! 


* Let AF, BG, eco 
e the bodies at A and B in an indefinitely lit- 


de part of time; with the centre C,. * 
„distances CA, CB, let there be circles de- 
ie ſcribed meeting CA, CB, in D, E; draw 
i- W FH, GK, perpendicular to CA, CB, 
meeting the circles AHD, BNE, in H, K; 
draw CL. CM, perpendicular to CA, CB, 
meeting ——— BKE, ror * 3 

and Join CH, CK 1 
Beeauſe AF, 80, are deſcribedin'a an in- 
definitely little part of time, AF will be to 
BG as the centripetal force at A to the cen- 
tripetal force at B; that is, as CA to CB; 
. chat is, as DA to EB; that is, DA will be 
to EB as AF to BG; therefore; alternating, 
DA will be to AF as EB to BG; therefore, 
by diviſion, DF will be to FA as EG to 
GB; therefore the rectangles DFA, EGB, 
are ſimilar; therefore: the rectangle DFA is 
to the rectangle EGB as the ſquare of AF to 
the ſquare of BG; that is, as the ſquare: of 
CA to the ſquare of BC: but, becauſe of 
| the 


B "0 
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. the circle, the rectangle: DFA is equal to 
the ſquare of FH, and the rectangle EGB 
equal to the ſquare of GK; therefore the 
ſquare of FH is to the fquare of GK as the 
ſquare of CA to the ſquare of CB ; therefore 
FH is to GK as CA to CB; that is, as 
CH to CK; therefore, alternating, FH is 
to HC as GK to KC; /therefore (becauſe 
the angles CFH, CGK, are both right) the 
triangles FCH, GCR, are ſimilar; and the 
angles ACH, BCK; will be equal; there- 
fore the arcs AH, BRK, are ſimilar; there- 
fore the arc AH will be to the are AHL as 
the arc BK to the arc BKM: but the time 
of deſcent from A to F is [22;] o che time 
of deſcent from A to C as the are AH to the 
arc AHL; and the time of deſcent from 
B to G is to the time of deſcent from B to 
C as the arc BK to the are BRM; there- 
fore the time of deſcent from A to F is 
to the time of deſcent from A to C as the 
time of deſcent from B to G to the time of 
deſcent from B to C: but the time of de- 
ſent from A to F is equal to the time of de. 
e e, 035 n the time of 
| 10 of - deſcent 


2 S. 7 7 S. 8 8 7 8 8 8 R 8 8 7 ? 
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deſcent from A to C is equal to the time of 
n 81 | 


Let * 1 elliph whoſ 9 
DE, and centre C; ſuppoſe 4 body ucted 
upon by u centripetal force tending to the 
centre © ip deſcribe the ellipſt:: the periodic 
time,of the body deſcribing the ellipſe will 
CINE e e 35 
few rom. #G 


Wich the centre C, and diſtance ea 
deſcribe a cirele meeting DE in F, G; let 
AH be a part of the ellipſe deſcribed in an 
indefinitely little part of time; draw HK 
perpendicular to AC, meeting AC in K, 
and the circle in L j and join CH, CL. 
Berauſe the time in which theare AH of 
the ellipſe is deſcribed is to the time in which 
the arc AHD is deſcribed, as the portion 
ACH of theellipſe to the portion ACD of the 
ellipſe ; and the portion ACH of the ellipſe is 
to the portion ACD, as the ſector ACL. to the 
lector AF; that is, as the arc AL to the art 

8 n 


| 
| 
| 
| 
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ALF; therefore the time in which the arc 


AH of the ellipſe is deſcribed is to the time 
in which the arc AHD is deſcribed as the 
arc AL to-the arc ALF : but becauſe the 
body deſcribing the ellipſe is ated upon by 
à centripetal force tending to the centre C. 
therefore [2 5. Tr. 1. ] the centripetal force 
will be as the diſtance of the body from 
the centre; therefore the time in which the 
body would deſcend from A to K will be 


22. ] to the time in which the body would 


deſcend from A to C as the arc AL to the 
arc ALF; and therefore the time in which 


de arc Al of the ellipſe is deſcribed wil 


be to the time in which the arc AHD is de- 


. ſcribed, as the time in which the body would 


deſcend from A to K to the time in which 
the body would deſcend from A to C: but 
becauſe AH is deſcribed in an indefinitely 


little part of time, and HK is parallel to 


the tangent to the ellipſe at the point A; 
therefore the time in which the arc AH of 
the ellipſe is deſcribed will be equal to the 
time in which the body would deſcend 


From A to K; therefore the time in which 

| Shen arc-AHD is deſcribed will be \equal to 

| G the 
IR @ 


OO Q-- © RE »p xz 
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the time in which the body would deſcend 
from A to C: but the periodic time of the 
body deſcribing the ellipſe is quadruple of 
the time in which the arc AHD is deſcri- 
bed ; therefore the periodic time of the bo- 
dy deſcribing the ellipſe will be quadruple 
n mn E. 2 


m 

he Com Wigui thi mY the OO vhs 
be poſition it is Evident, that the periodic times 
d of bodies revolving in different ellipſes a- 
he bout a common centre C, and acted upon 
ch by centripetal forces tending to the common 
© me. will be e 

e- 7 | 

I i 

" P R 0 * XV. bb. 51. 


70 Lt A I a * goin in 4 fravglt line 
AB; and et CD, FG, be to curves on 
o ze ſame fide AB, fo, that if from any two 

ene H, K, in AB, there be drawn HC, 


kp, perpendicular! to AB, meeting the 
wh curve CD in C, D, and likewiſe | meeting 
e curve FG in F. G, the ſquare of HA 
A is to tbe ſquare of AK a KD i HC, and 
ry likewiſe the cule . HA is to the cube of 


8 2 AK 
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Ak #& KG % HF; % HA tabs the gui 
B, ſucb, that HA is to AB as CH HF; 
a, grow BL perpendicular te AB, wen- 
inę one of the curves, fiuppaſe the curue CD, 
zin L, the other curve PG will net the 
curue CD in the peim L; andi, from the 
. point L. where the tus curves CN, FG, 
znterſeft each other, there be drawn LB 
. perpendicular ta AB; meeting AB in B; 
and from ony print H in AB, there bs 
. drawn à line parallel to LB, meeting the 
EUTVES CD; FG, in C, F; nan 
HF 9s HA e AB. f 


4 Becauſe BL is to HC as the Lines of 
HA to the ſquare ef AB, and/theſquare of 
HA is to the ſquare of AB as the cube of 
HA to the parallelopiped whoſe baſe is the 

ſquare of AB, and altitude HA; BL wil 
de to HC as the cube of HA to the paral- WW « 

lelopiped whoſe baſe is the ſquare of AB, IN « 
and altitude HA: but-becauſe CH is to HF I 
as HA to AB; and HA is to AB as the 
parallelopiped whoſe baſe is the ſquare of 
BA, and altitude AH, to the cube of BA; 


; 72d by equally, BL is to. HF as 0 
cu 


- « 1 —_— — — 1 1 wy 


* 


J. 
15 


„ 


Ker 
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eube of AH to the cubo of AB; and there- 
n in * 
curves H.. Iv 

Again, n cH is to BL as 4 
ſquare of AB to the ſquare of AH; and the 
ſquare of Ag is to the ſquare of AH as the 
parallelopiped whoſe baſe is the ſquare of 
AB; and altitude AH, to the cube of AH; 
CH will be to BL as the parallelopiped 
whoſe baſe is the ſquare of BA, and altitude 
AH, to the cube of AH : but becauſe of the 
curve FG, BL is to HF as the cube of AH 
to the cube of BA; therefore, by equality, 
CH is to HF as the parallelopiped whoſe 
baſe is the ſquare of BA, and altitude AH, 
to the cube of BA; am 18, l to AB. 
D. 


con. If Ha be to AB us CH. to HP, 
ind LB be Joined, LB 2 e 
terer | 


PROP. NXVL. Et d. 


Is the fraight line AB take ro points ol D; 
aud let AC be to CB as AD to DB; biſec? 
AB 


| 
| 
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A in E; the reftangle CED ill be equal 
0 the ſquare of EB; lilewiſe the, ſquare of 
CA (07; 6 15 to nee of ae fo 

AS, * ES em 
Berni ACis to CB as AD to DB, AC, 

eee CB, will be to CB as AB to 
BD; that is, twice EC will be to CB as 
twice EB to BD; therefore EC will be to 
CB as EB: to BD; therefore, converſely, 
CE will be to EB as EB to ED; and 
therefore the ne CED is m to the 
ſquare of EB. N 
Again, becauſe CE is: to EB as: EB to 
ED, CB will be to BD as CE to EB; 
therefore the ſquare of CB will be to the 
ſquare of BD as the ſquare of CE to the 
ſquare of EB; that is, as the ſquare of CE 
to the rectangle CED; that is, as CE to 
ED : but becauſe AC is to CB as AD to 
DB, alternating, AC will be to AD as CB 
to BD; therefore the ſquare of CA is to 
the ſquare of AD as the ſquare of CB to 
the ſquare of BD ; that is, as CE to 1 | 
Q, ok D. | 
| PP R 0 P. 


: 
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* * # my * * „ 
1 TTT. REY ner 
= "FN 5 A \ ww 3 &4 &« 


a & > 1 wn S434 ©& # + ww © 4 


l 7 r Wich KISS 5 3 
"NF PROP. XXVII. Fig. 33. 
+ F 


Lt Aue. given forth li the firaight” Fre 
AB; a CD; EF, be tw curves on 
tbe fame fide AB, fr cradle the ut AB, 
„Ae if from any tus point, G, H. in AB, 
„ © (there be draum GC, HD, perpendicular 
; 10 AB, meeting the curve CD in C, D, 
| and the curve EF in E, F, the ſuare of 
i | A 25 the ſquare of AH as HD OC, 
and likewiſe the cube of GA is tothe cube of 
AH as HF to CE, rum K, the point where 
obe too curves interſet each" other; let fall 
| KB perpendicular to AB, meeting AB in 
B; in AB fake any tuo points G, H, fo 
: that AG may be to G as ALI 70 HB; 
and draw GC, HD, perpendicular to AB, 
meeting the | curve CD C, 'D; "nid the 
curve EF in E, P:: the pace CGHD' will 
& be equal to the Hue: EGHP, * | 


BY” 


ww, ay? 


| Biſect AB in L: betauſt AG! is to GB b as 
. | A to HB, and AB is biſected in L, GL 
uin be to LH [26. ] as the ſquare of GA to 
Hh the ſquare of AH: but, becauſe of the 
curve 


8 


X. 2 
% * 
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curve. CD, the ſquare of GA is to the 
ſquare of AH as HD to GC; ther GL 
is to LH 4 HD 15 2 e. 
angle LHD is equal to the rectangle LGC} 
and therefore the exceſs of the rectangle 
AD above the rectangle AGE, is equal to 
the exceſſ of the-xeGangle contained bx AL, 
HD, above the reftangle contained by AL, 
GC; that is, becauſe AB id biſete(/iin-L, 
Equal to the rectangle contained by LB, 
and the axecis of HD above GC but the 
excels of the tectangle AH above the rect- 
angle AC is equal [0,] ta the figure 
CGHD ;. therefore the rectangle contained 
by LB, .and. the exccls. of HD above GC, 
is equal to the figure CGHD, ; Again, be- 
cauſe L g DH is to HF as HA to AB, and 
CG, to, GE as GA to Ag, the rectangle 
AHF wilt be equal to the reftangle contain- 
ed by AB, HDD, likewiſe tha rectangle 
AGE will be equal to the rectangle con- 
tained by AB, GC; therefore the excels 
of the rectangle AHE above the, rectangle 
8058 ne 
BY 2. 208. ogy Dewan AB is biſeck, 


429 


1:7 nd MATBtMATICAL 1456 


winks the exceſs of the rectangle AHF 
abure the rectangle AGE will be double of 
the rectangle contained by LB and the ex+ 
ceſs of [AD above GC i but the exceſs of 
the tectangle AHF above the' rectangle 
AGE is II. Tr. 2.) double of the ſpace 
EGHEF ; | therefore che rectangle contained 
by LB, and the exceſs of HD above GC, is 
equal ta the figure EGHF; therefore the 
ſpace CG H is _ to the ns SOHF. 
C&D 5 5 


Con. If from any point M between O, 
H, there be drawn MN perpendicular to 
GH; meeting the eurves CD, EF, in N, 
ke winged Iron ade" — 

the fpace EGMQ; likewiſe the 
FHMO will be Werler than the 
DHMN, 

If the pos: M be benween the points . 
6, * is evident, that the fpace CGMN. is 
greater that! the fpace ECMO, Let the 
point M be between the points B, H: be- 
cauſe tho ſpare CGHD is equal to the 
ſpace EGI, take away the common ſpace 
KEGHD from both, and the ſpace _ 

* A 
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will/be:equal to the ſpace» DK? bbriithe 
ſpace DK is greater than the ſpace KNO, 
therefore the ſpace EK C is greater than the 
ſpace KN O: let the pace KEGMN: be 
added to both, and thei ſp̃ace CMN wil 
be greater than the ſpace EMW. 

Again, becauſe the ſpace, CG H is equal 
to the ſpace EG HF, and the ſpace: CGMN 
greater than the ſpace EGMO;; :thetefore 
. the ſpaceFFIMO will be greater than the 
ſpace DHMN, N E. D. G A 


P RO F. XXVUIL | Ex. Ls 


Let fond 3 hn AS; and: pot 
à a bedy at the point A to be atted upon ty 
. two Forces, @ centripetal and centrifugal 
.force,| with reſpect to the. centre 8, the cen- 
tripetal to be  reciprocally as the ſquare 
the diſtance from the centre, and the centri- 

. fugal te be reciprocally as the cube of the 

. ' diflance from the centre; at the point A lu 
le ceniri petal be greater than the centrifu- 
gal; in AS take SB. % that As mays be 1 
SB as tbe centriperal tothe centrifugal force 
* tbe point Ate in "al take ry tht 
SC 


RA 
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80 ny be ro CBA SA %% A; 4. body, 
© afted, upun by the alope forces will: deſeend 
e C. and ug luer. 11 Bie . FI 01 
1130199 ach nc 151213 2 
''From A a e A. 0 As, 
and in, AD take AD, AH, ſo, that DA may 
be to AH as AS to. SB; and let DKE. 
HK F, be two cutves ſo. 2 to A8, that 
if from any two points A, © in AS, there 
be drawn AD, CE, perpendicular to A8, 
meeting the curves DKE, HK F, in D, E, 
and H. F, the ſquare of As is to the ſquare 
of Sc a8 Ch to A0. likewiſe the eube of 
As is to the cube of SC as CF to AH; let 
the curves DKE, HK F, interſect each Neben 
in the point K; and join K. 
Becauſe DA is to AH as A8 to SB, Kk 
vil cor. prop. 25 1 be perpendicular to 
; becauſe; SA is to AB as SC to CB, 
2 fo DACE will 127. be equal to the 
ſpace HACF ; and becauſe DA is to AH as 
A8 to SB, that i is, as the centripetal to the 
centrifugal forge. at the paint A, it is evi- 
dent, that if from any point L, in AC, there 
be drawn L. M perpendicular to AS, meeting 
the curves DKE, HK, in M, N. the 
"© centripetal 
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cenitripetal force at wwe point L wilt be to 
the centrifugaf at the point E as ML 
to LN ; and becauſe t the point A the con- 
tripetal force is greater than the centrifugal, 
therefore the body” will deſcend from A to- 
wards the bentre 8. Suppoſe in any time it 
deſcends from A to any point L. between 
AC, the ſum of the centripetal forces that 
have acted upon the body in its defcent 
from A 10 L. will be to the ſuin of the cen- 
rrifugal forces that have ated upon the bo- 
dy in its deſcent from A to L as the fpace 
DALM to che fpace HALEN; but the 
fpace DALM is cor, prop. 20. ] greater 
than the ſpace HALN; therefote the ſum 
of the centripetal forces that have aRed upon 
the body in its Uefrent from A to L is 
greater than the ſum of the centrifugal for- 
ces that have acted upon the body in its de- 
ent from A to L therefore the body will 
deſtend from L towards d. Let it defcend 
from L to ati point O, between L, C, 
the fame way it may be ſhown, that it 
will deſcend below the point O, and fo on, 
till it arrive at the point O: and becauſe the 
fin TR  centripetal forces that have *. 
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ed upon the body in its deſcent from A to 
C is to the ſum of the centrifugal forces that 
have acted upon the body in its deſcent 
from A to C as the fpace DAC E to the 
ſpace HAcp, and the ſpace DACE: is 
27. ] equal to the ſpace HAC F,; therefore 
the ſum of the centripetal forces that have 
acted upon the body in its deſeent from A 
to C will be equal to the ſum of the cen- 
trifugal forces that have acted upon the bo- 
dy in its deſcent from A to C; therefore at 
the point C the ſam of the centripetal and 
centrifugal forces balance each other ; 
therefore the baby will. nat = _ 
the @ gr 12 | 


rob. XXIX. ur . 


Let there br a firaight line cs; and fappoke 
the body at the point C to: be: adde 
upon by two forces, @ centrifugal and cen- 

tripetal force, with refpet# to the centre 8, 

the centrifugal ta be recipracaly as the 

cube of the diſtance from the erntre, and 
the centripetal to be reciprocally & the 


K of te die from the c 
.”" "arg 
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| 1 the point C. let the centrifugul be greater 
- than tbe centripetal; in SC produced tale 
8B , chat O8 muy be to SB̃ as the centri- 
petal to the centrifugal force at tlie point C; 
i SB. produced tale SA fo, that'SA may be 
to AB as SC ts CB: à body atted apon by 

. 'the above forces till aſcend from e A, 


and in lughler. Loc £2 nor 17 
n add to mii ct of lupe of {in 
From C draw CF. n to SC, 


* in CF take CES. CF; ſo, that EC-may 
be to F as. CS: to SB; and let DKE, 
HK F, be two curves fo related to A8, that 
if from any two points A, C, in A8, there 
be drawn AD, CE, perpendicular to A8, 
meeting the curves DKE, HKF, in D, E, 
and II, F, the ſquare-of ASjs to the fquare 
of SC as CE to AD, likewiſe the cube of 
As is to the cube of SC as CF to AH; let 
the curves DKE, HK, terſe = other 
in the point K; and join KB. | 
Becauſe EC is to CF as CS t to 8B, KB 
will [ cor. prop. 25.] be perpendicular to 
AS; and becauſe SA is to AB as SC to CB, 
the ſpace DACE will [27.] be equal to the 
ſpate HACF;' and — EC is to CF as 
* | 


L >| —— F * in Sms Aa 1 an PY 
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CS to SB; that is, as che centripetal to the 
centrifugal force at the point C, it is evi- 
dent, that if from any point O, in CA, 
there be drawn OP, perpendicular to SC, 
meeting the curves DKE, HK, in P, Q, 
the centripetal force at the point O will be 
to the centrifugal at the point O as PO 
to OO; and becauſe at the point C the 
centrifugal force is greater than the centri- 
petal, therefore the body will aſcend from 
C towards A. Suppoſe i in any time it aſcends 


from C to any point O, in AC, the ſum 
of — forces that have acted up- 


on the body in its aſcent from C to O will 
be to the ſum of the centripetal forces that 
have acted upon the body in its aſcent from 
C to O as the ſpace FCOQ to the ſpace 
ECOP: but the ſpace FCO is cor. prop. 
27. ] greater than the ſpace ECOP; there- 
fore the ſum of the ceftrifugal forces that 
have acted upon the body in its aſcent from 
C to O is greater than the ſum bf the cen- 
tripetal forces that have acted upon the bo- 
dy in its aſcent from C to O; therefore the 
body will aſcend from O towards A. Let it 
aſcend from O to any point L in OA, the 

. ame 
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lame way it may be ſhown; that it will aſcend 
above the point L, and ſo on, till it arrive at 
the point A: and becauſe the ſum of the 
centrifugal forces that have acted upon the 
body in its aſcent from C to A is to the ſum 
of the centripetal forces that have acted up- 
on the body in its aſcent from C to A as the 
ſpace HAC F to the ſpace DACE ; and the 
ſpace HACF is. lag.] equal to the ſpace 
DACE ; therefore the ſum of the centrifu- 
its aſcent from C to A will be equal to the 
ſum of the centripetal forces that have act- 
ed upon the body in its aſcent from C to 
A; therefore, at the point A, the ſum of 
the centrifugal and centripetal forces ba- 
lance each other; therefore the body will 
a eee tO & E. D. 


PROP. XXX. kx 54. 


Le Al given Point in the flraight lire 
Ag, and let CD, EF, be tuo curves on 
_ the ſame fide AB, fo related to the line AB, 
| that if from any two points G, H, in AB, 
"there. be drawn GG HD, perpendicular 


10 


e a a > -7 


- 
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to AB, meeting the curve CD in C, D, 
and tbe curve EF in E, F, the ſquare of 


GA is to the ſpuare f AH as HD to GC, 


und likewiſe the cube of GA is to the cube 


of AH as HF to GE; let K be the point 
where the two curves interſets each other x 


draw KB perpendicular to AB, meeting 
Ag in B; in AB take any two points G, L, 
, that AG may be to GB as AL t LB; 
tet the rectangle LGO be equal to the reft- 


angle ACC: if from any point H in AB, 
there 'be drawer HD pirptndicidar & AR 


meeting the curves CD, EF, in D, F, 


the ſquare of AH vill be to the rectangle 
GHL as the refiangle BGO to the ex- 


ce of the ſpace GHDC above the ſpace. 
EGHF. 


- Produce GA to P; and let GA, AP, be 


Mes from L draw LQ in any angle to 
AL; and let LQ be equal to AL; join 
AQ_, PQ ; from H draw HR parallel 
to LQ, meeting AQ_, PQ, in R, S; 
and draw ST parallel to AH, m 


| Beeauſeſr: Jt reuagle AGCis tothe 
U ſpace 
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ſpace CGHD as AH to HG, that, is, as the 
rectangle AHPto the retanglePHG, inyerſe- 
ly, the ſpace CG HD will be to the rectangle 

A as the rectangle PHG to the rectangle 
PHA: becauſe PA or GA is to AL as Gh to 
BL; by compoſition, PL will be to LA as GL 
to LB; therefore PL will be to LA as PG 
to AB; and therefore PL will be to twice 
LA as PG to twice AB; that is, as GA to 
AB: but becauſe the rectangle AGC i 
to the rectangle AGE as CG to GE, that 
is, [25.]as GA to AB; therefore the rectangle 
AG is to the rectangle AGE as PL to 
twice LA: but PL is to twice LA or twice 
LQ. as PH to twice HS; that is, as the 
rectangle PHA to twice the rectangle SHA; 
therefore the rectangle AGC is to the rect- 
angle AGE as the rectangle PHA to twice 
the rectangle SHA: but becauſe the ſpace 
CGHD is to the rectangle AGC as the re&- 
angle PH to the rectangle PHA, and the 
retangleAGCis to the rectangle AGE as the 
rectangle PHA to twice the rectangle SHA; 
therefore, by equality, the ſpace CGHD 
will be to the rectangle AGE as the rectangle 
PHG to twice the rectangle SHA : but the 
rectangle 


7 
a. 
( 
C 
R 
{ 
A 
be 
as 
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rectangle AGE is to the ſpace EGHF[18.Tr. 
I. ] as twice the ſquare of AH to the rectangle 
PHG ; therefore, by perturbate equality, 
the ſpace CGHD will be to the ſpace EGHF- 
as twice the ſquare of AH to twice the rect- 
angle SHA ; that is, as the ſquare of AH 

to the rectangle SHA: but the ſquare of 
a is to the rectangle SHA as AH to HS; 
therefore the ſpace . is to the ſpace 
EGHF as AH to HS. 

Again, becauſe the pace CGHD i is to 
the ſpace EGHF as AH to HS; that is, 
as RH to HS; converſely, the ſpace 
CHD will be to the exceſs of the ſpace 
CGHD above the ſpace EGHF as HR to 
RS; that is, as AH to ST; that is, as the 
ſquare of AH to the rectangle contained by 
AH, ST; therefore the ſquare of AH will 
be to the rectangle contained by AH, ST, 
as the ſpace CGHD to the exceſs of the 
ſpace CGHD above the ſpace EGHF : but 
the rectangle contained by AH, ST, is to 
the rectangle contained by GH, ST, as 
AH to HG; that is, [I I.] as the rectangle 
AGC to the ſpace CGHD; therefore, by 
perturbate equality, the ſquare of AH will 

U 2 | be 
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be to the rectangle contained by GH, ST, 
as the rectangle AGC to the exceſs of the 
ſpace CG HD above the ſpace - EGHF. 
Again, becauſe PA or AG 1s to AL as GB 


to L, AP will be to PL as BG to GL j and 


becauſe AP is to ST as PQ to O8, that is, 
as PL to LH; alternating, AP will be to PLas 
ST to LH; therefore 8 T will be to LH as 
GB to GL; therefore the rectangle con- 
tained by 8T, GH, will be to the rectangle 
GHL as BG to GL; that is, as the rect- 
angle BGO to the rectangle LGO, that is, 
as the rectangle BGO to the rectangle AGC: 

but becauſe the ſquare of AH is to the rect- 
angle contained by GH, ST, as the rect- 
angle AGC to the exceſs of the ſpace 
CGHD above the ſpace EGHF ; and the 
rectangle contained by GH, ST, is to the 
rectangle. GIL. as the rectangle. BGO to 
the rectangle AGC ; therefore, "by. pertur- 
bate equality, the ſquare of AH will be to 
the rectangle GHL as the rectangle BGO 
to. the exceſs of the ſpace ne above the 


ſpace EGHB. ** D. 
1 


trifugal force to be reciprocally as the tabs 
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2 PR 0 P. xXXI. Ng. 56 
eee 


& centripetal and centrifugal force, ivith 
reſpet# to the centre 8, and the ceiitripetol 


force to be reciprocally as the ſquare of | the 


diſtance from the centre, likewiſe the cen 


of the diſtance from the centre ; and at thi 


point A let the centripetal force be grtater 
than the centrifugal ; join A8; in AS lat? 


the point B; and let A8 be to SB as the 
centripetul force at the point A to the ceu- 


. trifugal force at the point A; in SB take 


the point C, and let SC be to CB as SA to 


AB; upon AC let there be a ſemicircle de- 


ſerited; from any two paint: D, E, in 
AC, iet there be drawn DF, EG, berpen. 


ditular to AC, meeting the ſemicircle in F, 


; and join 88, meeting DF in H: the 
„ eee IT Red 
FD 7e DH. | | 


Draw AK perpendieular to A8; and in 
K take AL. fo that AK may be to AL 
as 
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as the centripetal force at the point A to 
the centrifugal force at the point A; that is, 
as AS to SB; let KMN, LOP, be two 
curves, ſuch, that if from any two points 

A, E, in AS, there be drawn AK, EM, 
perpendicular to AS, meeting the curve 
KMN in K, M, and likewiſe meeting the 
curve LO in L, O, the ſquare of AS is to 
the ſquare of SE as EM to AK, and likewiſe 
the cube of AS is to the cube of SE as EO 
to AL; let GE, FD, meet the curve 
KMN- in M, N, and likewife meet the 
curve LOP in O, P; and let the rectangle 
CAQ be equal to the rectangle SAK. 

\: Becauſe the ſquare of SD is to the rect- 
angle ADC, that is, to the ſquare of FD 
[30.], as the rectangle BAQ to the exceſs 
of the ſpace KADN above the fpace LADP; 
: inverſely, the ſquare of FD will be to the 
ſquare of DS as the exceſs of the ſpace 
KADN above the ſpace LADP to the rect- 
angle BAQ : but the ſquare: of SD is to 
the ſquare of DH as the ſquare of SE to 
the ſquare of EG, or the rectangle AEC; 
that is, | 30.]as the rectangle BAQ tothe ex- 
20 the * KAEM. above the ſpace 

LAEO; 
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LAEO; therefore, by equality, the ſquare of 
FDis to the ſquare of DH as the exceſs of the 
ſpace KADN above the ſpace LADP to the 
exceſs of the ſpace KAEM above the ſpace 
LAEO ; therefore FD is to DH in the 
ſubduplicate ratio of the excels of the . ſpace 
KADN above the ſpace LADP to the ex- 
ceſs of the ſpace KAEM above the ſpace 
LAEO: but the velocity at D is to the ve» 
locity at E in the ſubduplicate ratio of the 
exceſs of the ſpace KAD N above the ſpace 
LADP to the exceſs of the ſpace KAEM 
above the ſpace LAEO ; therefore the velo- 
city at D is to the velocity at E as FD to 
DH. 2. E. D. 


9 


PROP. XXXI. Hig. 56; 


Suppofing a body to be ated upon by tuo for 
ces, à centripetal and centrifugal force, 


with, reſpect to the centre 8; and at the 
point C let the centrifugal force be greater 
than the centripetal ; in SC produced take 
SB /o, that SB may be to SC as the centri- 
fugal force at the point C to the centripetal 
Farce at the point C; in SB produced take 

the 
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e point Ag and let $A beto AB as SC 1 
CB; upon AC let there be a ſemicircle de. 
Jeribed; from any two points D, E, in 

ACC, ket there be drawn DF, EG, Perpen- 

©. titular to AC, "meeting the ſemicircle i in F, 

2; and join SG,” meeting DF in H: the 

: ON AMIS WY 6 

TWIN 2 


- Draw CT perpendicular 8 and in 
CF take CR fo, that CT may be to CR as 
the centrifugal force at the point C to the 
centripetal force-at the point C; that is, a 

8B to C; let RNM, TPO, be two 
curves, ſuch, that if from any two points 
C, E, in AS, there be drawn CR, EM, 
perpendicular to AS, meeting the curve 
RNM in R, M, and likewiſe meeting the 
curve IPO in T, O, the ſquare of CS is 
to the ſquare of SE as EM to CR, and 
likewiſe the cube of CS is to the cube of 
SE as EO to CT; let GE, FD, meet the 
curveRNMin M, N, and likewiſe meet 
the curve TPO in O, P; draw AK per- 
PR. to SA, N the curves 

RN. 


S- 8 8 => 2» S Saw . i#w© .i..o.o.cucoc.c..... 


ſpace LAEO w 
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RNM TPO, in K. L; and let the rect- 
angle 'CaQ b be equal to the rectangle SAK. 

Becauſe the ſquare « of SD is to the rect- 
angle ADC, that is, to the ſquare of FD 
[30.] as the rectangle BAQ to the EXC 
of the ſpac e KADN above the ſpace LADP; 
— 4 the ſquare of FD will be to the 
ſquare of DS as the exceſs of the ſpace 
KADN above the ſpace LADP to the rect- 
angle BAQ : but the fquare of SD is to 
the ſquare of DH as the ſquare of SE to 
the. Ware of EG or the rectangle AEC; 
that is, 15 A ] as the rectangle BAQtothe ex- 
ceſs of t KAEM above the ſpace 
LAEO; 1 by equality, the ſquare 
of FD is to the ſquare of DH as the exceſs 
of the ſpace KADN above the ſpace LADP 
to the excels of the ſpace K AE M above 
ſpace LAEO: but becauſe the ſpace KAC 
is [27,]. equal to the ſpace LAC T, the ex- 


ceſs of the ſpace KADN above the ſpace 


LADP will be equal to the exceſs of the 


ſpace TCDP above the ſpace RCDN ; and 


the exceſs. of the ce KAEM above the 


equal to the excels of 
the. ſpace TCE O above. the ſpace RCEM ; 
X therefore 


| 
| 
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| therefore the ſquar* of FD is to the ſquare of 
DH as the exceſs of the ſpace TCDP above 
the ſpace RCDN to the exceſs of the ſpace 
TCEO. above the ſpace RCEM ; therefore 
FD is to DH in the ſubduplicate ratio of the 
exceſs of the ſpace TC DP ãbove the ſpace 
RCDN ta the exceſs of the ſpace TCEO 
above the ſpace RCEM : but the velocity) 
at D is to the velocity at E in the ſubdupli 
cate ratio of the exceſs of the ſpace TCD 
above the ſpace RCDN to the exceſs of the 
ſpace TCEO above the ſpace RCEM; 
therefore the velocity at D is to the WY 
«Em FDp DH A. E. D., 
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Let there be a ſemi ieircle whoſe Bamtrer i ' 
Ag, and centre C; let D, E, 'Be bm 
by poi nts in AC, fuch, that the” refangh 
DCE is equal to the ſquare of AC; and lt 
the point D be in BA produced let FGH 
be @ curve, ſuch, that if from any point 
S inthe curve there be drawn GK perpen- 
Aicular to AB, meeting AB in K, and tht 
ee in L, the reflangle GKL: is ; 
que 


— . Dot  —o . 


the Hyars of CA; therefore [4] EO 
8 X 2 | 
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nt to the rectangle contained by DK, CE; 


it is evident that AM, BN, drawn for. 
pendicular to AB, are aſymptotes to the 
curve FGH. from any point L in the 
ſemicircle, there be drawn LK. perpendicular 
to AB, meeting AB in K, and the curve 
FO in G, and EL be joined; the, ſpace 
5 contained by GK, KB, the ahmptote BN, 
and the curve GH. indefinitely produced, is 
double of the ſector BEL ; Jikewsſe the ſpace 
. contained by AB, and the alymptates AM, 


BN, „ and the curve FG H indefinitely 5 


1 Fd, js double of bare ALB. 


1 — LB to be en in⸗ 


definitely little parts in @, b, c, 4. &. 3 
from a, 6, c, d. &c. let there be drawn 


by be to AB, meeting AB i n +> 


&c. and the curve FOH in 415 m, u, 


— join Ea, Eb, Ec, Ed, &c, ;. let LO 
be a tangent to che ſemicircle at L; and 
draw EO perpe endicular to LO, meeting 
LOin O; join CL; and draw 00 A to 
CB, meeting KL, LC, in o, P. 


Becauſe the. rectangle DCE is "equal to 


will 
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Vu be to DK as EC to CA br CL; tere. 
tore the rectangle contained by PO! CL, 

ill Be equal to the tectängle corttained by 
Dk. n but, from the hatute of the 

cürde FGII, the tectäpgle CKL is Equal 
to the rectangle contaihed by DR, EE; 
therefore the Elo ehtained by EO, 
CL, is equal to the tectangle GL]; and 
therefore GK is to EO as CL ts LX chat 
is, as 5L. to Lor but becauſe the triangles 
Lo, abL; Wee ſimilat, pL is to Lo us M. to 
# br Ke; therefbte GK 18 to EO as AE to 
Ke; therefore the rectangle Or is equal to 
the rectangle contained by EO, 4L: but 
the rectangle contlinted: 'by Ev, 41 l dou- 
bie of che triangle EL; r 
angle Ge is double of the trial 

The me way it is ſhown, that des 
angle #f id double of the triangle #£4; and 
the rectangle I double of the triangle BE, 


and the reQtangle nb double of the triangle 
Ed, and ſo on; therefore the farn of the 
rectangles Ge, if; ls, mb, Nc. is double of 
the ſum of the triangles L, aEb, 'BEc, 
Ed. &c. : but the km of the fectangles 
mb, Gece make up the ſpice 


contained 


Ge, 2 g. ub, 


[YN wh r WW — — 2 — 5 
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„ LCntalned by GK, KB, che afymptote BN, 
and the curve GH indefinitely produced, 
and the forn of the triangles EL, Eb, 
r, Ed, &. make up the feftor BEL; 
therefore the {pace contained by G, KB, 
the aſymptote BN; and the curve GH in- 
definitely produced, is double of the ſector 
BEL. From this it is evident likewiſe, that 
t che ſpace contained BY "AB; and the aſymp- 
s i totes AN, BN, and the curve FV inde- 
o finitely predterd, is dowble of the dehfcirelp 
o AEB. 8 L inang 

to 1 N 


| 1 da: IH at EI HSews ol 
ener SES 
Lit there bt ia feinitirele whoſe diameter ir AC, 


X. 

L. arid cent? H; i 8, B. be thod int in 
a- HC, ſub; that the rectungi- SHB I 'bqual 
11 
I; 


to the ſquare of CH; and tet the point 8 
„„ Without rhe fericivele ; ſuppoſe a body to 
le ll end in AC, fucb, that'if from any t4abo 
he i pat, D, E, in AC, there be drain DF, 
of EG, perpondiciulir'ts NC, meeting the - 
Ee, mitircle in F, G, and SF be joined meet- 
les | int EG in Q , 'the velbciy F tbe both ir 
E ᷑ is to the velocity of the body ar D as GE 
ed 288 £8 


. 
vw 
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d EQ Jain RF, BG: the, time, e de- 
cent from A fo D will be to. the time of de- 

cent from A to. E as the ſeffor, ABE to the 
- Jſefter. ABG, likewiſe 'the time of | deſcent 
fun A to D mill be fo the time of. deſcent 
fm A 0 C as the ſector ABF to far 
t eien vic „ o W 1 

10 Abies ei 

2 ha be a;curye KLMN. G 

to. the ſemicircle, chat if from any point F 

in the ſemicirele there be drawn FD per- 

pendicular to AC, meeting AC in D, and 

the curve KLMN in L, the reQangle 

FDL is equal to the rectangle contained by 

SD, BH; let EG meet the curve KLMN 

in M; join SF; and let SF meet EG. in 2 

draw AO, CP, perpendicular to AC; it is 

evident, that A0, CP, are ren to 

the curve KLMNW. 

Becauſe from 4 nature of. the, curve 


KLMN, the rectangle FDL is, equal to the 


n 


rectangle contained by SD, BH, and the 
rectangle GEM equal. to the ; reQangle « con- 
tained by SE, BH; therefore the rectangle 
FDL will be. to the rectangle GEM as the 
rectangle contained by SD, BH, to the 
rectangle 
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teftangle contained by Sk, BH; "that is, 
as SD to SE: but 80 is to SE ag FD to 
QE; that is, as the rectangle FDL to the 
rectangle contained by 8 DL; chere- 
ſore the tectangle FDL is to the rectangle 
GEM as the rectangle FDL to the rect- 
angle contained by QE, DL; therefore 
the rectangle GEM is equal to the rectangle 
contained by Q, DL; therefore LD is to 
EM as EG to EQ: but the velocity at bi 
is to the velocity at D as EG to EQ 
therefore LD is to EM as the velddity 5 
E is to the velocity at D; and therefore 
[4. Tr. 1. ] the time of deſcent from A to 
D will be to the time of deſcent from A to 
E as the ſpace contained by LD; DA, the 
aſymptote A0, and the curve MLK inde- 
finitely produced, to the ſpice contained 
by ME, EA, the afytnptote AO, and the 
curve MLR indefinitely produced: but [ $3: ] 
the ſpace contained by LD, DA, the a- 
ſymptote AO, and the curve MLK indefi- 
nitely produced, is double of the ſector 
ABF; and the ſpace contained by ME, 
EA, the afymptote AO, and the curve 
LK indefinitely produced, is double of 

the 
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che ſector ABG; therefore the ſpace con- 
tained; by LP, DA, che aſymptote AO, 
and the curve MLK indefinitely produced, 
will he to the ſpace contained by ME, EA, 
the alymptate AO, and the curve. MLK 
indefinitely produced, .as the ſecdor ARF to 
the ſectar ABG ; therefore the time of de- 
ſeent from A to bd) will be to the time of 
deſcent-from_ A to E as the ſector ABF to 
the. ſector ABG. The fame way it 5s 
ſhown, that the time of deſcent. from A to 
D is.to.the time of deſcent. from A to C 
as the ſector ABF to the ah AFC. 
E. D. 


Cos. 1. The fame FE remain- 


ing as in the propoſition, if a body aſcend I: 


from-C towards A, and the velocity of the 
body at E be to the velocity of the body at 
Das GE to EQ, the time of aſcent from 
to E will be to the time of aſcent from 
C to D as the ſector .CBG to the ſector 
CHF; like wiſe the time of aſcent from C 
0 E will be to the time of aſcent from 


C to Aas the er CBG o che e | 
| tl 


DUR, 
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Ie was porn, that LD isto EM. as GR 


to EQ,, and the velocity at E is to the 
velocity at D as GE to EQ ;, therefore the 
velocity at E is to the velocity at D as LD 
to EM; therefore the time of aſcent from 
C to E will be to the time of aſcent from C 
to D as the ſpace contained by CE, EM, 
the curve MN, and its aſymptote CP in- 
definitely produced, to the ſpace contained 
by CD, DL, the curve LN, and its a- 
ſymptote CP indefinitely produced: but 
[33-] the ſpace. contained, by CE, EM,. the 
curve MN, and its aſymptote CP inde- 
finitely produced, is double of the ſector 
CBG; and the ſpace. contained by CD, 
DL, the curve LN, and its aſymptote CP 


indefinitely produced, is double of the ſee- 


tor CBF; therefore the time of aſcent 
from C to E will be to the time of aſcent 
from C to D as the ſector CBG tothe ſector 

CBF. The ſame way it is ſhown, that 


the time of aſcent from C. to E is to the 


time of aſcent from C to A as the ſector 
"ON GER AGC. NA 


con. 2. Fig. oy h a body: to 
Y be 


4 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
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be ated upon by two forces, à centripetal 
and centrifugat force, with refpet to the 
centre 8, and the centripetal force to be reci- 
procally as the ſquare of the diſtance from 
the centre, likewiſe the eentrifugal force 
to be reciprocally as the cube of the diſtance 
from the centre; and at the point A let the 
centripetal force be greater than the cen- 
trifugal; join AS; in As take the point B, 
and let AS be to SBñ as the eentripetal force 
at the point A to the centrifugal force at 
the point A; in SB take the point C, 
and let S0 be to CB as SA to AB; upon 
AC let there be a ſemicircle deſcribed; 
from any two points D, E, in AC, let 
there be drawn DF, EG, perpendicular to 
AC, meeting the ſemicircle! in F, G; 
join BF, BG: the time of deſcent from 
A to D will be to the time of deſcent from 
A to E. as the ſector ABF to the ſector 
ABO; likewiſe the time of defcent from A 
to D will be to the time of defcent from A 
to C as the Rt ABP" tothe femicircle 

AFC. ef ds DV 192, 303 02. u, 
Join SG, meeting DF; in H: Nau. the 
W at D is [3 T. [t to the velocity at E as 
FD 
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FD to; DH; therefore [34-] the time of 
deſcent from A to D will be to the time of 
deſcent from, A. to E as the ſector ABF to 
the ſector ABG; likewiſe it is evident, that 
the time of deſcent from A to D will be to 
the time, of deſcent from A to C as the 
ſor ABF to Pf OY "AFC, 
en. a body to: be: acted 
upon hy two forces, centrifugal and cen- 
tripetal force, with reſpect to the centre 8, 
and the centrifugal force to be reciprocally 
as the cube of the diſtance from the centre, 
likewiſe the centripetal force to be recipro- 
cally as the ſquate of the diſtance from the 
centre; and at the point C let the centri- 
fugal force be greater-than the centripetal ; 
in SB produced take the point A, and let 
SA be to AB as SC to CB; upon AC let 
there be a ſemicircle deſcribed ; from any 
two. points D, E, in AC, let there be 
drawn DF, EG, perpendicular to AC, 
meeting the ſemicircle in F, G; join BF, 
BG :, the time of aſcent. from C to D will 
be to the time of aſcent from C to E as the 
dor CBF to the ſector CBG ; likewiſe 
| Y. 2 the 
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the time of aſcent from C to D Will be to 
the tittie of aſcent from C to A as the ſec- 
tor CRF to the ſernicircle AFC. 
Becauſe the velocity at D is 16329 to the 
. at E as FD to DH; therefore cor. 
1. prop. 34.J the time of aſcent” froth! A to 
D will be to the time of aſcent from A to 
E as the ſector CBF to the ſector CBG; 
likewiſe it is evident, that the time of 2. 
ſcent from C to D will be to the time of a. 
ſcent from C to A” = the ſector CBF to the 
ſemicircle AFC. ory” TR ach 
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In the flraight line A8 1 B be any given 

point; in SB take the point C fo," that SC 
may be to CB as SA to AB; ſuppoſe a boch 
44 the point A to be attedupon by tao forces, 


, a centripetal and centrifugal force,” with 


' ' reſpett to the centre 8; and let the centri- 
© petal force at the point A be to the centri 
«  fugal. force at the point ' A as AS 10 SB: 
| the boch therefore will Iz8.] hend fro 

A 70 C, and fromthe point C will aſcent 
tie A, und vibrate perpetually from A r 0 


ani 


r , -w EE Op YE WO . 
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and from C to A; likewiſe the time of db. 
ſent from A to C will be equal to"the- _e 
of gent from o 

' Becauſe the centtipetal RON at the 
peint C is to the centripetal force at the 
point A as the ſquare of Sf to the ſquare 
of SC; that is, as the parallelopiped whoſe 
baſe is the ſquare of SA; and altitude 8B, 
to the parallelopiped whoſe baſe is the 
ſquare of SC, and altitude SB; and the 
centripetal force at the point A is to the 
centrifugal force at the point A as As to 
SB; that is, as the cube of AS to the pa- 
rallelopiped whoſe baſe is the ſquare of AS, 
and altitude SB; therefore, by perturbate 
equality, the centripetal force at C will-be 
to the centrifugal force at A as the cube of 
AS to the parallelopiped whoſe baſe is the 
ſquare of SC, and altitude 8B: but the 
centrifugal force at A is to the centrifugal 
force at Cas the cube of SC to the cube of 
SA; therefore, by perturbate equality, the 
centripetal force at C will be to the centri- 
tugal force at C as the cube of SC to the 
parallelopiped whoſe baſe is the ſquare of 
SC, 
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SC, and altitude 8B; that is, as SC to SB; 
therefore, inverſely, the centrifugal, force 
at C will be to the centripetal force at C as 
SB to SC; and therefore [29.] the body 
will aſcend from C. to A: and, therefore it 
is evident, that the body will vibrate per- 
petually from A to C and from C to A. 
8 „Again, the time of deſcent from A ˖o 
el che dne of aſcent; from C 
e e geg eh (c 
Let AD be paſſed over by che body in 
an indefinitely little part of time when de- 
ſcending from A to. C; likewiſe let CF be 
Paſſed: over by the body when aſcending 
from C to A, in a time equal to that in 
which AD was paſſed over; draw DE, 
FG; perpendicular to AC, meeting the ſe⸗ 
micircle deſcribed n MI in E, * and 
join BE, B88. 
Becauſe the p el force at the point 
A is to the centrifugal force at the point A 
as AS to SB; converſely, the centripetal 
force at A will be to the exceſs of the cen- 
tripetal force at A above the centrifugal 
force at A as SA to AB; that is, as SC to 
.CB i that is, as the ſquare of SC, to the 
22 rectangle 


12 


Hs, = — A — 


kk @ > SS 


BB ft, AY 


=, ft ty oy” 
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rectangle SCB; therefore, inverſely; the 
excels of the centripetal force at A above 
the centrifugal force at A will be to the 
centripetal force at A as the rectangle SCB 
to the ſquare of SC: but the centripetal 
force at A is to the centripetal force at C 
2s the ſquare of SC to the ſquare of 8a; 
therefore, by equality, the exceſs of the 
centripetal force at A above the centrifugal 
force at A will be to the centripetal-force at 
Cas the rectangle SCB to the ſquare of SA. 
Again, becauſe the centrifugal foree at C 
is to the centripetal force at C as 8B to SC, 
by diviſion; the exceſs of the centrifugal 
force at C above the centripetal force at C 
will be to the centripetal force at C as BC 
to CS; that is, as the rectangle SCB to the 
ſquare of CS; therefore, inverſely, the 
centripetal- force at C will be to the exceſs. 
of the centrifugal force at C above the 
centripetal force at C as the ſquare of SC to 
the rectangle SCB: but becauſe the exceſs 
of the centripetal force at A above the cen- 
trifugal force at A is to the centripetal force 
at C as the rectangle SCB̃ to the ſquare of 
AS, and the centripetal force at C is to 

the 
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the exceſs of the centrifugal force at C a- 
bove the centripetal force at Cas the ſquare 
of SC to the rectangle SCB ; therefore, by 
perturbate equality, the exceſs of the cen- 
tripetal force at A above the centrifugal 
foree at A will be to the exceſs of the cen- 
trifugal force at C above the centripetal 
ccd C as the {quare of Sc to the ſquare 
bu. yet an times, and hs me is ſup- 
poſed to be indefinitely little, AD will be to 
CF as the exceſs of the centripetal force 
at A above the centrifugal force at A to the 
exceſs; of the centrifugal force at C above 
the centripetal force at C; therefore AD 

is to CF as the ſquare of SC to the ſquare 
of SA: but the rectangle CAD is to the 
rectangle ACF as AD to CF; therefore 
the rectangle CAD is to the rectangle ACF 
as the ſquare of SC to the ſquare of SA: 
but, becauſe AD, CF, are indefinitely lit- 
tle, the rectangles CAD, CDA, may. be 
conſidered as equal; likewiſe the rectangles 
ACF, AFC, may be conſidered as equal; 
therefore the rectangle ADC is to the rect- 
angle AFC as the — 


| — — — —— „ 
| | CL: | 2 773 
os » 1 8 ing: al 
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of SA ; but becauſe of the ſemicircle, the 
retangle ADC is equal to the ſquare of 
DE, and the rectangle AFC equal to the 
quare of FG; therefore the ſquare of DE 
s to the ſquare of FG as the ſquare of SC 
o the ſquare of SA; therefore DE is to FG 
s SC to SA: but becauſe SC is to CB as 
SA to AB, alternating, SC is to SA as CB 
o BA: therefore ED is to FG as CB to 
A; therefore the rectangle contained by 
3A, ED, is equal to the rectangle con- 
ined by BC, GF: but the rectangle con- 
ined by BA, ED, is double of the tri- 
gle ABE; and the rectangle contained 

y CB, FG, is double of the triangle 
BG z therefore the triangle ABE is equal 
2 the triangle CBG ; that is, the ſector 
BE is equal to the ſector CBG, Becauſe 
e time of deſcent from A to C is to the 

me of deſcent from A to D [cor, 2, prop. 
14.] as the ſemicircle AEC to the ſector 
BE, and the time of deſcent from A to 
) is equal to the time of aſcent from C to 
; therefore the time of deſcent from A to 
is to the time of aſcent from C to F as 
e ſemicircle. AEC to the ſector ABE: 
4" but 
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but the time of aſcent from C to F is to the 
time of aſcent from C to A [cor. 3. prop. 
34.]'as the ſector CBG to the ſemicircle 
AEC; therefore, by perturbate equality, 
the time of deſcent from A to C is to the 
time of aſcent from C to A as the ſed 
CBG to the ſector ABC: but the ſeQur 
CBG is equal to the ſector ABE; therefor: 
the time of deſcent from A to C is equi 
to the time of aſcent from C to A. Q. E.D, 


PROP. XXXVI. Eg. 61. 


Suppofing' a body acted upon by tuo forces, 1 
centripetal and centrifugal, with reſpect u 
the centre 8, the centripetal force tendinf 
to the centre 8 to be reciprocally as tilt 
ſquare of the diſtance from the centre, aui 
the centrifugal force to be reciprocally a 
the cube of the diſtance from the centre 

let the centripetal force at the point A | 

greater than the centrifugal force af tit 
fame point A; jbin AS; in AS take itt 
point B; and let AS be to SB as the can 
tripetal force at the point A to the centri- 
fugul Force at the ſame point A; and it 


1 4:5 =, -— 5», hp, ww, ep we tend 1% 
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A take the point C, ſuch, that SC is to 
CB 95s SA to AB: it is required to find the 
beight SD, from which. a body acted upon by 
g centripetal force that is reciprocally as 
the ſquare of the diſtance from the centre 
would fall to the centre 8, in the ſame time 
that à body atted upon by the centripeta} 
and centrifugal forces above mentioned 
would fall from the point 4 to the 1 C, 


Let the ſquare of SN be to the Gp — 
of SA as SA to AK, and. let the rectangle 
BAL be equal to the ſquare of AC; let AE 
be deſcribed in an indefinitely little part of 
time by the body falling from A towards 
C; and let DF be deſcribed by the body 
falling from N to 8 in the ſame time that 
the part AE was deſcribed ; upon AC, DS, 
et the ſemicircles AGC, DHS, be de- 
ſcribed ; draw EG perpendicular to AC, 
meeting the ſemicircle AGC in G; vt. 
FH perpendicular to SD, meeting the ſe- 
micircle DHS in H; join BG, SH, 

Becauſe the centripetal force at A is to 
the centrifugal force at the ſame point A 


8 AS to SB, the centripetal force at, A will 


2 2 
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be to the exceſs of the centripetal above the 
centrifugal force at the ſame point A as AS 
to AB; therefore the exceſs of the centri. 
petal above the centrifugal force at the 
point A will be to the centripetal fotce at the 
fame point A as AB to AS: but the centri- 
petal force at A is to the centripetal force at 
D as the ſquare of DS'to the ſquare of SA; 
that is, as SA to AK; therefore the excel; 
of the centripetal above the centrifugil 
force at the point A is to the centripeti 
force at the point D as BA to AK: but, 
becauſe AE is deſcribed in the ſame time 
that DF is deſcribed; AE will be to DF a; 
the exceſs of the centripetal and centrifugal 
forces at the point A to the centripetal force 
at the point D; therefore AE is to DF a 
BA to AK. Again, becauſe the time cf 
deſcent from A to E is to the time of deſcent 
from A to C as [cor. 2. prop. 34.] the feftor 
ABG tothe ſemicircle AGC, and the time of 
deſcent from D to F is to the time of deſcent 
from D to 8 as [ 15. ] the ſector DS H to the tc 
ſemicircle DHS, and the time of deſcent 8 
from A to E is equal to the time of deſcent ſe 
from D to F, likewiſe the time of deſcent 1q 
from A to C is equal t& the time of deſcent is 
8 from 
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from D to 8; therefore the ſector ABG 
will de to the ſemicircle AGC as the ſector 
DSH to the ſemicirele DH S; therefore, al- 
ternating, the ſector ABG will be to the 
ſector DS H as the ſemicircle AGC to the 
ſemicircle DHS; but the ſector ABG is to 
the ſector DS H as the rectangle contained 
by AB, GE, to the rectangle contained by 
DS, HF; and the ſemicircle AGC is to 
the ſemicircle DHS as the ſquare of A to 
the ſquare of DS; that is, as the rectangle 
BAL to the ſquare of DS; therefore the 
rectangle contained by BA, GE; is to the 
retangle contained by DS, HF, as the 
rectangle BAL to the ſquare of DS; there- 
fore, alternating, the rectangle contained 
by BA, GE, is to the rectangle BAL as 
the rectangle contained by SD, HF, to the 
ſquare of SD: but the rectangle contained 
by BA, GE, is to the rectangle BAL as 
GE to AL, and the rectangle contained 
by SD, HF, is to the ſquare of 8D as HE 
to SD ; therefore GE is to AL as HF to 
SD; therefore the ſquare of GE is to the 
ſquare of AL as the ſquare of HF to the 
ſquare of SD; that is, the rectangle ABC 
is to the ſquare of AL as the rectangle DFS 

to 
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10 the ſquare of 8D; but, becauſe AE, 
DF, are indefinitely little, the rectangles 
AEC, CAE, may be conſidered as pope 

likewiſe, the; rectangles, DFS, SDF, ma 

| be conſidered as equal; — the _ 
angle CAE will be to the ſquare af AL a 
the rectangle SDF, to the ſquare of SD; 

that is, as DF to SD; that is, as the rect- 
angle contained by CA, DF, to the rect- 
angle/contained by CA, SD; and therefore 
the rectangle CAE will be to the rectangle 
contained by CA, DF, as the ſquare of 
AL to the rectangle contained by CA, SD; 

therefore AE will be to DF as the ſquare 
of AL to the rectangle. contained by CA, 
8D: but AE is to DF as BA to. AK; 

therefore the ſquare of AL is to the rect- 
angle in by CA, SD, as BA ta 
A: 

Again, becanſe the rectangle BAL i is e- 
nal to the ſquare of AC, AL will be to 
AC as AC to AB; therefore; the ſquare of 
AL will be to the ſquare of AC as the ſquare 
of AC to the ſquare of AB; that is, as. the 
parallelopiped-whoſe baſe is the ſquare of 
AC, and altitude SD, to the parallelopiped 


bas baſe” is the ſquare of AB, and altir 
0 tude 
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tude SD : but the ſquare of AC is to the 
rectangle contained by AC, SD, as AC to 
SD; that is, as the cube of AC to the pa- 
rallelopiped whoſe baſe is the ſquare of AC; 
and altitude SD; therefore the ſquare of 
AL is to the rectangle contained by AC, 
SD, as the cube of AC to the parallelopi- 
ped whoſe baſe is the ſquare of AB; and 
altitude SD, Again, becauſe BA is to 
AS as the parallelopiped whoſe baſe is the 
{quare of 8D, and altitude BA, to the pa- 
rallelopiped whoſe baſe is the ſquare of SD, 
and altitude Sa; and SA is to AK as the 
ſquare of 8D to the ſquare of 8A; that is, 
as the parallelopiped whoſe baſe is tho 
ſquare of SD, and altitude SA; to the cube 
of SA ; therefore, by equality, BA will be 
to AK as the parallelopiped whoſe baſe is 
the ſquare of SD, and altitude BA, to the 
cube of AS : but becauſe the ſquare of AL 
is to the rectangle contained by CA, SD, as 
BA to AK, and the ſquare of AL is to the 
rectangle contained by CA, SD, as the 
cube of AC to the parallelopiped whoſe 
baſe is the ſquare of AB, and altitude SD, 
and BA is to AK as the parallelopiped 
whoſe baſe is the ſquare of SD, — 
B 
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'BA, to the cube of AS; therefore the cube 
of AC will be to the parallelopiped whoſe 
baſe is the ſquare of AB, and altitude SD, 
as the parallelopiped whoſe baſe is the 
ſquare of 8D, and altitude BA, to the cube 
of SA; and therefore the cube of AC will 
be to the parallclopiped whoſe baſe is the 
ſquare of SD, and altitude BA, as the pa- 
rallelopiped whoſe baſe is the ſquare of BA, 
and altitude 8D, to the cube of SA: but 
the parallelopiped whoſe baſe is the ſquare 
of 8D, and altitude BA, is to the cube of 
SD as BA to SD; that is, as the cube of 
BA to the parallelopiped whoſe baſe is the 
ſquare of BA, and altitude SD; therefore 
the cube of AC is to the cube of SD as the 
cube of BA to the cube of AS; and there- 
fore AC is to SD as BA to AS; therefore 
CA is to AB as DS to SA: but, becauſe 
SC is to CB as SA to AB, alternating, SC 
Will be to SA as CB to BA; therefore, by 
compoſition, CS, together with SA, will 
be to SA as CA to AB; therefore DS is to 
SA as CS, together with SA, is to 'SA; 
and therefore DS is equal to CS, toge- 
ther with SA; therefore AD is equal to CS. 

2 E. IJ. 
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ET there be a ſemicircle whoſe diameter i 

L AB ; from any point C in AB, draw 

perpendicular to AB, meeting the icircle 

in D; in CD take CE equal to ; and 

Join AE ; from any point F in AB drow 

FG perpendicular to AB, meeting . AE in 

G, and the ſemicircle f in H; ond join BH, 

meeting CD in K: the ſquare of DC will 
be to . of CK as BF n FG. Þ 


Bicauſs the e . N e 
the rectangle ACB, and BC, CE, are e- 
qual, the ſquare of DC will be to the ſquare 
of CE as the rectangle ACB to the Q uare 
of CB; that is as AC to CB, or CE; that 
is, as AF to FG. becauſe. BC, 
CE, are equal, the ſquare of CE will be 
to the ſquare of CK as the ſquare of BC to 
Pe ſquare e OP. that is, ai quan of 

A a 


4 
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BF to the ſquare of FH; that is, as the 
ſquare pf BF ta the rectangle BFA, that is, 
as BF'to FA: but 'becaule the ſquare of 
DC is to the ſquare of CE as AF to FG, 
and the ſquare of GE is to the ſquare of 
CK as BF to FA; therefore, by pertur- 
bate equality, the ſquare of DC will be to 
fs HAT pf CK as BF to FG. . D. 


"PROP. II. 5. 63. 


FAY; a body aff ed upon by 4 centripeta 
Force tending to the centre C, to deſ end in 


| the flraight ling AC, and the centripetal 
Force to be reciprocally as the fquare of the 
diftarice from the centre; in AC take any 
Point B; grgw BD equal to 35 in any 

given angle; and "join AD; m any 
point E in AC draw EF paral 75 BD, 
meeting AD in F: _ Juppojing the body to 

Tall from the point A, the e at B 

will be to the velocity at E in the ſubdupli 
"rate ratio of CE to EF, 


EY AC let le be a ts des 
b Wed; draw ow EH 4 perpendicular to 
| AC, 


8 


4 
| 
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AC, meeting the ſemicircle in G, H; in 

BG take BK equal to BD or BC join AK, 

meeting EH in L; and pon CH, meeting 
BG 1 in M. . 

Becauſe BD is te EF as AB 0 AE» 
that i is, as BK to EL; and BD, BK, are 
equal; therefore EF, EL, are equal; 
therefore CE is. to . EF as CE to EL: 
but [I.] the ſquare of GB is to the 
ſquare of BM as CE to EL 1) therefore the 
{quare of GB is to the ſquare of BM as CE 
to EF; therefore GB i is to BM in the ſub- 
duplicate ratio of CE to EF : but the veloci- 
ty at B is C12. Tr. 2. ] to che velocity at E 
e GB to BM therefore the velocity at B 
nm i to the velocity at E in the ſubduplicate 

ratio of CE to EF. & E. D/ + >, 
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5 Suppofing the law of centripetal farce * 
. 72 4 given centre to be reriprocaily as the 
ure of the diſtance from the centre; it i 
reguired rofind the height from which a body 

ge- , fall, Fr order to acquire a velocity e- 
qual to the velhcity with which it de- 
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the' contre. 


12 BEG be a circle whoſe centre is C 
and ſuppoſe a body acted upon by a — 
petal force tending to the centre C to re- 
volve in the circle, and the centripetal 
force to be reciprocally as the ſquare of the 
diſtance from the centre C it is required 
to find in CB produced the point A fo, that 
the body falling from A to B would acquire 
at the point B a velocity equal to its veloci- 
51 in the circle. 

Draw BF in any angle to AB; and let 
BF be equal to CB; and join AF ; let AC 
Meet the circle in G; let BD be an arc 
of the circle deſcribed in an indefinitely 
little part of time ; draw DH perpendicu- 
lar to BC, meeting BC in H; ſuppoſe the 
body to fall from A to K in a time equal 
to that in which the arc BD was deſcribed; 
draw KL parallel to BF, meeting AF in L; 
and let AC be to CB as CB to CM ; let BN 
be a tangent to the circle in the point B; 
join CL, meeting BF in O; and draw DP 
parallel to EB, meeting BN in P). 
* N Becauſe 
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Becauſe the arc BD is deſcribed in an 
indefinitely little part of time, BH will be 
indefinitely little ; and therefore the rect- 
ingles GHB, GBH, may be conſidered as 
ol: but, becauſe of the circle, the rect- 
angle GHB is equal to the ſquare of HD; 
therefore the rectangle GBH will be equal 
to the ſquare of HD; that is, twice the 
ene CBH will be equal to the ſquare 
of HD ; therefore twice BH will be to HD 
23 HD to BC; therefore twice BH will be 
to HD in the ſubduplicate ratio of twice 
BH to BC: but twice BH is to HD, or 
BP, as the velocity at H (10. Tr. 1,] to the 
velocity in BN ; that is, as the velocity that 
would be acquired in falling from B to H 
to the velocity that would be acquired in 
falling from A to B therefore the velocity 
that would be acquired in falling from B to 
H is to the velocity that would be acquired 
in falling from A to B in the ſubuplicate 
ratio of twice BH to BC, and the velocity 
that would be acquired in falling from A to 
Bis to the velocity that would be acquired 
in falling from A to K [a. ] in the ſubdu- 
plicate ratio * CK to KL; that is, in the 
ſubduplicate 
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ſubduplicate ratio of GB to BO; therefore 
the velocity that would be acquired. in fall- 
ing from B to H is to the velocity that 
would be acquired in falling, from A to K 
in the ſubduplicate ratio'of twice BH to BO: 
but becauſe the times in which the body 
falls from A to K, and from B to H, are 
equal, and the time is ſuppoſed to be 
indefinitely little; the velocity at H will 
be to the velocity at K as the centripe- 
tal force at B to the centripetal force at 
A; that is, as the {quare of AC to the 
ſquare of CB; that is, as AC to CM; 
| therefote AC will be to CM in the ſubdu- 
plicate ratio of twice HB to BO; therefore 
the ſquare of AC will be to the ſquare of 
CM as twice HB to BO; and therefore the 
ſquare of AC will be to twice the ſquare of 
CM as twice HB to twice BO; 7 that is, as 
HB to 50. wy 
in equal times and the time is 1 Tappote to 
be indefinitely little, BH will be to AK as 
the centripetal force at B to the centripetal 
force at A; that is, as the ſquare of AC to 
the {quare of CB „ Gordy Is, as the ſquare of 
"7 00 
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CB to the ſquare of CM: but AK is to KL 
x» AB. to BF or BC; that is, as the rect. 
angle ABC to the ſquare of BC; therefore 
BH will be to KL as the rectangle ABC ta 
the ſquare « of CM: but becauſe KL is ta 
BO as KC to CH ;' that is, as Ac to CB; 
that 1 is, as the rectangle CAB to the rect- 
angle ABC; therefore HB will be to BQ 
25 the reQan gle CAB to the ſquare of CM: : 
but it was ſhown, that the ſquare of AC is 
to twice the ſquare of CM as HB to 50 1 
therefore the ſquare of AC is to twice the 
ſquare of CM as the rectang le CAB to the 
ſquare of, CM; therefore the ſquare of AC 
is double of the rectangle CAB; ; wy; theres 
fore CAi is double of CB. EA E. 1 


p R 0 p. W. F o 
Let there be an ellipſe whe greater axis 1 
AB, and focus 8; and ſuppoſe a body 
ade upon by a centripetal force tending 
to the focus S to revolve in the ellip pſe 3 
it ts required to find the height EA from 
which a body muſt fall to acquire at the 


point As velocity equal to the vehcity of 
the 


199 TRACTS, Puysrca Trin. 
4 . A "A in the 


elbpſe. - 


Let DN be the centre of the ellipſe CD 
half the leſſer axis; let the ſquare of CD 
be equal to the rectangle contained by AC, 
SG, and the ſquare, of AS equal to the 
rectangle ESP; let ES be to SA as GS to 
SQ. ;, from A draw AF in any angle to 
AS; let AF be equal to AS; andj join EF; 
let AL be a tangent to the ellipſe at A; 
and let AH be a part of the ellipſe deſcri- 

bed i in an indefinitely little part of time; 
draw HK perpendicular to AB, meeting AB 
in K; and cornplete the parallelogram 
AKHR ſuppoſe the body. to fall from E to 
M in a time equal to that in which AH was 
deſcribed ; draw MN parallel to AF, meet- 
ing EF'in N; Jenn SN; : and draw GO pa- 
rallel to AF, meeting N in O0. 

Becauſe AH is deſcribed in an indefinite- 
ly little part of time, AK will be indefinite- 
ly little ; and therefore the rectangles AKh, 
KAB, may be conſidered as equal; that is, 
twice the rectangle CAK may be conſider- 


ed as equal to the rectangle AKB: but 
N . | | [Con, 
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Con. 2. þ.] the rectangle AKB is to the 
ſquare of HK as the ſquare ef AC to the 
ſquare of CD; that is, as the ſquare of AC 
to the rectangle contained by AC, SG; that 
is, as AC to SG; therefore twice the rect- 
angle CAK will be to the ſquare of HK as 
AC to $G; that is, as twice the rectangle 
CAK to twice the rectangle contained by 
$G, AK; therefore twice the rectangle 
contained by 8G, AK, will be equal to the 
ſquare of HK; therefore twice AK will be 
to KH as KH to SG ; therefore twice AK 
will be to KH in the ſubduplicate ratio of 
twice AK to 80 but twice AK is to KH, 
or AR, [10. Tr. 1. ] as the velocity at K to 
the velocity in AL; that is, as the velocity 
that would be acquired in falling from A to 
K to the velocity that would be acquired in 
falling from E to A; therefore the velocity 
that would be acquired in falling from A 
to K is to the yelocity that would be ac- 
quired in falling from E ta A in the ſubdu- 
plicate ratio of twice AK to SG ; but be- 
cauſe the body revolving in the ellipſe is 
acted upon by a centripetal force tending to, 
the focus 8, the centripetal force will [24. 

| B b Tr. 
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Tr. I. ] be reciprocally as the ſquare of the di- 
ſtance from the focus 8; therefore the ve- 
locity that would be acquired in falling 
from E to A is to the velocity that would 
be acquired in falling from E to MI 2.)] in 
the ſubduplicate ratio of SM to MN; that 
is, in the ſubduplicate ratio of SG to GO; 
therefore the velocity that would be acqui- 
red in falling from A to K is to the velocity 
that would be acquired in falling from E to 
M in the ſubduplicate ratio of twice AK to 
60; but becauſe the times in which the 


body falls from A to K and from E to M 


are equal, and the time is ſuppaſed ta be in- 
definitely little, the velocity at A will be to 
the velocity at E as the centripetal force at 
A to the centripetal force at E; that is, as 
the ſquare of ES to the ſquare of SA, : or 
the rectangle ESP; that is, as ES to SP; 
therefore ES will be to SP in the ſubdupli- 
cate ratio of twice Ak to Gs ole 


S YT” 


48 twice AK to Go. 

Again, becauſe AK, EM, are Jeſeribe 
in equal times, and the * is ſuppoſed to 
be indefinitely little, AK will be to EM az 

the 
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the centripetal force at A to the centripetal 
force at E ; that is, as the ſquare of ES to 
the ſquare of SA; that is, as ES to 8P; 
that is, as the rectangle SEA to the rect- 
angle contained by EA, SP: but EM is to 
MN as EA to AF, or AS; that is, as the 
retangle contained by EA, SP, to the 
rectangle ASP ; therefore AK is to MN as 
the rectangle SEA to the rectangle ASP = 
but MN is to GO as MS, or SE, to SG; 
that is, as AS to SQ; that is, as the rect- 
angle ASP to the rectangle QSP ; therefore 
AK is to GO as the rectangle SEA to the 
rectangle QSP ; therefore twice AK is to 
GO as twice the rectangle SEA to the rect- 
angle QSP: but the ſquare of ES is to the 
ſquare of SP as twice AK to GO; therefore 
the ſquare of ES will be to the ſquare of SP 
as twice the rectangle SEA to the rectangle 
P; therefore, alternating, the fquare of 
ES will be to twice the rectangle SEA as the 
{quare of SP to the rectangle QSP; there- 
fore SE will be to twice EA as PS to SQ ;: 
but becauſe ES is to SA as GS'to SQ, in- 
verſely, AS will be to SE as Qs. to SG: 

B b 2 and 
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and becauſe SE is to twice EA as PS to SQ ; 
therefore, by perturbate equality, AS will be to 
twiceAE as PS to SG; therefore, alternating, 
AS will be to SP as twice AE to SG: but Es 
is to SA as SA to SP; therefore SE is to SA 
as twice AE to 8G ; therefore, alternating, 
ES will be to twice AE as AS to SG : but 
becauſe the rectangle contained by CA, SG, 
is equal to the ſquare of CD; that is, equal 
to the rectangle ASB; AS will be to SG az 
AC to SB; therefore SE will be to 
twice AE as AC to SB; that is, as AB to 
twice 8B; therefore SE will be to EA as 
AB to BS ; and therefore, by diviſion, SA 
will be to AE as AS to SB; therefore AE 
is equal to SB; EA E. J. 
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Suppoſe a body acled upon by à centripetal force 
; that is reciprocally as the ſquare of the di. 


lance from the centre 8, to deſcribe the circlt 
ABC}; join AS: it is required to find in 
As the point E, fo, that ſuppoſing a body to 
Fall from A te E, it would acquire at tht 
| Point 
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joint E a velocity equal to the velocity of 
the body deſeribing the circle. | 


Let AS meet the circle in C; let AB be 
an arc of the circle deſcribed in an indefi- 
nitely little part of time; draw BG perpens 
dicular to AC, meeting AC in G; com- 
plete the parallelogram AGBD; draw EF 
in any angle to AE, let EF be equal to ES; 
join AF and draw GH parallel to EF, 
meeting AF in H. 

Becduſe the arc AB is deſtribed in an in- 
definitely little part of time, AG will be in- 
AGC, GAC, may be conſidered as equal: 
but becauſe of the circle, the rectangle 
AGC is equal to the ſquare of BG ; there- 
fore the rectangle GAC will be equal to the 
ſquare of BG; that is, twice the rectangle 
SAG will be equal to the ſquare of BG; 
therefore twice AG will be to BG as BG to 
AS; therefore twice AG will be to BG in 
the ſubduplicate ratio-of twice AG to AS : 
but twice AG is [10, Tr. 1.] to BG, or 
AD, as the velocity at G to the velocity in 
AD ; that is, as the velocity that would be 

acquired 
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acquired in falling from A to G to the velo- 
city that would be acquired in falling from 
A to E; therefore the velocity that would 
be acquired in falling from A to G is to the 
velocity that would be acquired in falling 
from A to E in the ſubduplicate ratio of 
twice AG to AS: but the velocity that 
would be acquired in falling from A to G 
is to the velocity that would be acquired in 
falling from A to E ¶ 2. ] in the ſubduplicate 
ratio of HG to GS ; that is, (becauſe GS, 
SA, may be conſidered as equal), in the ſub- 
duplicate ratio of HG to AS; therefore the 
ſubduplicate ratio of twice AG to As is e- 
qual to the ſubduplicate ratio of HG to AS; 
therefore twice AG is to AS as HG to AS; 
therefore HG is double of AG: but FE is 
to EA as HG to GA; therefore FE is 
double of EA : but FE is equal to SE; 


therefore SE is double of EA. Q E. I. 
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Ter there be an ellipſe whiſe greater axis i 
| AB, and focus 8; and ſuppoſe a body acted 
upon by a centripetal force. tending to the 


focus 
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facus S to revolve in the ellipſe, it is requi- 
red to find in AS the point E, ſuch, gh 
ſuppoſing @ body to fall from A t E, it 
weuld acquire at E a velocity equal to he 
eee ee 
ama} 7 {| 


Draw EP in any angle to AE; ind let 
EF be equal to ES; join AF; let CG be 
half the leſſer axis; and let the rectangle 
contained by AC, SH, be equal to the 
ſquare of CG ; let AK be an arc of the el- 
lipſe deſcribed in an indefinitely little part of 
time; draw KL perpendicular to AB, 
meeting AB in L; complete the parallelo- 
gram ALK D; and draw *. rex to 
EF, meeting AF in M. 

Becauſe the arc AK is deſeribed in an 1 
definitely little part of time, AL will be in- 
definitely little; therefore the rectangles 
ALB, LAB, may be conſidered as equal: 
but [ Con. 2. 6.] the rectangle ALB is to the 
ſquare of KL as the ſquare of AC to the 
ſquare of CG; that is, as the ſquare of AC 
to the rectangle contained by AC, 8H; 
ſtat thy as AC to SH; therefore the rect- 


angle 
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angle LAB is to the ſquare of KL as ACto 


SH; that is, as AB ta twice SH ; that is, 
as the rectangle LAB to twice the rectangle 
contained by AL, SH; therefore twice the 
rectangle contained by AL, SH, is equal 
to the ſquare of KL; therefore twice AL 
is to LK as LK to SH; and therefore twice 
AL is to LK in the ſubduplicate ratio df 
twice AL to SH; but twice AL is to AD, 


or LK, I10. Tr. 1. ] as the velocity at Lu 


the velocity in AD; that is, as the velocity 


that would be acquired in falling from A to 


L to the velocity that would be acquired in 
falling from A to E; therefore the velocity 
that wauld be acquired in falling from A tu 
L is to the velocity that would be acquired 
in falling from A ta E in the ſubduplicate 
ratio of twice AL to SH: but becauſe the 
body revalving in the ellipſe is acted upon 


$, the centripetal forge will 24. Tr. ꝛ. ] be re. 
ciprocally as the ſquare of the diſtance from 
the focus 8; therefore the velocity that 
would be acquited in falling from A to Li 
2. J to che velocity that would be acquired 
in fallipg from A to E in the ſubduplicate 
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ras of ML to LS that is, in me ſubdu- 

plicate ratio of LM to A8; therefore the 

ſubduplicate ratio of twiee AL to SH is e- 
qual to the ſubduplicate ratio of LM to 
AS; therefore twice AL is to SH as LM | 
to A8; therefore, alternating, twice AL is 1 
to LM as HS to SA: but twice AL is to 
LM as twiee AE to EPF; therefore twice 
AE is to BF as HS to SA: but becauſe the 
edtangle ebntained by HS; AC, is equal 
to the ſquate of CG 4 chiat is, Con. 2. 2. 
equal to the roctangle ASH; HS wilt be to 
SA as SB to AC; therefbte' twice AE wilt 
be to EF as SB to A; that is, as twice'SB 
to'BA j and therefore AE wilt be id EF, or 
ES, a8 SB to BA; therefore SE will be to 
EA A to BS: r il a | 


£ 


bit 01 r. vn. Fig: 68: ) 


De dere eee wht kn e axis 
is AB, focus S, and centre C; and fuppoſe 
a body atted upon by a centrifetal force tend- 

ing to the focus 8, to deſeribe the hyperbola ; 
it is 'Ptqutred to find in AS the' paint E,. 
fuch; 'that. fuppoſirig a botly to fall from A 

| Cc to 
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. fo E, it woull acquite at E a velocity equal 
- to rr de- 
_ the eee In 0161, o 
[Draw EP; in any. Ingles to AB. awd, let 
EF be equal to ES; and join AF; let CG 
be half the ſecond axis; and let] the rect 
angle contained by AC, SH, be, equal to 
the ſquare of CG ; let AK be an are of the 
hyperbola deſcribed in an indefinitely little 
part of time; draw KL perpendicular to 
AB, meeting AB in L; complete the pa- 
rallelogram ALK D; and draw LM paral- 
lel to EF, meeting AF in M. 26 14 
Becauſe the arc AK is deſctibed in an in- 
definitely little part of time, AL will be in- 
definitely little therefore the rectangles 
ALB, LAB, may be conſidered as equal: 
but [Con, 3. 3. ] the rectangle ALB is to 
the ſquare of KL as the ſquare of AC to the 
ſquare of CG; that is, as the ſquare of AC 
to the rectangle contained by AC, SH; 
that is, as AC to 8H therefore the rect- 
angle LAg is to the ſquare of KL as AC 
to SI; that is, as AB to twice 8H; that 
i, as the — 3 to twice the rect- 
J angle 


oz my i= 222 ER a oiociz zz oo cob fc of ͤ . / ] .. . . a xz]... Aa za ca 
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angle contained by AL, SH; therefore 
twioe the rectangle contained by AL, SH, 
is equal to the ſquare of KL; therefore 
twice AL is to KL as KL to SH; there- 
fore twice AL is to to KL in the ſubdupli- 
cate ratio of twice AL to SH: but twice 
AL is 10. Tr. 1. ] to KL, or AD, as the 
velocity at L to the velocity in AD; that 
is, as the velocity that would be acquired 
in falling from A to L to the velocity that 
would be acquired in falling from A to E; 
therefore the velocity that would be acqui- 
red in falling from A to L is to the velocity 
that would be acquired in falling from A to 
E in the ſubduplicate ratio of twice AL to 
SH : but becauſe the body deſctibing the 
hyperbola is ated upon by a centripetal 
force tending to the focus 8, the centripe- 
tal force will [ 27: Tr. 1:] be reciprocally as 
the ſquare of the diſtance from the focus S; 
therefore the velocity that would be acqui- 
red in falling from A to L is [a. ] to the 
velocity that would be acquired in falling 
from A to E in the ſubduplicate ratio of 
ML to LS; that is, in the ſubduplicate ra- 
tio of LM to AS ; therefore the ſubduplicate 

Cc 2 ratio 
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ratio of twice AL, to. S H is equal to the ſub- 
duplicate ratio of LM to AS; therefore 
twice AL is to SH as LM to As; there- 
fore, alternating, twice AL is to LM a 
HS to Sa: but twice AL is to LM a 
twice AE to EF; therefore twice AE is to 
EF as SH to 8A: hut becauſe the reQangle 
contained by SH, CA, is equal to the 
ſquare of CG; that is, {Con. 3. 4.] equal 
to the rectangle AB; HS will be to SA as 
SB to AC; that is, as twice SB to BA; 
and therefore AE will-be to FE, or ES, as 
SB to BA; therefors, /inverſely, SE will b 
to EA as AB 0 . 2 * 2. 


PROP. VI. Dig 69. 


Let . axis is AB, ff. 
cus 8. and vertex. A; and ſuppoſe 4 bod 
atted upon by à centripetal force tending 10 
the facts S te deſeribe the parabola z it is 

| required to find in AS the paint E, ſuch, 
that ſuppgung a body to fall from A to E, it 
would acquire at B a welocity equal to te 
vehecity of 8 ear ARTIE 
the parahola, 


Let 


FER SK 8 2 


e. re. e = Be ft & Þ Mm» . g. 8 It &- 2 


- 
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Let SC be equal to AS ; draw EF in ar 
and join AF; let AG be an arc of the para- 
bola deſcribed in an indefinitely. little part 
of time; draw GH perpendicular to AB, 
meeting AB in H; complete the parallelo- 
gam AHGP ; and draw HK parallel to 
EF, meeting AF in K. 6 
Becauſe the ſquare of GH is [ Con. 1. 12. 
equal to four times the rectangle SAH; 
that is, equal to twice the rectangle CAH ; 
therefore twice AH will be to HG as HG 
to CA ; therefore twice AH is to HG in 
the ſubduplicate ratio of twice AH to AC; 
that is, in the ſubduplicate ratio of AH to 
AS: but becauſe the arc AG is deſcribed in 
an indefinitely little part of. time, twice AH 
will {10. Tr. 1.] be to GH, or AD, as the 
relocity at H to the velocity in AD; that 
is, as the velocity that would he acquired 
in falling from A to H to the velocity chat 

wauld be acquired in falling from & to E, 
therefore the velocity that would he acquired 
in falling from A to H is to the velocity that 
would be acquired in falling from A to E in 
the ſubduplicate ratio of AH to AS; but be- 
cauſe 
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cauſe the body deſeribing the [parabola i; 
acted upon by a centripetal force tending to 
the focus 8, the centripetal force will [ 28. 
Tr. 1. J be reciprocally as the ſquare of the 
diſtance from the focus 8; therefore the ve. 
locity that would be acquired in falling from 
A to H is [2.] to the velocity that would be 
acquired in falling from A to E in the ſub- 
duplicate ratio of KH to HS ; that is, in the 
ſubduplicate ratio of KH to AS; therefore 
AH, HK, are equal; and therefore AE 
is equal to EF; . is, 8 to Es. 


* 


PROP. IX. kx 7e. 


Le there be an ag whoſe greater axis 1s 
AB, focus 8, and centre C; let D be any 
point in the ellipſe; join SD ; ſuppoſe a body 
afted upon by a centripetal force tending to 
"the focus 8 to deſcribe the-ellipſe * it is re- 
© quired to ind in SD the point F, fo, that 
eee e boch to full from D to F, it 
would acguive at F'a vehcity equal to the 
velocity of the Mer af 'the pee rp, 
5 . 12 CNET SIE 


Diu 
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Draw FG in any angle to FS; let 


FG be equal to FS; and Join DG ; join 
CD meeting the ellipſe in K; let CH 


be the ſemidiameter conjugate to CD; 
and let the rectangle AC be equal 
to the ſquare. of CH]; let V be the other 
focus of the ellipſe; and join DV ; praduce 
SD to L, ſo that SL: may be equal-to AB; 
let DE be a tangent. to the ellipſe at the 
point D, and DM an are of the ellipſe de- 
ſcribed inan indefinitely little part of time; 
draw MN parallel to DE, meeting 8D, CD, 
in N, O; complete the parallelogram 
DNME; draw NP parallel to FG, meet- 
ing DG in P; and let CH meet SD in R. 
Becauſe the are DM is deſcribed in an 
indefinitely little part of time, MN, MO, 
may be conſidered as equal, andi the rect- 
angles KDO, KOD, may likewiſe be con- 
ſidered, as equal ;. therefore the ſquate of. 
MN will be to the rectangle KDO. as. the 
ſquare of MO to the rectangle KOD;z that. 
is, [Con, 2, 15.) as the ſquare of CH to 
the (quare., of CD: but the .recangle 
KDO is to the rectangle KDN, as DO, 
to Ar 1 is, as. CD to DPR; that 
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'8Dis to CQ as AB to DV ; and therefor 
SP is Wo TY as —— T E. J. 


Eli If a body deſerbe an ellipſe, ah be 
ated upon by a centripetal force tending to 
the focus S ; let D be any point in the el. 
lipſe, and V the other focus; draw Ds, 
Dv; in Ds take the point F, fo, that SF i; 
to FD as the tranſverſe axis is to DV; the 
velocity of the body at D will be equal to 
the velocity that would be ws ty in fall. 
ing from 1 to F. Ns 


nor * Ng. 71. * 


Let there be an perde whoſe . tranfuo 
axis 1s AB, focus 8, and centre C; and 


let Dibe any point in the hyperbola; join 
. 8D; and ſuppoſe a body acted upon by a cen- 
tripetul force tending to the focus S to deſcribe 
be hyperbola: it is required to find in SD the 
point P, ſo, that ſuppoſing” à body. to fall 

from D to F, it would acquire at F a vellci- 
c equal to the velocity of the body at tht 
point D deſcribing the hyperbola. © 
e Tet ef 414d ien 


III. 
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Draw FG in any angle to SF; and let 
FG be equal to SF ; join DG, CD; and 
produce CD to K ; let CD, CK, be equal; 
let CH be the ſemidiameter conjugate to 
CD; and let the rectangle ACQ be equal 
to the ſquare of CH ; let V be the other 
focus of the hyperbola; join DV ; produce 
DS to L; let DV, DL, be equal; let 
DM be an arc of the hyperbola deſcribed 
in an indefinitely little part of time; draw 
MN parallel to DE a tangent to the hyper- 
bola at D; and let MN meet SD, CD, 
in N, O; complete the parallelogram 
DNME ; draw NP parallel to FG meeting 
DG in P; and let CH meet SD in R. 

Becauſe the arc DM is deſcribed in an 
indefinitely little part of time, MN, MO, 
may be conſidered as equal; and the rect- 
angles KDO, | KOD, may likewiſe be 
conſidered as equal; therefore the ſquare 
of MN will be to the rectangle KDO as 
the ſquare of MO to the rectangle KOD ; 
that is, [Con. 3. 28.] as the ſquare of CH 
to the ſquare of CD: but the rectangle 
KDO is to the rectangle KDN as DO to 
DN ; that is, as DC to DR ; that is, as the 
| | D d 2 ſquare 
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ſquate of CD to the tectangle CDR 


therefore, by equality, the ſquare of MN 
is to the rectangle KDN as the ſquare of 
CH to the rectangle CDR: but becauſe the 
ſquare of CH is equal to the rectangle 
ACQ_, and DR equal to AC, Con. 


5. 25.] therefore the ſquare of CH is 


to the rectangle CDR as CQ to CD; that 
is, as twice CQ to KD; therefore the 
ſquare of MN is to the rectangle KDN as 


twice CQ to KD; that is, as twice the 


rectangle contained by CO, DN, to the 
retangle KDN ; therefore the ſquare of 
MN is equal to twice the rectangle contain- 
ed by CQ, DN; therefore twice DN is 
to NM as NM to CQ and therefore twice 
DN will be to NM in the fubduplicate ratio 
of twice DN to CQ: but twice DN is [ 10. 
Tr. I.] to NM as the velocity at N to the 
velocity in DE; that is, as the velocity that 
would be acquired in falling from D to N 
to the velocity that would be acquired in 
falling from D to F; therefore the velocity 
that would be acquired in falling from D to 
N is tothe velocity that would be acquired in 
falling from D to F in the ſubduplicate ra- 

#2 Q::1 tio 
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tio of twice DN to CQ: but becauſe the 
body deſcribing the hyperbola is acted upon 
by a centripetal force tending to the focus 
$, the centripetal force will 27. Tr. 1. ] be 
reciprocally as the ſquare of the diſtance 
from the focus 8; therefore the velocity 
that would be acquired in falling from D to 
Nis [2.] to the velocity that would be ac- 
quired in falling from D to F in the ſubdu- 
plicate ratio of PN to NS, or SD; there- 
fore the ſubduplicate ratio of twice DN to 
CQ is equal to the ſubduplicate ratio of 
NP to SD; therefore twice DN is to C 
3s NP to DS; that is, as twice NP to 
twice DS; therefore, alternating, twice 
DN is to twice NP as CQ to twice DS; 
that is, DN is to NP as CQ to twice DS: 
but DN is to NP as DF to FG, or FS; 
therefore DF is to FS as CQ to twice DS; 
therefore, inverſely, SF is to FD as twice 
DS to CQ: but [Con. 5. 30.] the rect- 
angle SDV is equal to the ſquare of CH; 
that is, equal to the rectangle: ACQ. ; 
therefore twice the rectangle SD is equal 
to the rectangle contained by AB, CQ; 
therefore twice SD is to CQ as AB to DV ; 

and 
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and therefore SF is mme. 
SEL Or 


Con. If a boeh deſeribe an Windp\ 
and be acted upon by a centripetal force 
tending to the focus 8; let D be any point 
in the hyperbola, and V the other focus; 
draw DS, DV; in DS take the point F, 
ſo, that SF is to FD as the tranſverſe axis is 
to DV : the velocity of the body at D will 
be equal to the velocity that would be ac- 
quired in falling from D to F. | 


— Se Hs ac . wc. . .a . 


PROP. XI. Pig. 72. 


2 there be a parabola whoſe axis is AS, f. 
cus 8, and vertex A; and let D be am 

. pornt in the parabola : ſuppoſe a body ated 
. upon by a centripetal force tending to the fo- 
cus 8 to deſcribe the parabola : it is re- 
- quired to find in SD the point F, ſo, that ll ;. 
: ſuppoſing a body to fall from D 10 F, it i p. 
would acquire at F a velocity equal to the pa 
velocity of the body at the point D deſcribing ill ed 

. the parabola. M. 
e Draw , | 
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Draw FG in any angle to FS, and let 
FG be equal to FS ; join DG; draw CD 
parallel to AS; let DE a tangent to the 
parabola at D meet As in B; produce DS 
to Q and let DS, SQ, be equal; let 
DM be an arc of the patabola deſcribed in 
an indefinitely little part of time; draw 
MN parallel to DE, meeting 8D, CD, 
in N, O; complete the parallelogram 
9 Unite" N . to — 

meeting DG in P. 


| Becauſe BS, DO) « are « parallel; anc fikes 


wiſe BD, NO, parallel, the triangles 
BSD, DNO, will be ſimilar; therefore 
DO will be to DN as BS to SD: but be- 
cauſe the angle CDS is [Con. 1. 9.] bi- 
ſeed by DB, and the angles CDB, DB, 
are equal, becauſe CD, BS; are parallel; 
therefore the angles DBS, BDS, are equal; 
therefore BS is equal to SD; therefore DN 
is equal to DO. Again, becauſe the arc 
DM is deſcribed in an indefinitely little 
part of time, MN, MO, may be conſider- 
ed as equal; therefore the ſquares of MN, 


Mo, will be equal: but the ſquare of MO 
Con. 1. 13. ] equal to the rectangle con- 
tained 
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| tained-by DO, and the parameter of the 
diameter CD; that is, equal to four times 
the cectangle SO, or SPN ; therefore the 
ſquare of MN is — to faur times the 
rectangle SDN ; that is, equal to twice the 
rectangle DN. 3. therefore twice DN is to 
NM as NM to D therefore twice DN 
is to NM in the ſubduplicate ratio of twice 
DN to D.; that is, in the ſubduplicate 
ratio of DN to DS; but twice DN is [10. 
Tr. 1. ] to NM, or DE, as the velocity at N 
to the velotity in the tangent DE ; that is, 
as the velocity that would be acquired in 
falling from D to N to the velocity that 
would be acquired in falling from D to F; 

therefore the velocity that would be acqui- 

red in falling from. D to N is to the veloci- 

ty that would be acquired in falling from 
D to Fan the ſubduplicate ratio of DN to 
DS: but becauſe the body .deſcribing the 
parabola is acted upon by a centripetal force 
tending to the focus 8, the centripetal force 
will [a8. Tr. .] be reciprogally as the 
ſquare: of the diſtance from the; focus 8; 

therefore the velocity that would be acqui- 


red in W from D to N is to the velocity 
ai that 


and MATHEMATICAL, 217 


that would be acquired in falling from D to 
F in the ſubduplicate ratio of PN to NS, or- 
D; therefore the ſubduplicate ratio of DN 
to DS is equal to the ſubduplicate ratio of 
PN to DS; therefore DN, NP, are equal: 
but DF is to FG, or FS, as DN to NP; 
therefore DF is aqua) to FS. , E. I. 


Cor. If a body deſcribe a parabola, and 
be ated upon by a centripetal force tending 
to the focus 8; let D be any point in the 


parabola ; join SD ; and biſect SD in F: 


the velocity of the body at D will be equal 
to the velocity that would be acquired in 
falling from D to F. 


P R O P. XII. Fig. 67. 68. 69. 


Suppofing à body at the point A atted upon by 
a centripetal force that is reciprocally pro- 
portional to the ſquare of its diſtance from 
the centre 8, to be projected in the direction 
AD, perpendicular to AS, with a given 
velocity; it is required to determine the 
path of the boch. 

E e | T ake 


| 
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Take in AS the point E, ſuch, that ſup. 
poſing the body to fall from A to E, it would 
acquire at E a velocity equal to the velocity 
with which the body is £5. me in che di- 
reclion AD. 


7 Ng. by: If SE be rai than EA, 
take in AS produced the point B, and let 
AB be to BS as SE to EA; with the tranſ- 
verſe axis AB, and focus 8, deſcribe the el- 
lipſe AGB: this * will [6. ] be the path 


of the body. 


ad, Fig. 69. If SE be equal to EA, with 
the focus 8, and vertex A, let there be x 
parabola deſcribed : this parabola will [8.] 
be the path of the body. | 


34, Fig. 68. If SE be leſs than EA, in 
SA produced take the point B, and let AB 
be to BS as SE to EA; with the tranſverſc 
axis AB, and focus 8, let there be an hy- 
perbola deſcribed :. this hyperbola will [. 
pe the path of the body. Q E. IJ. 


PROP. 
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PROP. XIII. Fig. 70. 71:72; 


Suppofing @ body at the point D afted upon = 


by a centripetal force that is reciprotally 
proportional to the ſquare of its diſtance 


from the centre 8, to be projected in the di- 


reftion DE, not perpendicular to DS, with 
a given vehcity ; it is os aac to nn 


the path of the body. 

Take in DS the point F, ſuch, that ſup- 
poſing the body to fall from D to F, it 
would acquire at F a velocity equal to the 
velocity with which the body is projected in 
the direction DE; and produce ED to T. 


., Fig. 70. If SF be greater than FD, 
draw DV on the ſame fide of DE that DS 
s, making the angle VDT equal to the 
_ SDE ; and in DV take the point V, 
ſuch, that SD may be to DV as the axceb 
of SF above FD to FD; with the foci S, V 
et there be an ellipſe deſcribed ng 
through the point D : this ellipſe will [/.] 


de the pub of the body. 
E e 2 24, 
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2d, Fig. 72. If SF be equal to FD, 
draw. DC on the other fide of DE that 
DS is, making the angle TDC equal to the 
angle TDS; with the focus S, diameter 
DC, and vertex D, let there be a parobol: 
deſcribed : this parabola will [S.] be the 
path of the body. 


zd, Fig: 71. If SF be leſs than FD, draw 
DV on the other fide DE that DS is, 
making the angle TDV equal to the angle 
TDS; and in DV take the point V, fo, that 
SD may be to DV as the exceſs of DF a- 
bove FS to FD; with the foci V, S, let 
there be an hyperbola deſcribed : this hy- 
perbola will [/.] be the path of the body, 
E. £* 


PROP. XIV. Fig. 73. 


Let there be an ellipſe whoſe greater axis it 

AB, and focus S; draw SC perpendicular 
' to AB, meeting the ellipſe in C; ſupp 
2 body aftted upon by a centripetal force 
tending to the focus S to deſcribe the ellipfe; 


Let L be any point in the ellipſe ; join SL: 
© the 


— 


— 
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the centripetal force at L is to the centrifu- 
gal force at the ſame point L as SL to SC. 


Let AD be deſcribed in an' indefinitely 
little part of time; draw DE perpendicular 
to AB, meeting AB in E; complete the 
parallelogram AE DF; join SF; with the 
centre 8, and diſtance SA, deſcribe a circle 
meeting SF in G, H; let CS meet the el- 
lipſe in K; and let M be the centre of the 
ellipſe; draw MN perpendicular to AB, 
meeting the ellipſe in N. 

Becauſe DE, AF, are equal, the ſquare 
of DE will be equal to the ſquare of AF; 
that is, (becauſe of the circle), equal to the 
rectangle HFG; therefore the rectangle 
AEB will be to the rectangle HFG as the 
rectangle AEB to the ſquare of DE; that 
is, [ Con. 2. 6.] as the ſquare of AM to the 
ſquare of MN: but becauſe CK is [ Con. 5. 
24.] equal to the parameter of AB, the 
ſquare of AM is to the ſquare of MN as 
AB to CK; therefore the rectangle AEB 
will be to the rectangle HFG as AB to CK. 
Becauſe AD is indefinitely little, the rect- 
angles BAE, AEB, * be conſidered as 


equal, 
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equal, and likewiſe the rectangles HG, 
HFG, may be conſidered as equal; there- 
fore the rectangle BAE will be to the rect- 
angle HGF as AB to CK; that is, as the 
rectangle BAE to the rectangle contained 
by CK, AE; therefore the rectangle con- 
tained by CK, AE, is equal to the rect- 
angle HGF; and therefore the rectangle 
contained by CS, AE, is equal to the rect- 
angle SGF ; therefore AE is to FG as 86, 
or SA, to SC: but AE and FG are the 
effects produced by the centripetal and cen- 
trifugal forces. in the ſame time ; therefore 
the centripetal force at A is to the centrifu- 
gal force at A as AS to SC. 

Again, becauſe | 24. Tr. 1.] the centri- 
petal force at L is to the centripetal force at 
A as the ſquare of AS to the ſquare of SL; 
that is,” as the cube of AS to the parallelo- 
piped whoſe baſe is the ſquare of SL, and 
altitude AS, and the centripetal force at A 
is to the centrifugal force at A as AS to 
SC; that is, as the parallelopiped whoſe 
baſe is the ſquare of SL, and altitude AS, 
to the parallelopiped whoſe baſe is the 
ſquare of SL, and altitude SC; aa 

Y 
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by equality, the centripetal force at L will 
be to the centrifugal force at A as the cube 
of AS to the parallelopiped whoſe baſe is the 
ſquare of SL, and altitude SC: but the 
centrifugal force at A is [8. Tr..1.] to the 
centrifugal force at L as the cube of SL ta 
the cube of SA; therefore, by perturbate 
equality, the centripetal force at L will be 
to the centrifugal force at L as the cube of 
SL to the parallelopiped whoſe baſe is the 
ſquare of SL; and n SC; chat! _ 

SL to SC. * E De 1 


PROP. XV. Hg. 74. 4. 


Let id be- 0 ABC e 
AS, and focus 8; draw SB perpendicular 
to As, meeting the parabola in B; ſuppo 

ing a body acted upon by a centripetal force 
tending to the focus 8 to deſcribe the para- 
bola, - the. centripetal force at any point 
Cin the parabola is to the centrifugal force 
at the ſame point C as CS to 8B. 


5 


\ Let SB meet the parabola again. in D, 
ay AE be a part of the parabola de- 


ſcribed 
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ſcribed in an indeſinitely little part of time; 
draw EF perpendicular to A8, meeting AS 
in F; and complete the parallelogram 
AFEG; join SG; with the centre 8, and 
diſtance hy deſcribe a circle- Remy SG 
in H, Noe . 

Becauſe: EF, AG; are equal, the ſquare 
of EF will be equal to the quare of AG; 
that is, becauſe of the circle, equal to the 
rectangle KG H: but the ſquare of EF is 
[Con. 1. 12. ] equal to four times the rect- 
| * * SAF; therefore the reQangle'KGH 
is equal to four times the rectangle SAF: 
bi becauſe BD is [Con. 5. 24. ] equal to 
four times SA; therefore the rectangle 
contained by BD, AF, is equal to four 
times the rectangle SAF; therefore the 
rectangle K GH is equal to the rectangle 
contained by BD, AF: and becauſe AE is 
indefinitely” little, the rectangles KGH, 
KHG, may be conſidered as equal; there- 
fore the rectangle contained by BD, AF, is 
equal to the rectangle KHG; and there- 
fore the rectangle contained by SB, AF, is 
equal to the rectangle SHG; therefore AF 


ee or SA, to SB: but AF 
and 
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and GH are the effects produced by the 
centripetal and centrifugal forces in the 
ſame time; therefore the centripetal force 
at A is to the centrifugal force at the ſame 
point A as AS to SB, 

Again, | becauſe [28. Tr. .] the centri- 
petal force at C is to the centripetal force 
at A as the ſquare of AS to the ſquare, of 
SC ;. that is, as the cube of AS to the pa- 
callelopiped whoſe baſe.is the ſquare of SC, 
and altitude As; and the centripetal force 
at A is to the centrifugal force at the ſame 
point A as AS. to SB; that is, as the paral- 
lelopiped whoſe baſe is the ſquare of SC, 
and altitude AS, to the parallelopiped 
whoſe baſe is the ſquare of SC, and. alti- 
tude SB ; therefore, by equality, the cen- 
tripetal force at C will be to the centrifugal 
lopiped whoſe baſe is the ſquare of SC, and 
altitude SB: but the centrifugal force 
at A is to the centrifugal force at C [8. Tr. 
1.] as the cube of SC to the cube of SA; 
therefore, by perturbate equality, the cen- 
tripetal force at C is to the centrifugal force 
at C as the cube of CS to the parallelopiped 

Ff whoſe 


226 TRACTS; PRYSIcAI Tr. III. 
whoſe baſe is the ſquare of SC, and altitude 
8B; rates as CS to SB. E. D. 


11199 811 1975 447 


PRO *I. g. 75. 


Des thert be (ah hyperbola ABC hoſe Io: 
IG axis is AD, focus 8, und centre F; 

» draw. SB perpendicular 0 A8, meeting the 

-  byperbola in B; ſuppoſing a'body atted up- 
on by 7 centripetal force tending to the 

- "focus 8 to dſcribe the © byperbola, the cen- 
- tripethl force at any point C ini the hyperbola 
mull be to the „ >, "prog —_— 
A er Erne, ger off 


A © ww — — 


— 


E B ©” EY > . =- 


Let BS meet- * hyperbola again in E; MM” 


let FG be half the ſecond: axis; and let 
AH be a part of the hyperbola defcribed in I du 
an indefinitely little part of time; draw HK WW 
perpendicular to AS, meeting AS in K; 1A 
and complete the parallelogram AK HIL; I 
join SL; with the centre 8, and diſtance SA 
SA, deſcribe a citele meeting 8L in M, N. tt 
Hecauſe HK, AL, are equal, the ſquare tit 
of HK will be-equal to the ſquare of AL; be 

9215 is, equal to the s MEN; 
therefore 
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. the rectangle AK D will be to the 
rectangle MLN as the rectangle AKD to 
the ſquare, of HK; that is, Con. 3.7. 
is the ſquare of. the AF to the ſquare. « 
G: but becauſe. [Con. 5..24-] BE is equal 


z to the ſquare, of FG as AD to BE; 
therefore the rectangle AKD.i is to the rect- 
angle MLN as. AD to BE : but becauſe 
AH is indefinitely little, the rectangles 
„Ab, DR, — * conſidered as equal; 
„ likewiſe the rectangles MI. N. NML, may 
ne if © conſidered as equal therefore the rect- 
gle DAK will be to the rectangle, NML 
5 DA to BE; that is, as the rectangle 

>. oak to the rectangle contained by BE, 
let AK; therefore the rectangle NML. is e- 
in qual to the rectangle contained by BE, AK; 
K nd therefore the rectangle, SML will be 
equal to the reQtangle contained by BY, 
AK; therefore AK is to LM as Ms, or 
" to BS: but AK and ML are the 
effects produced by the centripetal and cen- 
rifugal forces in the ſame time z therefore 
he centripetal force at A is to the cen- 
Ffa  *trifugal 


to the parameter of AD, the ſquare of AF 
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ge force at che ſame point Aas AS to 
SB. 4 aM 1.1 
gut dete 15 TI ] the centri. 
4 — force at C is to the centripetal force at 
as' the ſquare of AS to the ſquare of SC; 
that is, as the cube of AS to the parallelo- 
piped "whoſe baſe is the ſquare of SC, and 
altitude AS; and the centripetal force at 
A's to the centrifogal force'at A as AS to 
_ SB; that is, as the parallelopiped whoſe 
baſs is the ſquare of SC, and altitude AS, 
to the parallelopiped whoſe baſe is the 
ſquare of $C” and altitude SB ; therefore, 
equality; knie centripetal lorce at C wil 
be to the centrifugal force at A as the cube 
of AS ri the'p parallelopiped whoſe baſe is the 
ſquare” of SC, and altitude SB: but the 
centrifugal-force at A is [S. Tr. 1.] to the 
centrifugal force at C as the cube of SC to 
the cube of AS; therefore, by perturbate 
equality, the centripetal force at C is to the 
centrifugal force'at'C as the cube of SC to 
the parallelopiped whoſe baſe is the ſquare 


of SC; and altitude SB; ; hat i is, as SC to 
8B L BD, | 
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1. — rer 0 3:fup= 
poſe a body actes upon by & centripetal 
force tending to the cemre C t6\deſeribe the 
ellipfe : it is required to find the height 
from which the'body would fall, Jh as to ac- 
quire a velocity thual to ries yd FW 
Ws herons > in cbe ellipſe; 
97 of AH $3541 en: 42. 6 
Join CA, meeting the lip in f 424 
let CD be the ſemidiameter eonjugate to 
CA; let AP be a tangent to the ellipſo at 
the point A, and AG a part of the ellipſe 
deſcribed in an indefinitely little part of 
time; draw GH parallel to AF, meeting 
CA in H; and complete the parallelogram 
AHG; draw AK perpendicular to CA; 
and join CK; let AB be the height from 
which the body would fall, ſo as to ac- 
quire at the point A a . the 
velocity at the point A in the ellipſe; and 
draw BL, HM, * to 2 n 


CK in L, M. 


Becauſe the body duſeribing the ellipſe i 
acted 
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acted upon by a centripetal force tending ill , 
to the : centre; of the ellipſe, 2 centripetal ( 
force will 72 J. Tr. 1 a be irectly as the ll 
diftance .of "the body from the centre; a 
therefore the centripetal force at B will be I 
to the centripetal foroe at A as BL to AK; MW, 
therefore the velocity that would be acqui- Hr 
red in falling from B to A will (3. Tr. 1] WM; 
be to the velocity that Would be acquired t 
in falling from, A to H in the ſubduplicate 1 
ratio of the ſpace LBAK to. the ſpace i 
KAHM; therefore: the velocity of the bo- 
dy at the point A in the ellipſe will be to i 
the velocity that would be acquired in fall q 
ing from A to I in the ſubduplicate ratio of I 1 
the ſpace LBAK to the ſpace KAHM : but Hk 
the velocity of the body at the point A in In 
the ellipſe is { 10, Tr. 14 to the velocity that 
would be acquired in falling from A to fe 
H as AF to twice: AH 4. therefore AF is to If 
twice AH in, the ſubduplicate ratio of the NR 
ſpace: LBAK to the ſpace; KAHM ; there- C 
fore the ſpace LBAK will be to the ſpace I u 
KAHM as the ſquare of AF to four times g 
the ſquare of AH; therefore, alternating, IL. 
the ſpace LBAK will be to the ſquare of AF Ire 


as 
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z the ſpace KHM to four times The 
ſquare f AH: But the ſpace 'WAHM is to 
four times the ſquatoe of AH as the rect. 
ngle- Kʒ AH to fort dirhes the ſquire dt AH; 
that is, as KA to four times AH; that is, 
as the qrectangle RAE to four times the 
retangle EAH; or EHA; therefore the 
ſpace LBAK wil be to the ſqunre of AF as 
the tectangle KN to four times the rect- 
angle EH A; therefore, alternating, the 
ſpace LBAK will, be to the rectangle 
KAE as the ſquare of AF to four times the 
rectangle EHA : but the rectangle KAE is 
quadruple of the triangle KAC therefore 
the ſpace IL. BAK will be te the triangle 
KAC as the ſquareof AF, or GH, to the 
reftangle EHA but the ſquare f OH is 
to the r + EHA Con. 2. 1 5. ] as the 
fquare of CD to the ſhuare of CA; there; 
fore the ſpace LBA will be to the triangle 
KAC as the ſquare of CD to the ſquare of 
CA: but becauſe the triangle LBC is to the 
triangle, KAC as the ſquare -of CB to the 
ſquare of CA; by diviſion, the ſpace 
LBAK will be to the triangle KAC as the 
rectangle ABE to the ſquare of AC; there- 
| fore 
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' fore the rectangle ABErigts the ſquare of 


AC :ap/thesſquare f D td the ſquare of 
AC, and therefore the g rectangle ABE i: 
(por ni peer E. IJ. 
„ Je: HA es thot<6r ADL bn Gat 
9707 w 0 P. XVII. kk N. 
i est HA 18 Hf 
Suppe loch ar the point A, acted upon by 
A cemtripetal: force 4bat dis as its diftance 
From the centre C, #0 be projected in the di- 
„chan AE with e given velocity, it i! 
© Teguirad-{0;datermine the. path ru 
of AAN Hence ort ud: & 
Join AC; produce AG 40 Ex and let CE 
be.agnal to AC; in CA; produced take AB 
ſo, that ſuppoſing the: body to fall from B 
to A, it would acquite at A a velocity equal 
to the velocity with which the body is pro- 
jected in the direction AF; draw CD pa- 
rallel to AF; and let the ſquare of CD be 
equal to the rectangle AgE; with the con- 
jugate ſemidiameters CA, CO, let there be 
an ellipſe deſeribed: this ellipſe will { 17.] be 


A OREN u 1 


PROP 


of 


a 
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PROP. kh © re. 77. 8 


Lot there be el, whoſe centre is 01 Fa 
CA, CB, be the two ſemiaxes; Suppoſe a 
body ated"upon by a centripetal force tend- 
ing to the centre C to deſeribe the ellipſ, 
the centrifugal forte at the point" A will be 
the nee ſiege uh ee Nene 
dhliar's rb WTR RE WT 


Let Ac meet the ellipſe in D;- pinned 
CA to F fo, that the rectangle AFD may 
be equal to the ſquare of CB; draw AE 
ibs ER CE; and draw, 

FG parallel to AE, meeting CE in G. 

Becauſe the body deſctibing the ellipſe 'is 
acted upon by a centripetal force tending to 
the centre C, the centripetal Forde will 
(25. Tr. 1.] be as the diſtance of the body 
fom the centre C; therefore the centripe= 
tal force at A wWill be to the centripetal 
force at F as AE to FG: and becauſe the 
relocity of the body at the point- A deſeri- 
bing the ellipſe is 15:] equal to the 
relocity that Would be acquired in falling 

G g from 
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from F to A; therefore [11: Tr. 1.] the 
centrifugal force at A will be to the, centri- 
petal force at A as twice the ſpace AFGE 
to the rectangle CAE: but the rectangł 
CAE is double of the triangle CAE; there 
fore the centrifugal force at A will be t 
the centripetal force at A as the ſpace 
AFGE to the triangle CAE: but the ſpace 
AFGE is to the triangle CAE as the rect. 
angle AFD to the ſquare of CA; that is, 2 
the ſquare of CB to the ſquare of CA; 
therefore the centrifugal force at A will be 
to the centripetal force at A as the ſquare 
of CB to, the quare of CA; and therefore 
the centrifugal force at A will be to the 
centripetal force at A in the duplicate ratio 
= BC to GA. & E. D. 


22923 


wk 29s LE Xu 4 an dite * cen 
pra is C; and let CA, CB, be the two ſe⸗ 
miaxes;, ſuppoſe a body acted upon by a 
centripetal force tending, to the centre C, 
that is as its diſtance from the centre, to be 
projected in the direction AH perpendicu- 


lar to CA; and let the centrifugal force at 
the point A, ariſing from the projectile force 


” 
* 9 %# OV 
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n the direction AH, be to the centripetal 
"MI force at the point A in the duplicate ratio of 
BC to CA: the body will deſcribe the el- 


PROP. XX. Fg. 78. 


In the ſtraigbt line AS let 8, B, be two given 
points; and let the point 8 be between the 
points A, B; let CDE, FGH, be- two 
curves, ſuch, that if from any two points 
A, K, im AS, there be drawn AC, KD; 
perpendicular to AS, meeting the curve 
CDE in C, D, and likewiſe meeting "the 
curve FGH in F, G, the ſquare of AS 1s 
to the ſquare of SK as KD to AC, likewiſe 
the retangle BAC is to the rectangle BRD 
as the re#tangle SA F to the reflangle SKG ; 
in AF take AL, ſuch, that FA is to AL 
as AB to BS; and produce FA to M, ſuch, 
that FA 1s to AM as BA % AS; and let 
LNO, MO, be tuo curves, fuch, that 
if from any point K in AS there be drawn 
KN perpendicular to AS, meeting the 
curves LNO, MO, in N, P, the 
cube of SK is to the cube of SA as AL to 

6 g 2 KN: 
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EKN; Iikewiſe tbe ſquare of KS is to the 
* Square of SA as AM to KP: if from any 
PHoint K in AS there be drawn KG perpen- 
dicular to AS, meeting the curves FGH, 
LNO, 4 in G, N, P, PN wil 
be equal to. "KG, 0 
Becauſe AM is to KP as the ſquare of 
SK to the ſquare of 8A; that is, as AC to 
KD, AM will be to AC as KP to KD; 
therefore the rectangle BAM will be to the 
rectangle BAC as the rectangle BKP to the 
rectangle BK D; and alternating, the red- 
angle BAM will be to the rectangle BKP 
as the rectangle BAC to the rectangle BKD; 
that is, as the rectangle Sa F to the red- 
angle SKG: but becauſe FA is to AM as 
BA to AS, the rectangle BAM will be e- 
qual to the rectangle SAF; therefore 
the rectangle BKP will be equal to the rect- 
angle SKG; therefore GK will be to KP 
as BK to KS. Beeauſe FA is to AM as BA 
to AS, AM will be to AF as SA to AB: 
but AF is to AL as AB to BS; therefore 
AM is to AL as AS to SB. Becauſe KP is 
to n as the ſquire of SA to the ſquare of 
8 3 8K; 


S rr e . e 


2 


e 


= 8 
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SK; that is, as the cube of SA to the pa- 
rallelopiped whoſe baſe is the {quare of SK, 

and altitude AS; and AM is to AL as AS 
SB; chat is, as the parallelopiped whoſe 
baſe is the ſquare of SK, and altitude; AS, 

to. the, parallelopiped whoſe; baſe. is the 
ſquare of SK, and altitude 8B therefore 
KP will be to AL. as the cube of As. to the 
parallelopiped whoſe baſe, is the ſquare of 
K, and altitude SB: but AL is to KN as 
the cube of SK to the cube of A8; there- 
fore-KP is to KN as the cube of SK 20 the 
parallelopiped whoſe baſe is the ſquare. of 
K, and altitude SB ; that is, as KS to 8B. 

Becauſe GK is to KP as BK to KS, and 
KP to KN as KS to SB; therefore GK is to 
Nas BK to BS: but becauſe GK i. to 
KP as BR to KS, and GK is to KN as BK 
to BS, and BK is equal to the ſum of KS, 

B; therefore PN is l KG. 2 E. D. 


3 "From this i it is evident, that hs” a- 
SFAKG! > eq take tha of W 
WARP, „ 
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PRO P. XXI. Hg. 79. 
In the flraight line AS let d, B, be to given 
points; and tet the point 8 be between the 
Points R. B; l CDE, FOH, be ros 
curves, ſuch, that if from any two points 
A, K, in AS there be drawn AC, KD, 
Perpendicular to AS, meeting the curve 
CDE in C, D, and likewiſe meeting the 
curve FOH in F, G, the ſquare of AS 1s 
| to the ſquare off SK as KD to AC, like- 
| * woiſe the reflangle BAC is to the reftangl: 
| | © BKD as the rectangle SF to the reftangl: 
SKG; in BS tate the point L, fuch, that 
BL 15 to LS as BA to AS; and bet the 
| rectangle MAL be equal” fo the ſquare of 
| As; 'bifef AL in b; from any point 
Ks in ASdraw KG ber pendicular to AS, 
meeting the curve FGH in G: the are 
FAR G vill be to the rectangle AKL 48 
. the reflangle MAF to the ſquare of KS, 
* likewwife the area PAKG. will be to the 
reftangle AKL as the reftangle SK G to 
twice the reflangle contained by BK, S6. 
tee | We . 


S r 


r O © © tw ww. 
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la FA take AN ſuch, that FA is to AN 
us AB to B&S; produce FA to O; and let 


FA be to AO as BA to A8; let NPQ, , 
OTV, be two curves, ſuch, that if from 
any point K in AS there be drawn KP per- 
pendicular to A8, meeting the curves 
NPQ, OTV. in P, T, the cube of SK 
is to the cube of SA as AN to KP, and 
likewiſe the ſquare of SK is to the ſquare of 
SA as AO to KT; produce A8 to X; and 
let A8, SX, be equal; join XN, 80; 
let XN meet KP in V, and 80 meet KT 
in Z draw La ue 0 to AL meet» 
aN in „ 05.72 to ng! 2c 
"Becauſe [18. Tr, 1:]: the rectangle SAN 
is to the area NAKP as twice the ſquare of 


KS to the rectangle AKX; inverſely; the 
area NAK will be to the rectangle SAN 


as the rectangle AK X to twice. the ſquare 
of KS; therefore, alternating, the area 
NAKP will be to the rectangle AK as the 
tectangle SAN to twice the ſquare of KS : 


but the rectangle AK xX is to the rectangle 


AKV as XK to K; that is, as XA to 
AN; that is, as the rectangle XAS to the rect - 


an * SAN; n perturbate equality, 
the 
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che area NAKPwill/beto the rectangle AKY 

_ as the rectahgle. XA to tœijce tlie ſquare o 
| fquare of KS; therefore the area NAKP 

| wil} be to the ſquare of AS as the rectangle 
AKV tothe ſquare of KS; Again, becauſe 
the ſquareoF SA is to the rectangle SAO a; 
=: SA ta A0 that is, ab SR to KZ; that is, 
4 as the ſquare of d K to the rectangle SR Z; 
4 and the tedtangle SAQ ls 11. Tr. 3. t 
the: ard OAK T as SK to KA; that is, 'as 


—  thereRuigle SKZto'the Feftangte AK Z; 
1 the ſquite of $A will be to the wex OAK T 
5 | as the ſquare of SK to the rectongle AKZü 


but ÞecatdE the ara NAKP is to the 
ſquare: bf AB us the rEctangle Ak V to thi 
fquare'of:KS; and the lquare- of A8 is to 
the are ORT av: the ſquare of SK to the 
rectaugbe Ax; therefore, by equality; the 
area NAK P will bes to the area OAKT 
as the refangle AK to the rectangle 
AKZ z that , KV to KZ; therefore the 
ſym: ofthe areas NAK P, OAK T, will: be 
to the area OAKT as VZato KZ; but the 
area FNR 1s Lot. to prop. 20. ] equal to 
an dum uf the: arvas” NAK, OAK T; 


therefore 
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therefore the area FAKG is to the area 
OAK T as YZ to ZR; chat is, as the reQ- 
angle contained by YZ, AK, to the rect- 
angle AKZ ; therefore, alternating, the a- 
raFAKG will be to the rectangle contained 
by VZ, AK, as the area OAK T to the 
tectangle AK Z: but becauſe the ſquare of 
AS is to the area OAK T as the ſquare of 
KS to the rectangle AKZ ; alternating; the 
ſquare of AS will be to the ſquare of SK: as 
the area OAK T to the rectangle AKZ; 
therefore the area FAKG' will be to the 
rectangle: contained by YZ, AK, as the 
ſquare of AS to the ſquare of SK. 
Again, becauſe BL is to LS as BA to 
AS, BL will be to BA as LS to SA; therefore 
inverſely, AB is to BL as AS to SL; therefore 
26. Tr. a. j becauſe AL is biſected in 5, 
the rectangle BbS is equal to the ſquare of 
IL; therefore the rectangle BS is equal to 
the rectangle LSA; therefore As is to 85 as 
dB to SL: but becauſe AX is double of AS, 
and AL double of As; therefore XL will 
be double of 86; therefore AX will be to 
XL as As to 86; that is, as BS to SL: 
but AN is to La as AX to XL]; therefore 
H h AN 
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rr, rr, 


AN is to La as BS to SL; therefore, 
inverſely, La is to AN as SL to SB: 
but becauſe FA is to AN as AB to BS, 
AN will be to AF as BS to AB; and 
AF is to AQ as AB to AS; therefore AN 
is to AO as BS to SA: but becauſe La is 
to AN as SL to SB, and AN is to AO as 
BS to SA; therefore La is to AO as LS to 
SA; therefore OSa is a ſtraight line; there- 
fore YZ is to NO as Ya to N; that is, as 
LK to LA; that is, becauſe NO is equal to 
AF, YZ will be to AF as LK to LA; 
therefore, alternating, YZ will be to LK 
as AF to LA; therefore the rectangle con- 
tained by YZ, AK, will be to the rectangle 
AKL as AF to LA; that is, as the rect- 
angle MAF to the rectangle MAL : but the 
rectangle MAL is equal to the ſquare of 
AS; therefore the rectangle contained by 
YZ, AK, will be to the rectangle AKL 
as the rectangle MAF to the ſquare of AS: 
but becauſe the area FAK G is to the rect- 
angle contained by VZ, AK, as the ſquare 
of AS to the ſquare of SK; and the rect- 
angle contained by YZ, AK, is to the rect- 
angle AKL as the 1 MAF to the 

| ſquare 
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ſquare of AS; therefore, by perturbate equa- 
lity, the area FAKG will be to the rectangle 
AKL as the rectangle MAF to the W of 
SK. 2. E. D. 

Again, in AS take Sd equal to SL. 
Becauſe BA is to AS as BL to LS; that is; 
as BL to 8d, BA will be to BL as AS to 84; 
therefore, converſely, BA will be to AL as AS 
to Ad. Becauſe the ſquare of SK is to the 
ſquare of AS as AC to KD, and the re&- 
angle MAL is equal to the ſquare of AS, 
the ſquare of SK will be to the rectangle 
MAL as AC to KD; that is, as the re&- 
angle CAL to the rectangle contained by 
KD, AL, and the rectangle MAL is to the 
rectangle MAF as AL to AF; that is, as 
the rectangle contained by KD, AL, to 
the rectangle contained by KD, AF, the 
ſquare of SK will be to the rectangle MAF 
as the rectangle CAL to the rectangle con- 
tained by KD, AF. Becauſe the rectangle 
BAC is to the rectangle BKD as the rect- 
angle SAF to the rectangle SKG; inverſe- 
ly, the rectangle BKD will be to the rect- 
angle BAC as the rectangle SKG to the rect- 
angle SAF: but the rectangle BAC is to 

H h 2 the 
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the rectangle CAL as BA to AL; that is, a; 


AS to Ag; that is, as the rectangle SAF to the 
rectangle dAF ; therefore, by equality, the 
rectangle BED will be to the rectangle CAL 
as the rectangle SK G to the rectangle dAF; 
therefore, inverſely, the rectangle CAL 


will be to the rectangle BKD as the red- 


angledAP to the rectangle SK G: but the rect 
angle BK is to the rectangle contained by 
KD, AF, as BK to AF; that is, as the rectangle 
contained by BK, Ad, to the rectangle AF; 


therefore, by perturbate equality, the rectangle 


CAL is to the rectangle contained by KD, 
AF, as the rectangle contained by BK, Ag, 
to the rectangle SK G: but the ſquare of 
SK is to the rectangle MAF as the rectangle 
CAL to the rectangle contained by KD, 
AF; therefore the ſquare of SK is to the 
rectangle MAF as the rectangle contained 
by BK, Ad, to the rectangle SKG; there- 
fore, inverſely, the rectangle MAF is to 
the ſquare of 8K as the rectangle SKG to 
the rectangle contained by BK, Ad. Be- 
cauſe AL is double of Lb, and Ld double of 
LS, Ad will be double of $4; therefore 
the rectangle contained by BK, Ad is dou- 

5 | | ble 


rr” 


= == Te, © 


A © ©» ©. 
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ble of the rectangle contained by BK, 85; 
therefore the rectangle MAF is to the 
ſquare of SK as the rectangle SKG to twice 
the rectangle contained by BK, $5, But 
the area FAKG is to the rectangle AKL 
a5 the rectangle MAF to the ſquare of SK ; 
therefore the area FAKG is to the rect- 
angle AKL as the rectangle SKG to 
twice the rectangle contained by BK, $5, 
VE. D. 


PROP. XXII. Fig. 80. 


In the fraight line AS let 8. B, be two given 
points; and let the point 8 be between the 
joints A, B; tet: CDE, FGH, be two 
curves, ſuch, that if from any two points 
A, K, in AS, there be drawn AC, .KD, 
perpendicular to AS, meeting the curve 
CDE #n C, D, and likewife meeting the 
curve FGH in F, G: the fquare of AS 1s 
to the ſquare of SK as KD to AC; likewiſe 
the rectangle BAC is to the rectangle BRD 
as the reftangle SA F to the rectangle SKG: 
in BS take the point L, ſuch, that BL ts 
to LS as BA to AS; upon AL ler * 

e 
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; be a circle AML deſeribed ; from am 
point K in AS draw KG perpendicular to 
AS, meeting the curve FOE in G, and the 
circle in M; join S M, meeting AF in N, 
and the circle in O: the area FAK G will 
: be to the ſquare of AN as AF to AL; like. 
_ worſe the area FAKG will be to the red. v 
angle SKG as the ſquare of KM to the recl. Iv 


* angle SMO. 31 alt 
thi 

Let the n PAL be equal to the Wto 
ſquare of AS; and biſect AL in Q. Bu 


Becauſe the area FAKG is [21.] to the Ne 


rectangle AKC as the rectangle PAF to the Nc 


ſquare of KS, alternating, the area FAKG Wred 
will be to the rectangle PAFas the rectangle Nu 
AKL to the ſquare of KS : but the redt- br 


angle AKL is equal to the ſquare of KM, de 


becauſe of the circle; therefore the area Ile 


FAKG will be to the rectangle PAF as the WU 


ſquare of KM to the ſquare of KS; that is, N 
as the ſquare of AN to the ſquare of AS ; N 
therefore, alternating, the area FAKG will N 
be to the ſquare of AN as the rectangle 

PAP to the ſquare of AS : but becauſe the ( 
rectangle PAL is equal to the ſquare of 4 NI 
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the rectangle PAF will be to the ſquare of 
AS as the rectangle PAF to the rectangle 
PAL; that is, as AF to AL; therefore the 
ea FAKG will be to the e dn as 
AF to AL. 2, E. D. | 
Again, becauſe [2 1.] the area FAKG is 
to the rectangle AKL as the rectangle SKG 
o twice the rectangle contained by BK, SQ , 
aternating,... the area FAK G will be to 
the rectangle SK G as the rectangle. AKL. 
he N v twice the rectangle contained by BK, SQ. 
But becauſe AL is biſected in Q,, the 
he ectangle BQS is [ 26. Tr. 2. ] equal to the 
he I guare of LQ; therefore [5. Tr. 2. ] the 
G ectangle SMO is equal to twice the rect- 
le angle contained by BK, SQ ; and there- 
7. bre becauſe the rectangle AKL is equal to 
M, ¶ he ſquare of KM, the rectangle AKL will 
ca ¶ be to twice the rectangle contained by BK, 
he , as the ſquare of KM to the rectangle 
is, MMO; therefore the area FAK G is to the 
S; Neectangle SKG as the 2 of * to the 
vill e SMO. 2. E. D * 


he Cor. 1. F rom any. point R in AS draw 
8, AT perpendicular to AS, meeting the ſemi- 
the circle 


. A. 


„ 


2 % 8K 
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circle AML in F, and join ST, meeting 


' ſubduplicate ratio of the area FAK G to the 


— — — 2 — A ůÄUT—— 2 ˙¹?(õ᷑c 2222 w ch — — 


KM in V. Suppoſe a body acted upon by 
a centripetab force tending to the! centre 
S to deſcendꝭ in the ſtraighit line AS, and 
the centripetal force at any two points A, 
K, to he as AFto KG; the velocity at K that 
would be acquired by falling from A to K 
will be to the velocity at R that would 
9 2 Wo eee A to. N MK 
to KV. 

Let RT tives tim ou BUk5in X; and 
let ST meet A in V. Becauſe the areaMs) 
FAKG is to the ſquare of AN as AF to AL, 
and the area FAR is to the ſquare of A n 


as AF to AL, the area FAK G will be to ee 


the ſquare of AN as the area FARX is tobe 
the ſquare of AV; therefore, alternating, of 
the area FAK G will be to the area FARX 
as the ſquare of AN to the ſquare of AY ; 
that is, as the ſquare of KM to the ſquare 
of KV; therefore KM is to KV in the 


area FARX : but [ 3. Tr. I .] the velocity at 
K is to the velocity at R in the ſubduplicate 
ratio. of Wie area 04 to the area/FARX; 

| therefore 


222 


ng therefore the velocity at K is to the velo- 
by city at R as MK to KV. Q, E. D. 


nd Cor. 2. Suppoſe a body at the point K, to 
A, ¶ be projected in the d ĩrection KZ, perpendi- 
nat WF cular to AK, with the velocity that would be 
K. quired by falling from A to K; the cen. 
ald I rifugal force at the point K ariſing from the 
IK orojedtile force in the direction KZ will be 
to the centripetal force at the point K as 
nd twice the ſquare of XA. to the rectangle 
rea MO. | 
\L Becauſe the area FAKG. is to the rect- 
Aale SKG as' the ſquare of KM to the 
_ toretangle SMO, twice the area FAK G will 
toſ be to the rectangle 8K G as twice the ſquare 
ng. Mat KM to the rectangle SMO: but the 
RX entrifugal force at the point K, ariſing from 
be projectile force in the direction KZ, is 
rr. Tr. i. ] to the centripetal force at the point 
Nas twice the area FAKG to the rectangle 
KG ; therefore the centrifugal force at the 
pint K, ariſing from the projectile force in 
Ide direction KZ, is to the centripetal force 
t the point K as twice the ſquare of KM to 
ede rectangle SMO. V E. D. 
bh PROP. 
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PROP. XXIII. Fg. 81. 


In the firaight line SP, let 8, D, be two gi 
ven points, and let the point 8 be between 
tbbe points P, D; ket EFG, HKG, & 
tuo curves, ſuch, that if from any tuo 
points A, P, in AS, there be drawn AF, 
PE, perpendicular to AS, meeting the 
curve EFG, in F, E, and likewiſe mect- 
ing the curve HKE inK, H, the ſquare 
of SA is to the ſquare of SP as PE to AF, 
likewiſe the reflangle DAF is to the rell. 
angle DPE as the rectangle SAK to ile 
rectanglie SPH; biſet AP in C; and in 
CS tate CB, ſuch, that the rectangle SCB 
is equal to the ſquare of CA; let the curves 
EFG, HKG, interſect each other in th. © 
point G; and draw GL cular to 
AS, meeting AS in L: the area EPAFIYN * 
will be to the area HPAK as the reftangltfl © 
contained by DL, SB, to the Og an- 

; tained by SL, DB. by 


= rd ©, — — — wc 


EE ww e 2 IH . =- = - 


> 


In CD, take cM, ſuch, en ſquare S0 


of CM is on to the rectangle SCD ; wi N 
e 


———— <eertaeat , DA AA AV a Mats GABE Lo ‚ oi i 14 
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the centre C, and diſtance CM, deſcribe a 
citele, meeting CP in N, and AF, PE, in 
O, V; join 80, SV, meeting the circle in 
Q , R; and draw NX perpendicular to 
CN, meeting the curves EFG, HKG, in 
X, T; and let the rectangle SPY be * 
to the rectangle PAS, 3.01 #1 

Becauſe the ſquare of CM * to the 
rectangle SCD, and the ſquare of CA equal 
to the rectangle SCB, the rectangle MAN 
will be equal to the rectangle contained by 
DB, SC; that is, the ſquare of AO will be 
equal to the rectangle contained by DB, 
SC ; and becauſe the rectangle SOQ is | 5. 
Tr. 2.] equal to twice the rectangle con- 
taned by DA, SC; therefore the ſquare of 
AO will be to the rectangle SOQ as the 
rectangle contained by DB, SC, to twice 
the rectangle contained by DA, SC; that 
s, as DB to twice DA. The ſame way it 
i ſhown, that the ſquare of PV is to the 
tectangle SVR as DB to twice DP: but the 
area TNAK is [22.] to the rectangle 
SAK as the ſquare of AO to the rectangle 
ue Q therefore the area TNAK will be 
ich! to the . SAK as DB to twice DA; 
the I i 2 that 
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that is, as the rectangle contained by DB, 
AF, to twice the rectangle DAF: but the 
rectangle SA K is to the rectangle SPH as 
the rectangle DAF to the rectangle DPE; 
that is, as twice the rectangle DAF to 
twice the rectangle DPE ; therefore the a- 
rea TNAK is to the rectangle SPH as the 
rectangle contained by DB, AF, to twice 
the rectangle DPE : but becauſe the area 
TNPH is [22.} to the rectangle SPH as the 
ſquare of PV to the reAangle SVR; that 
is, as DB to twice DP ; inverſely, the rect- 
angle 8 PH is to the area TNPH as twice 
DP to DB; that is, as twice the rectangle 
DPE to the rectangle contained by DB, PE; 
therefore the area TNAK is to the area 
T'NPH as the redangle contained by DB, 
AF, to the rectangle contained by DB, 
PE; that is, as AF to PE; that is, as the 
fquare of SP to the ſquare of SA ; therefore 
the area TNAK will be to the area HPAK 
as the ſquare of SP to the exceſs of the 
ſquare of SP above the ſquare, of SA; that 
is, as the ſquare of SP to twice the rect- 
angle contained by SC, AP: but be- 
cauſe the rectangle SCB is equal to the 

ſquare 


L—— 
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ſquare of AC, the rectangle CSB will be 
equal to the rectangle ASP; therefore PS 
will be to SB as SC to CA: but becauſe 
the ſquare of PS is to the rectangle PSB as 
PS to SB, and the rectangle contained by 
SC, AP, is to the rectangle SAP as SC to 
CA ; therefore the ſquare of PS will be to 
the rectangle PSB as the rectangle contain- 
ed by SC, AP, to the rectangle SAP; that 
is, as twice the rectangle contained by SC, 
AP, to twice the rectangle SAP ; there- 
fore, alternating, the ſquare of SP will be 
to twice the rectangle contained by SC, AP, 
s the rectangle PSB to twice the rectangle 
SAP : but the area NAK is to the area 
HPAK as the ſquare of PS to twice the 
rectangle contained by SC, AP; therefore 
the area TNAK is to the area HPAK as 
the rectangle PSB to twice the rectangle 
SAP; that is, (becauſe the rectangle SAP 
s equal to the rectangle SPY), as the rect- 
angle PSB to twice the rectangle SPY ; that 
Is, as SB to twice PV. 

Becauſe the area TNAK is to th rect- 
angle SAK as DB to twice DA ; that is, as 
the rectangle contained by DB, SL, to 
twice the rectangle contained by DA, SL; 

and 


— —2— ——ů —— Sa I As x — = 
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and the rectangle SAK is to the rect. 
angle DAF as the rectangle SLG to the 
rectangle DLG; that is, as SL to DL; 
that is, as twice the rectangle con- 
tained by DA, SL, to twice the rectangle 
ADL; the area TNAK will be to the rect- 


angle DAF as the rectangle contained by 


DB, SL, to twice the rectangle ADL; and, 


alternating, the area TNAK will be to the 


rectangle contained by DB, SL, as the 
rectangle DAF to twice the rectangle ADL; 
that is, as AF to twice DL; that is, as the 
rectangle SAF to twice the rectangle con- 
tained by SA, DL; therefore, alternating, 


the area TNAK will be to the rectangle 


SAF as the rectangle contained by DB, SL, 
to twice the rectangle contained by SA, 
DL: but the rectangle SAF is [I I. Tr. 2. 
to the area EPAF as SP to PA; that is 
(becauſe the rectangle SPV is equal to the 
rectangle SAP); as SA to PV; that is, 2 
twice the rectangle contained by SA, DL, 
to twice the rectangle contained by P, 
DL ; therefore the area TNAK will be to 


the area EPAF as the rectangle contained 


by DB, SL, to twice the rectangle contain- 
ed * PV, DL; and, inverſely, the area 
EPAF 
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EPAF will be to the area TNAK as twice 
the rectangle contained by PY, DL, to the 
rectangle contained by DB, SL: but the a- 
rea TNAK is to the area HPAK as SB to 
twice PV; that is, as the rectangle con- 
tained by.SB, DL, to twice the rectangle 
contained by PY, DL ; therefore the area 


EPAP will be to the area HPAK as the 


rectangle contained by SB, DL, to the 
rectangle contained by DB, SL. &. E. D. 


PRO P. XXIV. Fig. 82. 
In the fliraight line PD, let 8, D, be two gi- 


ven points; and let the point S be between 


the points P, D; let EFG, HKC, be tao 
curves, ſuch, that if from any two points 


A, P, in SP, there be drawn AF, PE, 


perpendicular to AS, meeting the curve 
EFG in F, E, and likewiſe meeting the 
curve HKG in K, H, the ſquare of SA 
is to the ſquare of SP as PE to AF, lihe- 
wiſe the rectangle DAF is to the reftangle 
DPE as the rectangle SA K to the rectangle 
SPH; let the curves EFG, HKG, inter- 
ſect each other in G; and draw GL perpen- 
dicular 


| 
| 
| 
| 
| 
| 
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- @icular to SP, meeting SP in L; let FR 
be to EH as AS to SP: PL will be to LA 
in the quadruplicate ratio of PS to SR. 


Let PM be to MA in the duplicate ratio 
of PS to Sa: becauſe, from the nature of 
the curves EFG, HKG, the rectangle 
DPE is to the rectangle SPH as the rect- 
angle DLG to the rectangle SLG; that is, 
as DL to LS; that is, as the rectangle con- Ms 
tained by DL, SP, to the rectangle LSP; 
alternating,” the rectangle DPE will be to Ne 
the rectangle contained by DL, SP, as the {Wt 
rectangle SPH to the rectangle LSP; that {Mic 
is, as PH to LS; that is, as the rectangle ſec 
DPH to the rectangle contained by DP, LS; NV 
alternating, the rectangle DPE will be to = 
the rectangle DPH as the rectangle contain- 
ed by DL, SP, to the rectangle contained 
by LS, DP; that is, PE will be to PH as the 
rectangle contained by DL, SP, to the 
rectangle contained by LS, DP; there- 
fore PE will be to EH as the rectangle 
contained by DL, SP, to the exceſs of the 
rectangle contained by DL, SP, above the 

rectangle 


B W Fe 2 2 
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retangle contained by LS, DP: but the 
rectangle contained by DS, PL, is the ex- 
ceſs of the rectangle contained by DL, SP, 
above the rectangle contained by LS, DP; 
therefare PE is to EH as the rectangle con- 
nined by DL, SP, to the rectangle con- 
nined by DS, PL: but the reftangle EPL 
to the rectangle contained by EH, PL, 
s PE to EH; therefore the rectangle EPL 
j to the rectangle contained by EH, PL, 
s the rectangle contained by DL, SP, to 
he rectangle contained by DS, PL; and, 
ternating, the rectangle EPL will be to 
be rectangle contained by DL, PS, as the 
ectangle contained by EH, PL, to the 
ectangle contained by DS, PL; that is, 
s EH to DS; that is, as the rectangle 
contained by EH, PS, to the. rectangle 
DSP; and, alternating, the rectangle EPL 
ill be to the rectangle contained by EH, 
8, as the rectangle contained by DL, PS, 
v the rectangle DSP; that is, as DL to 
DS. The ſame way it is ſhown, that the 
angle FAL is to the rectangle contained 
FK, AS, as DL to DS; therefore the 
ectangle EPL will be to the rectangle con- 
K k tained 


| 
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tained by EH, PS, as the rectangle FAL 
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to the rectangle contained by FK, AS ; and, 
alternating, the rectangle EPL will be to 
the rectangle FA as the rectangle contain- 
ed by EH, PS, to the rectangle contained 
by FK, AS: but becauſe EH is to FK as 
PS to SA, the rectangle contained by EH, 
PS, will be to the rectangle contained b 
FK, AS, as the ſquare of SP to the ſquare 
of SA; that is, as PM to MA; therefore 
the rectangle EPL will be to the rectangle 
FAL as PM to MA; that is, as the ſquare 
of PM to the rectangle PMA; and th: 
rectangle FAL is to the rectangle containec 
by EP, AL, as AF to EP; that is, as tht 
ſquare of SP to the ſquare of SA ; that 1s 
as PM to MA; that is, as the rectangl 
PMA to the ſquare of MA; therefore thi 
rectangle EPL is to the rectangle containet 
by EP, AL, as the ſquare 'of PM to th 
ſquare of MA; that is, PL is to LA: 
the ſquare of PM to the ſquare. of MA 
therefore PL is to LA in the duplicate r: 
tio of PM to MA: but PM is to MA | 
the duplicate ratio of PS to SA; ther} 

| fo 


x 
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ar fore PL is to LA in the Eng: | ratio 
of PS to SA, A E. D. 


PROP, XXV. - Fig. 83, 


dec 12 — be an ellipſe whoſe tranſverſe axis is 
95 AB, and focus 8; and in SA take SC e- 
qual to SB; 8 SD 10 any point D in 
the ellipſe ; and from E, a point in the ellipſe 
indefinitely near to the point D, - draw EF 
perpendicular to SD, meeting SD in F; in 
SC. take SG equal to SD: DF will be to 
FE in the ſubduplicate ratio of the rect. 
angle, AGC to the reftangle ASB. 


7.— 811 perpendicular to DH a tangent 
to the ellipſe at the point D; and let SH 
meet DH in H; let K be the other focus 
of the ellipſe ; LS KD; and produce SC 
to L; and let SL be eq 1 to AB. 

Becauſe the ſum of 3D, DK, is equal to AB, 
that is, equal to SL, and, SD is equal to SG, 
DK will be equal to GL: and becauſe the 
Ml (quare of SH is [cor.. to prop. 21. Tr. 1.] to 
che rectangle ASB as SD to DK, the quare of 
In will be to the rectangle ASBas SG to GL; 
K k 2 that 


| 
b 
| 
| 
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| 
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' that is, as the ſquare of SG to the rect. 


angle SGL; and, alternating, the fquare 
of SH will be to the ſquare of SG as the 
tectangle ASB to the rectangle SGL ; there- 
fore, inverſely, the ſquare of SG will be to 
the ſquare of SH as the rectangle SG to 
the rectangle ASB : but the ſquare of SG is 
equal to the ſquare of SD; and the rect- 
angle ASB is equal to the rectangle SAL; 
therefore the ſquare of SD is to the 
ſquare of SH as the rectangle . SGL 
to the rectangle SAL ; therefore, by divi- 
ſion, the ſquare of DH will be to the ſquare 
of HS as the rectangle ACC to the red- 
angle SAL : but becauſe the point E is in- 
definitely near to the point D, and the angles 
EFD, SHD, are equal, becauſe both right, 


the triangles EFD, SHD, will be equiangu- 


lar ; therefore the ſquare of DF will be to the 
ſquare of FEas the ſquare of DH to the ſquare 
of HS; that is, as the rectangle AGC to the 
rectangle SAL ; that is, as the rectangle 
AG to the rectangle ASB; therefore DF 


is to FE in the ſubduplicate ratio of the rect- 
angle AGC to the rectangle ASB. GE. D. 


PROP, 


* 
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PROP. XVI. Fig. 84. 


Let there be a ſemicircle AHC, whoſe diame- 
ter is AC; and let 8 be a given point in 
CA produced; let the ſquare of AD be & 
ee e ASC; iet EFG be a 
curve, ſuch, that if from any point K in 
AC, there be drawn KH perpendicular to 
AC, meeting the ſemicircle AHC in H, 
and the curve EFG in E, the ſquare of SA 
is to the rectangle HKE as SK to AD, (it 
is evident that AD drawn perpendicular to 
SA, at the point A, «will be an aſymptote to 
the curve EFG); produce AS to B; and 

let SB be equal to SC ; let there be an ellipſe 

deſeribed whoſe tranſverſe axis is AB, and 
focus 8; if from any point K in AC, there 
be drawn KE perpendicular to AC, meet- 
ing the curve EFG in E; and with the cen- 
tre 8, and diſtance SK, à circle be deſcrt- 
bed meeting the ellipſe in L; and SL be join- 
ed, meeting the circle deſcribed with the 
centre 8, and diſtance SA, in M: the area 
contained by AK, KE, the afymptote AD, 
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and curve EFG indefinitely produced, will 
be ago * the Jector ASM, 


Let KA be divided into 3 lit- 
av parts in a, b, c, &c.; draw aF, bG, 
N, c. perpendicular to KA, meeting the 
curve EFG in F, G, N, Sc.; with the 
centre 8, and diſtances Sa, Sb, Sc, &c. let 
there be cireles deſcribed, meeting the el- 
lipſe in d, e, . &.; join Sd, Se, Sf, &c. n 
meeting the circle deſcribed; with the centre ˖ 
8, and diſtance 8A, in g, b, E, &c. draw 
Al perpendicular to SL, meeting SL in /. 4 
-* Becauſe the ſquare of KH is equal to the WW , 
rectangle AKC, and the ſquare of AD e- 
qual to the rectangle ASC; that is, equal i ;, 
to the rectangle ASB, becauſe SB, SC, are f 
equal; therefore HK will be to AD in the WW 
ſubduplicate ratio of the rectangle AKC to A 
the rectangle ASB: but Li is [25.] to 7. 
in the ſubduplicate ratio of the rectangle I 10 
AKC to the rectangle ASB ; therefore L/ is fe 
to Id as KH to AD; that is, as the rect- 8 
angle SKH to the rectangle — hy by s 
AD, SK: but is to Mg as SL to SM; & 


| that i is, as SK to SA; that is, as the rect- I x 
angle 
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angle contained by AD, SK, to the rect- 
angle DAS; therefore L/ is to Mg as the 
rectangle SKH to the rectangle DAS. A- 
gain, becauſe, the ſquare of AS is to the 
rectangle HKE as SK to AD; that is, as 
the rectangle ASK to the rectangle DAS; 
alternating, the ſquare of AS will be to the 
rectangle ASK as the rectangle HKE to the 
rectangle DAS : but the ſquare of AS is to 
the rectangle ASK as AS to SK; that is, as 
the rectangle contained by AS, KH, to the 
rectangle SKH; therefore the rectangle 
contained by AS, KH, will be to the rect- 
angle SKH as the rectangle HKE to the 
rectangle DAS ; therefore, alternating, the 
tectangle contained by AS, KH, will be to 
the rectangle HKE as the rectangle SKH 
to the rectangle DAS: but AS is to KE as 
the rectangle contained by AS, KH, to the 
rectangle HKE; and L/ is to Mg as the 
rectangle SKH to the rectangle DAs; there- 
fore As is to KE as Li to Mg : but becauſe 
SK is equal to SL, and Sa equal to Sg, or 
87 (becauſe the point dis indefinitely near 
to the point L); therefore L/ is equal to 
Ka; therefore AS is to KE as Ka to Mg; 
therefore 
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therefore the reftangle EKa is equal to the 
rectangle contained by SA, Mg; that is, 
equal to the rectangle SMg: but the rec- 
angle EKa-is equal to the ſpace EKF; 
and the rectangle SMy is double of the ſec- 
tor SMg; therefore the ſpace EK is dou- 
ble of the ſector SMg. The ſame way it is 
ſhown, that the ſpace Fab is double of 
the ſector Sgh; and the ſpace ge N double 
of the ſector Sh, and fo on; therefore it 
is evident, that the ſpace contained by EK, 
KA, the aſymptote AD, and the curve 
EFG indefinitely produced, is double of 
the ſector ASM, 2, E. D. 


PROP. XXVII. Eg. 85. 


Suppoſe a body acki upon by a centripetal fre 
. tending to the centre 8, that is rectprocally 
4s the ſquare of the diſtance from the centre, 
to deſcend in the ftraight line AS from A to 
B; and at the point B let the body be pro- 
jetted in the direction BD, perpendicular to 
SB, with the velocity that would be acquired 
in falling from A to B; produce BS to F; 
and kt BF be equal to A8: the body will 
deſerts 
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deſcribe an ellipſe whoſe tranfoerſe axis is 
FB, and focus S. 


In AS take SN equal to AB; and upon 
AS, BN, deſcribe the ſemicircles ALS, 
BPN ; ſuppoſe the body at any point H in 
is orbit; join SH ; with the centre 8, and 
diſtance SH, deſcribe a circle meeting AS 
in K; draw BG, KL, perpendicular to AS, 
meeting the ſemicircle ALS in G, L; 
and join SL, meeting BG in M; let KL 
meet the ſemicircle BPN in P; and with 
the centre S, and diſtance SB, deſcribe a 
circle meeting SH in O; let SB be to S 
4 the velocity that would be acquired in 
falling from A to K to the velocity that 
would be acquired in falling from A to B; 
that is, [12. Tr. 2.] as BM to BG; 
and let the exceſs of the ſquare of SK a- 
boye the ſquare of SQ be to the ſquare of 
$Q as the ſquare of SK to the ſquare of SR; 
let TVX be a curve, ſuch, that drawing 
KV perpendicular to SK, meeting the 
curve TVX in X, SR will be to KV as the | 
ſquare of SK to the ſquare of SB; there- 
fore [19. Tr. 1.] the area contained by BK, 

LI KV, 
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| KV, the curve VT, and its aſymptote BG 
indefinitely produced, is double of the ſec- 
tor B80. 

Becauſe SK is to SB as KL to BM, and 
SB is to SQ as BM to BG, SK will be to 
SQ as KL to BG; therefore the ſquare 
of SK will be to the . ſquare of SQ as 
the ſquare of KL to the ſquare of BG; 
therefore, by diviſion, the exceſs of the 
{quareof SK above the ſquare of SQ will be to 
the ſquare of SQ as the exceſs of the ſquare 
of KL above the ſquare of BG to the ſquare 
of BG; that is, as the rectangle BKN to 
the ſquare of BG; that is, . as the ſquare of 
KP to the ſquare of BG : but the exceſs of 
the ſquare of SK above the ſquare of SQ is 
to the ſquare of SQ as the ſquare of SK to 
the ſquare of SR; therefore the ſquare of 
SK is to the ſquare of SR as the ſquare of 
KP to the ſquare of BG; therefore SK is to 
SR as KP to BG: but becauſe the rectangle 
contained by SK, SR, is to the rectangle 
SKV as SR to KV ; thatis, as the ſquare of 
SK to the ſquare of SB; the rectangle con- 
tained by SK, SR, will be to the ſquare of 


SK as the rectangle SKV to the ſquare of 
SB; 
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SB; therefore SR will be to SK as the 
rectangle SKV to the ſquare of SB; there- 
fore, inverſely, SK will be to SR: as the 
(quare of SB to the rectangle SK V: but SK 
is to SR as KP to BG; therefore the ſquare 
of SB will be to the rectangle SKV as KP 
to BG: but the rectangle SKV is to the rect- 
angle PKV-as SK to KP; therefore the 
ſquare of SB will be to the rectangle PKV 
33 SK to BG: and becauſe the area contain- 
ed by BK, KV, the curve VT, and its a- 
ſymptote BG, indefinitely produced, is dou- 
ble of the ſector BSO ; therefore it is evi- 
dent, [26.] that the point H is in the el- 
ipſe whoſe tranſverſe axis is BF, and focus 8. 
E. D. n c * 


PR OP. XXVII. kr. e 


In the ſtraigbt line AS, let S, B, he two gi 
ven points; and let the point 8 be between 
the points A, B; let CDE, FGH, be two 
curves, ſuch, that if from any two points 
A, K, in AS, there be drawn AC, KD, 
perpendicular to AS, meeting the curve 


CDE in C, D, and kkewiſe meeting the 


LI 2 


cui 
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curve FGH in F, G, the ſquare of SK it 

to the: ſquare ꝙ SA as AC to KD, likewiſe 

- the rectangle BAC is to the retlangl: 
| BK D as the rectangie Sa F to the reflangl: 
| | SKG ſuppoſe a body atted upon by 4 cen- 
| tripetal force tending to the centre 8 to de- 
- fcend in the flraight line AS; and the cen- 
tripetal force: at any tuo points A, K, 
to be as AF to KG; let the body at the 
point L be projected in the direftion LM, 
perpendicular to A8, witb the velocity that 
- would be acquired in falling from A to L, 
it is required to determine the path of the 


In BS take the point N, ſuch, that BN 
is to NS as BA to AS; and in NA take NP 
equal to AL; upon AN, LP, deſcribe the 
ſemicircles AON, PVL; ſuppoſe the body 
at any point Q, in its orbit; join SQ ; 
with the centre 8, and diſtance SQ, de- 
ſcribe a circle, meeting AS in R; draw 
LO, RT, perpendicular to AS, meeting 
the ſemicircle AON in O, T; join ST, 
"meeting LO in X; and let RT mect 

2:43 hs 
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the ſemicircle PVL in V; with the centre 
8, and diſtance SL, deſcribe à circle 
meeting SQ in V; let SL be to Sd as the 
velocity that would be acquired by falling 
from A to R to the velocity that would be 
acquired by falling from A to L; that is, 
[cor. 1. prop. 22.] as LX to LO; and let the 
exceſs of the ſquare of SR above the ſquare 
of $4 be to the ſquare of 8d as the ſquare of 
SR to the ſquare of Sf z+ let abe be a curve, 
ſuch, that drawing, from any-point R in 
AL, R6 perpendicular to AL, meeting the 
curve abr in 5, Sf will be to Rö as the 
ſquare of SR to the ſquare of SL. It is e- 
vident, that LO is an aſymptote to the curve 
ale; therefore 19. Tr. 1.] the area con- 
tained by LR, Rb, the curve ba, and its a- 
ſymptote LO indefinitely produced, will be 
double of the ſector LSV; produce LS to 
3 and let Sg be equal to SP; and with the 
tranſverſe axis Lg, and focus 8, let an el- 
lipſe be deſcribed ; and let the circle deſcri- 
bed with the centre 8, and diſtance Sa, 
meet the ellipſe in Y; and join SY, meet- 
ing the circle LV in Z; let the ſquare of 
L be equal to the rectangle LSg; that is, 

8 equal 
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equal to the rectangle LSP; let pr be 2 
curve, ſuch,” that if from any point R in 
PL there be drawn R, perpendicular to 
PL, meeting the curves abe, por, in 6, 7 
Rb will be to Rę as LO to LX. It is evi- 
dent, that LO will be an aſymptote to the 
curve pr; and that the area contained by 
Rb, RL, the curve bz; and the aſymptote 
LO, indefinitely produced, will be to the 
area contained by R, RL, che curve h, 
and the rere 
as LO to L. 

Becauſe SR is to SL as RT. to IX; and 
SL'is'to Sd as LX to LO. SR will be to 
8d, as RT to LO; therefore the ſquare of 
SR will be to the ſquare of Sd as the ſquare 
of R to the ſquare of LO; therefbre the 
exceſs of the ſquare of SR above the ſquare 
of Sd will be to the ſquare of 8d as the ex- 
ceſs of the ſquare of RT above the ſquare of 
LO to the ſquare of LO; that is, as the 
rectangle PRL to the ſquare of LO; that 
is, as the ſquare of RV to the ſquare of LO: 
but the exceſs of the ſquare of SR above 
the ſquare of Sd is to the ſquare of Sd as the 


ny of SR to the ſquare of Sf; _— 
: c 
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the ſquare of RV. is to the ſquare of LO 
as the ſquare of SR to the ſquare of Sf; 
therefore RV is to LO as SR to S/; there- 
fore, alternating, RV will be to SR as LO 
to Sf; that is, LO will be to Sf as RV to 
SR; that is, as the rectangle SRV to the 
ſquare of SR: but Sf is to Rb as the ſquare 
of SR to the ſquare of SL; therefore LO 
will be to Rb as the rectangle SRV; to the 
quare of SL; that is, the ſquare of SL 
will be to the rectangle SRV as R54.toLO: 
but the rectangle SRV is to the rectangle 
VRb as SR to Rb; therefore the ſquare of 
SL is to the rectangle VRG as SR to LO: 
but the rectangle VR5 is to the rectangle 
VRg as Rb to Rq; that is, as LO to LE; 
therefore the ſquare of SL is to the rectangle 
VRq as SR to L&; therefore [26.] the area 
contained by Rq, RL, the curve gp, and 
the aſymptote LO indefinitely produced, is 
double of the ſector LSZ: but the area 
contained by Rb, RL, the curve ba, and 
the aſymptote LO indefinitely produced, is 
double of the. ſetor LSV; therefore the 
ſector LSV will be to the ſector LSZ as the 
area contained by Rb, RL, the curve ba, 

; and 
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and the aſymptote LO indefinitely produ- 
ced, to the area contained by R, RL, the 
curve 9p, and the aſymptote LO indefinite- 
ly produced ; that is, as LO to Lk; there. 
fore the angle LS is to the angle LSV as 
LO to Lk: but becauſe the ſquare of LO 
is equal to the rectangle ALN; that is, 
equal to the rectangle PNL, and the 
ſquare of L& is equal to the rectangle PSL, 
LO will be to L& in the ſubduplicate ratio 
of the rectangle PNL to the rectangle PSL; 
therefore the angle LSQ_ is to the angle 
LSV in the ſubduplicate ratio of the re&- 
angle PNL to the rectangle PSL. 9. E. I. 


From whence may be deduced the fol- 
lowing Bk 221 | 
CONSTRUCTION. 

In BS take the point N, ſuch, that BN 
is to NSas BA to AS; and in NA take NP 
equal to AL; produce LS to g; and let Sg 
be equal to SP; and with the tranſverſe 
axis Lg, and focus 8, let there be an ellipſe 


deſcribed; let Ln be a curve, ſo related 


to the ellipſe, that if, with the centre , 
; an 


&S 7. Þ i= yu = a5 


— 
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d any diſtance SY, a circle be deſcribed, 
meeting the ellipſe: in V, and the curve 
Ln in Q, and SY, 82, be drawn, 
the angle LSQ is to the angle LSV in the 
ſubduplicate ratio of the rectangle -PNL 
to the rectangle PSL ; the curve * will 
be the path of the body. da 
The demonſtration of this conſtruRtion i is 
obvious from the” fee 


Cox. It is evident, ae line of the 
whides of this trajectory has a progreſſive 
motion, and that the angle deſcribed by 
the body from any apſis to its return to the 
ame apſis again is to four right angles in 
the ſubduplicate ratio of the rectangle PNL 
to the rectangle PSL; likewiſe the area de- 
cribed' by the body revolving from any ap- 
is to the ſame apſis again will be to the area 
of the ellipſe whoſe tranſverſe axis is Lg, 
ind focus 8, in the ſubduplicate ratio of the 
ſectangle PNL to the rectangle PSBL. 


NM m Wy PR OP. 


£ 
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727 


. 


PROP. R. kt eu. 


Let S, D, n 3 paints in the fraigh 
line AC, and let the point 8 be betuueen 
tbe paints C, D; t EFG, HKC, te 

two curves, ſuch, that if from any tuo 
points A, C, in CS, there be drawn AF, 
CE, perpendicular to CS, meeting | the 
curve EFG in F, E, and likewiſe meeting 
tbe curve HRG in K, H, the ſquare © 
SA is to tbe ſquare of SC as CE to AF, 
liktewiſe the rectangie DAF is ta the red- 
angle DCE 'as the - reftangle SAK to the 
refangle SCH; Jet | the curves EFG, 
HRG, interſect each other in the point G, 
and draw GL perpendicular ta A8, mei. 
ing As in L; let the point A be' between 

the points C, L; in DS take the point 

M, ſucb, that DM is to MS as DC #o CS; 
in MC take MN equal to CA; produce AS 
to B, and let SB be equal to SN; with tl 
tranſverſe axis AB, and focus 8, let ther: 

be an ellipſe deſcribed ; let Aab be a curve, 
We related to the' ellipſe, that if, with the 
centre 8, and any diftance Sb, a circle be 
deſeribed, 


II. 


2 be 
bed, 
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Bertie Aer the curve Rab in l and 
the ellipſe in c, and Sb, Sc, be drawn, the 
angle ASb is to the angle Ade in the ſubdu- 
plicate ratio of the reftangle AMN to the 
reftangle ASN]; ſuppoſe a body atted upon 
by a centripetal force tending to the centre 
8 to deſcend in the ſtraight line CS, and 
the centripetal forte at any two points A, 
C, to be as AK CH; let the body at the 
point A be projected in the direction AO, 
perpendicular to AS, with the velocity that 
would be acquired by falling from C to A; 
the body will, by the laſt propoſition, deſeribe 
the curve Aab. ' Again, in AC take AP e- 
qual to SB; and ſuppoſe a body afted upon by 


à centripetal force tending to the centre 8, 


that is away as the ſquare of the di- 
france from the centre 8, to deſtend in the 


fraigbr line PS; and let this centripetal 


force at the point A be to the other centri- 
petal force at the point A as AF to AK; 

let the body at the point A be projected in 
the direction AO perpendicular to AS, with 


the velocity that would be acquired by fall- 


ing from P to A; the body will 127. de- 


ſerie the ellipſe whoſe tranſverſe axis is AB, 
M m 2 and 
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and focus S: the time the body deſcribing 
the curve Aab takes to revolve from any ap- 
is to the ſame apſis again will be to the pe- 
riodic time of the body deſcribing the ellipſe 
in Pe fu anbaan ratio of DL to LS. 


Drag CM let Sunita a nel deſeri 
bed, meeting AK in Q; join 8 meet- 
ing the circle CM in R; biſect MC in T; 
and draw PV perpendicular to SP, meeting 
the curve EFG in V; let Ad be a part of 
the curve Aa deſcribed in an indefinitely 
little part of time; and let Af be a part of 
the ellipſe deſcribed in the ſame time that 
Ad was deſcribed ; join 8d. &; in TA 
take TX, ſuch, that the rectangle 8 TX is 
equal to the ſquare of TA; let the area of 
the ellipſe whoſe tranſyerſe axis is AB, and 
focus 8, bean the eee 2 as the area ASf 
to the area ASd, 

Becauſe Ad, Af, are deſcribed i in the 
FW time, the area ASd will be to the area 
ASf. as /the- velocity at the point A of th 
body deſcribing the curve Aab to the velo- 
city at the point A of the body deſcribing 
the ellipſe ; but the velocity of the body at 

the 
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the point A deſcribing the curve Aab is to 


the velocity of the body at the point A de- 
cribing the ellipſe in the ſubduplicate ra- 
tio of the area HCAK to the area VPAF; 
therefore the area ASd is to the area  ASf 
in the ſubduplicate ratio of the area HCAK 
to the area VPAF, Becauſe DM is to MS 
3s DC to CS, and MC is biſeted in T; 
therefore [26. Tr. 2.] the rectangle DTS. 
s equal to the ſquare of TM: but the rect- 
angle STX is equal to the ſquare of TA; 
therefore the rectangle contained by DX, 
TS, is equal to the rectangle MAC; that 
is, equal to the ſquare of AQ; and 
5. Tr. 2.] the rectangle SQR is equal 
to twice the rectangle contained by DA, 
TS; therefore the ſquare of AQ will be to 
the rectangle SQR as the rectangle contain- 
ed by DX, TS, to twice the rectangle con- 
tained by DA, ITS; that is, as DX to twice 
DA: but [22.] the area HCAK is to the 
retangle SAK as the ſquare of AQ to the 
tectangle SQR ; therefore the area HCAK 
is to the rectangle SAK as DX to twice 
DA; that is, as the rectangle contained by 
DX, AF, to twice the rectangle DAF; and, 

| alternating, 
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alternating, the area HC AK is to the rect- 
angle contained by DX, AF, as the red- 
angle 8 AK to twice the rectangle DAF: 
but becauſe the rectangle S A is to the rect- 
angle DAF as SL to LD, the rectangle 
| SAK will be to twice the rectangle DAP as 
SL to twice LD; therefore the area HCAK 
will be to the rectangle contained by DX, 
AF, as SL to twice LD; that is, as the 
rectangle contained by SL, DX, to twice 
the rectangle LDX; and, alternating, the 
area HCAK will be to the rectangle con- 
tained by SL, DX, as the rectangle con- 
tained by DX, AF, to twice the rectangle 
LDX ; that is, as AF to twice LD; that is, 
as the rectangle SAF to twice the rectangle 
contained by A8, LD; therefore, alterna- 
ting, the area HCAK will be to the rect- 
angle SAF as the rectangle contained by 
SL, DX, to twice the rectangle contained 
by AS, LD. | | 

Becauſe MN is equal to AC, therefore 
MA, CN, are equal; therefore TA is e- 
qual to TN: and becauſe the rectangle 
STX is equal to the ſquare of TA; there- 
fore the rectangle TSX will be equal to the 

| | rectangle 

5 


— 
co 
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retangle ASN; therefore AS will be to SX 
8 TS to SN; therefore twice AS. will be 
to SX as twice TS to SN: but becauſe AP 
is equal to SB, that is, equal to SN, SP 
will be equal to twice ST; therefore twice 
AS will be to SX as SP to PA: but the 
tectangle SAF is to the area VPAF [II. 
Tr. 2. ] as SP to PA; therefore the rect- 
angle SAF will be to the area VPAF as 
twice AS to SX ; that is, as twice the rect- 
angle contained by A8, ILD, to the rect - 
angle contained by SX, LD; but becauſe 
the area HC AK is to the rectangle SAF as 
the rectangle contained by SL, DX, to 
twice the rectangle contained by A8, LD, 
and the rectangle SAF is to the area VPAF 
s twice. the rectangle contained by A8, 
LD; to the rectangle contained by SX, 
1 3 therefore the area HCAK is to 
be area VPAF as the rectangle con- 
tained by SL, DX, to the rectangle 
contained by SX, LD: and becauſe the 
area ASd is to the area ASf in the ſubdupli- 
cate ratio of the area HCAK to the area 
VPAF ; therefore the area ASd will be to 
the area ASf in the ſubduplicate ratio of 
the 
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the reQangle contained by SL, DX, to the 
rectangle contained by SX, LD; and, in- 
verſely, the area As will be to the area 
Asd in the ſubduplicate ratio of the rect. 
angle contained by SX, DL, to the red. 
angle contained by SL, DX. Becauſe the a- 
rea deſcribed by the body revolving in the 
curve Aab from any apſis to the ſame apſis 
again is [cor, prop. 28.] to the area of the 
_ ellipſe whoſe tranſverſe axis is AB, and fo- 
cus 8, in the ſubduplicate ratio of the rect 
angle AMN to the rectangle ASN; and the 
rectangle AMN is equal to the rectangle 
contained by DX, TS; and the rectangle 
ASN equal to the rectangle TSX; therefore 
the area deſcribed by the body revolving in 
the curve Aab from any apſis to the ſame 
apſis again is to the area of the ellipſe whoſe 
tranſverſe axis is AB, and focus S, in the 
ſubduplicate ratio of the rectangle contain- 
ed by DX, TS, to the rectangle TSX; 
that is, in the ſubduplicate ratio of DX to 
SX; that is, in the ſubduplicate ratio of 
the rectangle LD to the rectangle contain- 
ed by SX, LD. Becauſe the area ASf is 4 
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the area ASd as the area of the ellipſe whoſe 
tranſverſe axis is AB, and focus 8, to the 
pace Z, the area ASF will be to the area 
of the ellipſe whoſe tranſverſe axis is AB, 
ind Focus 8, as the area ASd to the ſpace Z. 
a- Becauſe the time the body deſeribing the 
ne curve Aab takes to revolve from any apſis 
ſis o the ſame apſis again is to the time in which 
he N the part Ad is deſcribed as the area deſeri- 
o- bed by the body revolving 2 to 
+. he ſame apfis again to the area Ad, and 

he Mike. time in which the part Ad is deſcribed 
equal to the time in which the part Af of 
the ellipſe is deſcribed ; therefore the time 
he body deſcribing the curve Aab takes ta 
eyolve from any apſis to the ſame apſis a- 
2in- is to the time in which the part A of 
he ellipſe 1s deſcribed, as the arta deſcribed 
by the body revolving from any apſis to the 
ame apſis again is to the area ASd: 
but the time in which the part M is de- 
cribed is to the periodic time of the body 
cribing the ellipſe whaſe tranſverſe axis 
AB, and focus 8, as the area ASf' to the 
rea of- the ellipſe z that is, as the area ASd 
b the ſpace ; therefore, by equality, 


' 
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the time the body deſcribing the curve Aab 


takes to revolve from any apſis to the ſame 
apſis again is to the petiodie time of the bo- 


dy deſcribing the ellipſe, as the area deſcri- 


bed by the body revolving from any apſis to 
the ſame apfis again to the ſpace Z. Be- 
cauſe the area deſcribed by the body revol- 
ving in the curve Aab from any apfis to the 
fame apſis again is to the area of the ellipſe 
whoſe tranſverſe axis is AB, and focus 8, in 


the ſubduplicate ratio of the rectangle LDX 


to the rectangle contained by SX, LD, 
and the area of the ellipſe whoſe tranſverſe 
axis is AB, and focus 8, is to the ſpace Z as 
the area: ASF to the area A8d; that is, in 
the ſubduplicate ratio of the rectangle con- 
tained by SX, LD, to the rectangle con- 
tained by SL; DX; therefore, by equality, 


the area deſctibed by the body revolving in 
the curve Aab from any apſis to the fame 


apſis again is ta the ſpace Z in. the ſubdu- 
plicate ratio of the rectangle LDX to the 
rectangle contained by SL, DX; that is 


in the ſubduplicate ratio of DL to LS: but 


the time the body deſcribing the curve Aa 
takes to revolve from any apſis to the ſame 
aplis again is to the periodic time of the bo- 

dy 
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dy deſcribing the ellipſe, as the area deſcri- 
bed by the body revolving from any apſis to 
the ſame apſis again is to the ſpace Z; 
therefore the time the body deſcribing the 
curve Aab takes to revolve from any apſis 
to the ſame apſis again is to the periodic 
time of the body deſcribing the ellipſe in the 
ſubduplicate ratio of DL to LS: 2. E. D. 


Cor. 1. The angle deſcribed by the bo- 
dy revolving in the curve Aab from any ap- 
ſis to its return to the ſame apſis again will 
be to four right angles in the ſubduplicate ra- 
tio of DX to XS. 

Becauſe the rectangle AM N is equal to 
the exceſs of the ſquare of TM above the 
ſquare of TA, and the rectangle DTS is e- 
qual to the ſquare of TM, and the rect. 
angle STX equal to the ſquare of TA; 
therefore the rectangle AM N will be equal 
to the rectangle contained by DX, TS; 
and becauſe the rectangle ASN is equal to 
the rectangle TSX; therefore the rectangle 
AMN will be to the rectangle ASN as the 
rectangle contained by DX, TS, to the 
eaangle TSX; that is, as DX to XS: but 

4 the 
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the angle A856 is to the angle ASc in the 
ſubduplicate ratio of the rectangle AMN to 
the rectangle ASN; therefore the angle 
Ass will be to the angle ASc in the ſubdu- 
plicate ratio of DX to XS: but it is evident, 
that the angle deſcribed by the body revol- 
ving in the curve Aab from any apſis to its 
return ta the ſame apſis again is to four 
right angles as the angle ASh to the angle 
ASc; therefore the angle deſcribed by the 
body revolving in the curve Aab from any 
apſis to its return to the ſame apſis is to four 
right angles in the ſubduplicate ratio of DX 


RS, VE. D D. 


Cor. 2. If the centrifugal force at the 
point A ariſing from the projectile force in 
the direction AO perpendicular to AS, be 
equal to the centripetal force AF; the rect- 
angle contained by DL, AS, will be equal 
to the rectangle contained by DX, SL. 
Becauſe the centrifugal foree at the point 
A ariſing from the projectile force in the 
direction AO, perpendicular to AS, is I cor. 
2. to prop. 22. ] to the centripetal force AK 
as twice the ſquare of AQ to the rectangleſ 
SQR ; 
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QB; that is, as twice the reQangle con- 
tained by DX, TS, to twice the rectangle 
contained by DA, TS; that is, as DX to 
DA; AF will be to AK as DX to DA; 
therefore the rectangle DAF will be equal 
to the rectangle contained by DX, AK : 
but becauſe DL is to LS as the rectangle 
DAF to the rectangle SAK ; therefore DL 
will be to LS as the rectangle contained 
by DX, AK, to the rectangle SAK ; that 
is, as DX to AS; therefore the rectangle 
contained by DL, AS, will be equal to the 
tectangle contained by DX, SL. VE. D. 


PROP. XXX. Fzg. 88. 


\ 


Let B, A, D, be three points in a ſtraight 
line, and let the point A be between the 
points B, D; kt E be a point in AD, ſuch, 
that BE is to EA in the quadruplicate ra- 
tio of BD to DA; biſet AB in C; if BA 
be little in comparifon of BD, DC will be 
nearly quadruple of CE. 


In AD take the point F, ſuch, that BF 
s to FA in the duplicate ratio of BD to 
DA; 
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DA; in BC take CK, CL, ſuch, that the 
rectangle DCK is equal to the ſquare of 
CA; and likewife the ani F CL equal 
to the ſquare of AC. 

Becauſe BE is to EA in the quadruplicate 
ratio of BD to DA, and BF is to FA in 
the duplicate ratio of BD to DA, the ſquare 
of BD will be to the ſquare of DA as BF to 
FA, and likewiſe the ſquare of BF will be 
to the ſquare of PA as BE to EA. Again, 
becauſe the ſquare of BD is to the ſquare of 
DA as BF to FA, the fum of the ſquares of 
BD, DA, will be to the difference of the 
ſquares of BD, DA, as the ſum of BF, FA, 
to AB; that is, as FC to CA: but becauſe 
the ſum of the ſquares of BD, DA, is dou- 
ble of the ſum of the ſquares of CD, CA; 
and the difterence of the ſquares of BD, 
DA, double the rectangle contained by 
DC, AB; therefore the ſum of the ſquares 
of DC, CA, will be to the rectangle con- 
tained by DC, AB, as FC to CA: but be- 
cauſe the ſquare of CA is equal to the rect- 
angle DCK, the ſum of the ſquares of DC, 
_ CA, will be equal to the rectangle CDK; 
1 the ſum of the ſquares of DC, CA. 


will 
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will be to the rectangle contained by DC, 
AB, as the rectangle CDK to the rectangle 
contained by CD, AB; that is, as DK to 
AB; therefore DK will be to AB as FC to 
CA : but AB is double of CA, therefore DK 
is double of FC. The ſame way it is 
ſhown, that FL is double of EC: and bes 
cauſe the rectangles DCR, FCL, are each 
of them equal to the ſquare of CA; and AC 
s little in compariſon of CD; therefore CK, 
CL, will be little in compariſon of DC, CF; 
therefore DK, DC, will be nearly equal ; 
and likewiſe FL, FC, nearly equal; there- 
fore DC will be nearly double of CF, and 
CF-nearly double of CE; therefore DC will 
be nearly quadruple of EC. L. E. D. 
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Ef there be an ellipſe whoſe — 
axis i AB, and centre C; let CD be 
Ralf the Ieſer axis; in CA take CE, CG, 
. equal iu ont another; and take CF in CA, 
: ſuch,” that" the ſquare of CE is to the rec. 
ang BFG as the ſquare of CA to the 
uur of CD; with the centre C, and di- 
Pants CF, let there be a circle FKP d- 
 feribed; from C draw CH 10 any point H 
in the ellipſe meeting the circle FKP in K; 
and draw KL perpendicular to AB, meet- 
ing AB in L; the ſquare of CE will be 10 
the rectangle ELG as the _ of CH 70 
the ſquare of CD, 


With the. centre C, and diſtance CD, 
deſcribe the circle DQO; draw HR per- 
pendicular to CD, meeting CD in R, and 
the circle DQO.in Q, S; and draw KM 
en nd to CD, mecting CD in M; 

e 


and let CH meet the circle DQO in N, O; 
let CD meet the ellipſe in T. 

Becauſe the ſquare of CE is to the rect- 
angle EFG as the ſquare of CA to the 
ſquare of CD; that is, as the ſquare of HR 
to the rectangle DRT, or the ſquare of QR; 
therefore, converſely, the ſquare of CE 
will be to the ſquare of CF as the ſquare 
of HR to the rectangle QHS; and the 
ſquare of CF, that is, the ſquare of CK. is 
to the ſquare of KM as the ſquare. of CH 
to the ſquare of HR; therefore, by pertur- 
bate equality, the ſquare of CE is to the 
ſquare of KM as the ſquare of CH to the 
rectangle QHS : but the ſquare. of KM is 
equal to the ſquare of CL; and the rect- 
angle QHS is equal to the rectangle NHO; 
therefore the ſquare of CE is to the ſquare 
of CL as the ſquare of CH to the. rectangle 
NHO; and therefore, converſely, the 
{quare of CE is to the rectangle ELG as the 
quare of CH to the _ of CN, or CD, 
V E. D. 


Oo e 
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PROP. Il. Fig. 90. 


Let there be à circle whoſe diameter is AB, 
and centre C, and let DE be the diameter 
perpendicular to AB; in CA take any point 
F, and in CB take CG equal to CF; in 
CA produced take any point H, and in CB 
produced take CK equal to CH; in CA 
take CL ſuch, that the ſquare of CL is to the 
fquare of CA as the rectanglè HFK to the 
rectangle HAK; and in CD take CM 
ſuch, that the ſquare of CD is to the ſquare 
CM as the ſquare of CH to- the rectangl. 

HFRK; - with' the ſertiaxes CL, CM, tt 
there be an ellipſe LMNO deſcribed; draw 
CP to any point P in the ellipſe, meeting 
the circle ADB in Q, R; from Q drau 
QT perpendicular to AB, meeting AB in 
T: the ſquare of CP will be to the reti- 
angle QPR as the -reftangle HFK to the 
rectangle FTG; likewiſe the ſquare of C 
will be to the rectangle QPR as the rei- 
angle HTK. to the rectangle FTG. 

8 Draw 
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Draw FS perpendicular to AB, meeting 
the circle ADB in S. 
Becauſe the ſquare of CL is to the ſquare 
of CA as the rectangle HFK to the rect- 
angle HAK; by diviſion, the rectangle 
LAN will be to the fquare of CA as the 
— FAG; that is, the rectangle AFB 
the rectangle HAK; and, alternating, 
* rectangle LAN will be to the rectangle 
AFB as the ſquare of CA to the rectangle 
HAK; therefore, by compoſition, © the 
rectangle LFN will be to the rectangle 
AFB, that is, to the ſquare of FS, as the 
ſquare of CH to the rectangle HAK : but 
becauſe the ſquare of CL is to the 'ſquare 
of CA as the rectangle HFK to the rect- 
angle HAK; and the ſquare of CA, or CD, 
is to the ſquare of CM as the ſquare of CH 
to the rectangle HFK, the ſquare of CL 
will be to the ſquare of CM as the ſquare 
of CH to the rectangle HAK; there- 
fore the rectangle LFN will be to the 
ſquare of FS as the ſquare of CL to the 
ſquare of CM ; therefore the point 8 is in 
the ellipſe : and becauſe the ſquare of CL 
O o 2 is 
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is to the ſquare of CA as the rectangle 
HFK to the rectangle HAK, and the rect- 
angle HFK is greater than the rectangle 
HAK, the ſquare of CL is greater than 
the ſquare of CA; therefore CL is greater 
than CA; therefore the point L is without 
the circle; and therefore the portion of the 
ellipſe intercepted between L, 8, falls with- 
out the circle. Again, becauſe the ſquare 
of CD.is to the ſquare of CM as the ſquare 
of CH to the rectangle HFK, and the 
ſquare of CH is greater than the rectangle 
HF KR; therefore the ſquare of CD is great- 
er; than the ſquare of CM]; therefore CD 
is greater than CM; therefore the point M 
falls within the circle; and therefore the por- 
tion of the ellipſe intercepted between N. 8, 
falls within the circle. 

Again, becauſe the ſquare of CHi is to 
the rectangle HFK as the ſquare of CD, or 
CA, to the ſquare. of CM]; inverſely, the 
rectangle. HFK will be to the ſquare of CH 
as the ſquare of CM to the ſquare of CA; 
and the ſquare of CH is II. ] to the rect- 


angle HTK. as the _ of CP to the 
{quare 


> 
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(quare of CM therefore, by perturbate equa- 
lity, the rectangle HFK will be to the rect- 
angle HTK as the ſquare of CP to the ſquare 
of CA, or CQ; therefore, converſely, the 
retangle HFK will be to the rectangle FTG 
as the ſquare of CP to the rectangle QR; 
and, by diviſion, the rectangle HTK will be 
to the rectangle FTG as the ſquare of C 
tothe rectangle OR. , E. D. 


PR OP. III. Eg. 90. 


The ſame confrutiion remaining as inthe former 

propofition, 1f the rectangle AFB be not 
leſs than the ſquare of CF, the rectangle 
LCM vill be "_ than the ſquare 
of mand 


Let the Gwen of the line p be equal to 
the rectangle LAN, and the ſquare of the 
line ꝙ equal to the rectangle HFK. 

Becauſe the rectangle AFB, that is, the 
ſquare of FS, is not leſs than the ſquare of 
CF, therefore FS is not leſs than CF: and 
becauſe CL is greater than CA, therefore 
the rectangle contained by CL, FS, is 

greater 


4 
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greater than the rectangle contained by CA, 
CF: and becauſe the rectangle HFK, that 
is, the ſquare of ꝗ is to the rectangle FAG 
as the ſquare of CL to the rectangle LAN; 
and the rectangle FAG, that is, the rect- 
angle AFB, is equal to the ſquare of FS, 
and the rectangle LAN equal to the ſquare 
of p; the ſquare of g will be to the ſquare 
of FS as the ſquare of CL to the ſquare of 
p; therefore q will be to FS as CL to p; 
therefore the rectangle contained by y and 
is equal to the rectangle contained by CL, 
FS: but the rectangle coutained by CL, 
FS, is greater than the rectangle contained 
by CA, CF; therefore the rectangle con- 
tained by p and 9 is greater than the rect- 
angle contained by CA, CF; therefore the 
ratio of þ to CA is greater than the ratio of 
CF to g; therefore the ratio of the' ſquare 
of p to the ſquare of CA is greater than the 
ratio of the ſquare of CF to the ſquare of 
4; that is, the ratio of the rectangle LAN 


to the ſquare of CA is greater than the ratio 


of the ſquare of CF to the rectangle HFK : 
but [2. ] the rectangle DME is to the ſquare 
of CM as the ſquare of CF to the rectangle 

HFK ; 
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HFK; therefore the ratio of the rectangle 
LAN to the ſquare of CA is greater than 
the ratio of the rectangle DME to the ſquare 
of CM; therefore, by compoſition, the ratio 
of the ſquare of CL to the ſquare of CA is 
greater than the ratio of the ſquare of CD, 
or CA, to the ſquare of CM; therefore the 
ratio of CL to CA is greater than the ratio 
of CA to CM ; and therefore the rectangle 
LCM is greater than the ſquare of CA. 
EL E. D. 


PROP. IV. Fig. gt. 


Let. A, B, be two points in the ſemidiameter 
a circle whoſe centre is C, and let the 
rectangle ACB be equal to the ſquare of the 
ſemidiameter ; biſeft AB in D; from the 
point A draw AF to any point F in the cir- 
cle; and draw FM perpendicular to AB, 
meeting AB in M ; the ſquare of AF will be 
equal to twice the reftangle contained by 
AC, DM. | 


Draw DE perpendicular to AB; and 


draw FE parallel to AB, meeting DE in 
| E, 
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E, and the circle in H; join CE, CF, 
CH, and let CE mieet the circlein K, L; 
produce AC to G, and let AC, CG, be 
equal; join GF, GH, AH, AE. 

- Becauſe the ſquare of CD is equal to the 
rectangle ACB together with the ſquare of 
AD; that is, equal to the ſquare of the ſe- 
midiameter together with the ſquare of AD; 
therefore, adding the ſquare of DE to both, 
the ſquare of CE will be equal to the ſquare 
of the ſemidiameter together with the ſquare 
of AE; therefore, taking the ſquare of the 
ſemidiameter from both, the ſquare of AE 
will be equal to the retangle KEL ; that 
is, equal to the rectangle FEH ; and there- 
fore FE is to AE as AE to EH ; therefore 
the triangles AEF, AHE, are ſimilar ; and 
the angle EAF will be equal to the angle 
AHE; that is, equal to the angle HAG. 
Again, becauſe the angle ACF is equal to 
the angle CFH; that is, equal to the angle 
CHF, or GCH; the angle ACH will be e- 
qual to the angle GCF: and becauſe AC, 
CH, are equal to GC, CF, the triangles 
ACH, GCF, will be every way equal; 
and the angle CGF will be equal to the 
| angle 
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angle HAG; that is, equal to the angle 
EAF : and becauſe the angles EFA, FAG, 
are equal, the triangles AEF, FAG, will 
be ſimilar ; and therefore EF will be to FA 
FA to AG; therefore the ſquare of AF 
is equal to the rectangle contained by EF, 
AG ; that is, equal to the rectangle con- 
tained by DM, AG; that is, equal to 
twice the r. by _ _ 
Y E. . ; 


PROP. a eco 


Let ABC, DEF; be tuo circles ae by 
bodies revolving with an equable motion, 
and therefore acted upon by centripetal for- 
ces tending to the centres G, H; let GA be 
to HK in the duplicate ratio of the periodic 
time in which the circle ABC is deſcribed to 
| the periodic time in which the circle DEF is 
deſeribed : the centripetal force of the body 
in the circumference ABC tending to the cen- 
tre G 1s to the centripetal force of the body in 
the circumference of the circle DEF _— 
Wire HOI HD. 
P P, :x Let 
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Let the arcs AB, DE, be deſcribed in an 
indefinitely ſmall part of time; and let the 
circumference ABC be to the are AN as the 
circumferthee DEF to the are DE; let GA, 
DH, meet the circles in C, F; and draw 
BL, EM. n to mY DF, meet- 
ing AC, DF, in L, M. 

Becauſe the motions * equable, the 
time in which the circumference ABC is 
deſcribed will be to the time in which the 
arcs AB or DE is deſcribed as the cir- 
cumference ABC to the arc AB; and the 
time in which the arc DE is deſcribed is to 
the time in which the circumference DEF 
is deſcribed as the are DE to the circumfe- 
rence DEF; that is, as the are AN to the 
circumference ABC; therefore, by equali- 
ty, the time in which the circumference 
ABC is deſcribed is to the time in which 
the circumference DEF is deſcribed as the 
arc AN tothearc AB ; therefore the ſquare 
of the arc AN will be to the ſquare of the 
arc AB in the duplicate ratio of the periodic 
time in which the circle ABC is deſcribed 
to the periodic time in, which the circle 
DEF 
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DEF is deſcribed; therefore GA will be 
to HK as the ſquare of the aro AN to the 
ſquare of the arc AB: but GA is to HK as 
the ſquare of GA to the rectangle contain- 
6d by GA, IK ; therefore" the ſquare of 
GM is to the rectungle contained by GA, 
HK, as the n AN to the 


(quare of the are AN will be to the due 
of the are AB as the ſquare of GA to the 
reAangle contained by GA, HK. Again, 
becauſe the are DE is to the circumference 
DEF as the are AN to the circumference 
ABC, the are DE will be to the are AN as 
the circumference DEF to the circumfe- 
tence ABC; that is, as HD to GA; there- 
fore the ſquare of the arc DE will be to 
the ſquare of the arc AN as che ſquare of 
HD to the ſquare of GA: but the ſquare 
of the ate AN is to the ſquare of the arc 
AB as the ſquare of GA to the rectangle 
contained by GA, HK; therefore the 
ſquare of the arc DE will be'to the- ſquare 
of the are AB as the ſquare of D to the 
rectangle contained by HK, GA: but be- 
2 the arcs DE, AB, are indefinitely lit- 

RAY P p 2 tle, 
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tle, the ſquare, of the arc DE will be to 
the ſquare of the are AB as the rectangle 
FDM to the/reftangle CAL; therefore the 
ſquare of HD will be to the rectangle con- 
tained, by GA, HK, as the rectangle FDM 
to the rectangle CAL z- thats, as the rect- 
angle HDM to the rectangle GAL; and, 
alternating, the ſquate of HD will be to the 
rectangle HDM as the rectangle contained 
by GA. HK, to then rectangle GAL; 
therefore HD will be to DM as HK to AL; 
and, alternating, DH will be to HK as 
DM to AL : but becauſe the ares AB, DE, 
are deſcribed in an indefinitely little time, 
DM will be to AL as the centripetal- force 
at D to the centripetal force at A; therefore 
the centripetal force at D is to the centripe- 
tal force at A as HD to HK; and, inverſe- 
Iy, the centripetal force at A will be to 

the centripetal force at D as Wer a un 
s * 7.” oil 26 HA 


„Con. IF the;cirles 15 IO be e⸗ 
al. the centripetal forces will/ be to each 
other reciprocally in the duplicate ratio of 


Becauſe 
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Becauſe the circles ABC, DEF, are e- 
qual, HD, AG, will be equal; therefore 
HK will be to HD as HK to AG; but be- 
cauſe AG is to HK in the duplicate ratio of 
the periodic time in which the circle ABC 
is deſcribed. to the periodic time in which 
the circle DEF is deſcribed, HK will be to 
AG in the duplicate ratio of the periodic 
time in which the circle DEF is deſcribed 
to the periodic time in which the circle 
ABC is deſcribed ; and therefore the cen- 
tripetal force of the body in the circumfe· 
rence of the circle ABC will be to the cen · 
ripetal force of the body in the circumfe- 
rence of the circle DEF in the duplicate ra- 
tio of the periodic time in the circle DEF 
to the POT time in the circle ABC. 


RO P. vr Fig. 93- 


Let ABCD- e the orbit of the. moon 
round the earth at T, $ the ſun ; and ſup- 
poſing the orbit of the moon to be à circle, 
and to coincide with the plane of the ecliptic, 
it is requirgd fo e the forces with 

a which 
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1. 87 ade attle ABCD'i in A; 
05 and ſuppoſe the moon at any point Lin 
its orbit; join SL, TL; in SL take LE, 
ſuch, that the ſquare of SL is to the ſquare 
of 8T as ST to LE; draw LF parallel and 
equal to 8 T; and N road the” I f 
prin EFLG. 

" Becauſe the F ud er SL is the ſquare 
of ST as ST to LE. if ST repreſent the 
force of the earth to the ſun, LE will _ 

the Fore LE be reſolved into the deren 
LF, LG: becauſe TS, FL, are equal and 
parallel the forces T8, FL, do not diſturb 
the motion of the moon and earth with re- 
ſpect to one another; there remains there- 
fore only the force LG to be conſidered. 
Draw GN perpendicular to TL, meeting 
TL in N; and complete the parallelogram 
LNGO; the force LG may be refolved in- 
to the forces LO, LN, and the force LO 
may be altogether neglected, becauſe, when 
we moon is at the ſame diſtance from the 


point 
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point A, its effect is quite oppoſite and e- 
qual, and exactly balances the other effect; 
ſo that this force does not affect the perio- 
dic time of the moon round the earth; 
there remains therefore only the force LN 


to be conſidered. If the point N falls with- 


out the circle, the action of the ſun upon 
the moon diminiſhes the gravity of the 
moon to the earth; if the point N falls 
within the circle, the action of the ſun up- 
on the moon increaſes the gravity of the 
moon to the earth; and if the point N co- 
incides with the point L, the action of the 
ſun upon the moon has no effect. 10 
In ST take TP on the ſame fide the cen- 
tre 4 with 8; and let the rectangle STP 
be equal to the ſquare of TA; biſect 8p 
in Q, and ST in R; and in ST take TK, 
ſo, that ST may be triple of TK; let LM 
perpendicular to TA, meet TA in M; in 
TA take T6, fo, that the ſquare; of TA 
may be triple the ſquare of Th; and in TC 
take Te, equal to'Th; let LG meet ST in 
H; and draw HZ — to TL, 
meeting TL in Z. 
Becauſe the ſquare of SL is to he ſquare 
of 


* 
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of ST as ST to LE; and the ſquare of SL 
is [4.] equal to twice the rectangle contain- 
ed by QM, ST, twice the reQangle con- 
tained by QM, ST, will be to the ſquare 
of ST as ST to LE; that is, twice QM 
will be to ST as ST to LE; therefore QM 
will be to RT as ST to LE: but SH is to 
SL as ST, or EG, to EL; therefore QM 
will be to RT as SH to SL. Again, be- 
cauſe the rectangle STP is equal to the 
ſquare of TA, ST will be to TA as TA 
to TP: but becauſe ST, the diftance of the 
ſun from the earth, is great in compariſon 
of TA, the diſtance of the moon from the 
earth, TA will be great in compariſon of 
TP; therefore TS, SP, may be conſidered 
as equal; and therefore QT, TR, may be 
conſidered as equal, and the points Q,R, 
as coinciding ; therefore QM, MR, may be 
conſidered as equal; therefore MR will be to 
RT as HS to SL: but becauſe TS is great 

in compariſon of TA, or TL, the angle 
TSL will be little; therefore LS, SM, 
may be conſidered as equal ; therefore MR 
will be to RT as HS to SM; therefore, 
inverſely, TR will be to RM as MS to 
SH; therefore TM will be to MH as RT 


to 
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to SM: but SM is nearly double of RT, 
therefore HM will be nearly double of TM; 
and therefore TH may be conſidered as 
tnple of TM : becauſe ST is triple of TK, 
and HT triple of TM, SH will be triple of 
KM ; therefore MK will be to KT as HS 
to ST, or EO; that is, as HL to LG; that 
is, as ZL to LN: but the rectangle TLZ 
s to the rectangle TLN as ZL to LN; 
therefore MK is to KT as the rectangle 
TLZ to the rectangle TEN : and becauſe 
the angles TZ H, TML, are equal, be- 
cauſe both right, the rectangle LTZ. will 
be equal to the rectangle HTM ; that is, 
equal to thrice the ſquare of TM: and be- 
cauſe the ſquare of TL, or TA, Is triple 
the ſquare of T, therefore the reQangle 
TLZ will be triple the rectangle eM; and 
therefore MK will be to KT as thrice the 
rectangle. eMb to the reQangle TLN; 
therefore MK will be to ST as thrice the 
rectangle eMb to thrice the rectangle TLN; 
that is, as the rectangle eMb to the rect- 
angle TLN : but the rectangle contained 
by MK, TL, is to the rectangle STL 
as MK to ST; therefore the rectangle con- 


Qq tained 


zo6 TRACTS, Pavysicar Tr. IV. 


tained by MK, TL, will be to the rect- 
angle 8 TL as the tectangle eMb to the 
rectangle TLN; and therefore, alternating, 
the rectangle contained by MK, TL, will 
be to the rectangle eM as the rectangle 
STL to the rectangle TLN; that is, as 
ST to LN: and becauſe the centripetal 
force of the earth to the ſun is to the di- 
ſturbing force of the ſun upon the moon at 
the point L as 'ST to LN; therefore the 
centripetal force of the earth to the ſun will 
be to the diſturbing force of the ſun upon 
the moon at the point L as the rectangle 


contained by MK, IL, to 0 of n eee 


og . E. 2 hh ot: 


CONSTRUCTION. 


In ST take TK, fo, that ST may be 
triple of TK ; and i in TA take T5, fo, that 
the ſquare of TA may be triple the ſquare 
of T5; and in TC take Te equal to Th; 
ſu uppoſe the moon at any point L in its or- 
bit; draw LM perpendicular to TK, meet- 
ing TK in M; the centripetal force of the 
earth to'the fun will be to- the diſturbing 


force of the fun upon the- moon at the 
As point 
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point L, as the rectangle contained by MK, 
TL, to the rectangle. MC. If the point 
M falls without 5, e, the diſturbing force 
diminiſhes the gravity. of the moon to the 
earth; but if the point M falls between 4, 
e, the diſturbing force increaſes the gravity 
of the moon to the earth; and if the point 
M coincides with either of the points &, e, 
the diſturbing force has no effect. 


Con. The force of the earth to the ſun | 
is to the ſolar force acting upon the moon 
in the direction LH nearly as ST to LH. 

Becauſe TH is little in compariſon of ST, 
SH, ST, may be conſidered as equal; that 
is, SH, EG, may be conſidered as equal; 
therefore LH, LG, may be conſidered as 
equal: but ST repreſents the force of the 
earth to the ſun, and LG repreſents the ſo- 
lar force acting upon the moon in the direo-— 
tion LH ; therefore the force of the earth 
to the ſun is to the ſolar force acting upon 
the moon in the direction LH nearly as ST to 
LH. 1 K E. D. 


Aa PROP. 
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"PROP. VII. Nr. 53. 


The ſame conflruttion remaining as in the for. 
mer propofitron ; and let TA be to TV in 
the duplicate ratio of the periodic time of the 


the earth round the ſun; the centripetal force 
of the moon to the earth will be to the diſturb- 
ing force of the ſun upon the moon at the 
Point L nearly as the reflangle VTL or 
VITA to thrice the recbangle eMb. | 


Becauſe LZ'is to LN as LH to LG, that 
is, as SH to EG, or ST, and 8H, ST, 
are nearly equal, becauſe TH is little in 
compariſon of ST ; therefore LZ, LN, 
may be conſidered as equal; therefore the 
rectangle TEN will be nearly equal to thrice 
the rectangle eM. Becauſe TA is to TV 
in the duplicate ratio of the periodic time of 
the moon round the earth to the periodic 
time of the earth round the ſun, the centri- 
petal force of the moon to the earth - will 
be to the centripetal force of the earth to 
the ſun [5.] as TV to TS: but the centri- 


petal 


moon round the earth to the periodic time of 


hh 22> #., wm > a ww 
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petal force of the earth to the ſun is to the 
diſturbing force of the ſun upon the moon 
as ST to LN; therefore the centripetal 
force of the moon to the earth will be to the 
diſturbing force of the ſun upon the moon 
as TV toLN : but TV is to LN as the 
rectangle VTL to the rectangle TLN ; that 
is, as the rectangle VTL to thrice the rect- 
angle eM; therefore the centripetal force 
of the moon to the earth will be to the 
diſturbing force of the ſun upon the moon 
at the point L as the rectangle VTL to 
thrice the rectangle eMb. Q, E. D. 


PROP. VIII Rg. 94. 


Let ABCD repreſent the orbit of the moon 
round the earth at T, S the ſun; and ſup- 
poſing the orbit of the moon to be à circle, 
and to coincide with the plane of the eclip- 
tic; join ST meeting the orbit in A, C; in 
ST take TK, fo, that ST may be triple of © 
TK; produce TC ta P, fo, that TP, TK, 
may be equal; in TA take Tb, ſo, that 
the ſquare of TA may be triple the 
ſquare of Th ; and in r 

Tz; 
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II]; let L be any point in the orbit; draw 
TL meeting the orbit again in 1; draw 
LM perpendicular to AC, meeting AC in 
M; and take LN, ſuch, that the reftangle 
KMP may be to the rectangle eMb as the 
rectangle STK to the rectangle TLN : if 
ST repreſent the centripetal force of the 
earth to the ſun, LN will reprefent half 
the ſum of the diſturbing forces of the ſun up- 

on the moon at the points L, I, in its orbit. 


Draw Im perpendicular to AC, meeting 
AC! in ; and take MQ_ , mg, ſuch, that 
the rectangle contained by KM, TA, may 

be to the rectangle 'eMb as ST to M 
and likewiſe the rectangle contained by 


Km, TA, may be to the . eMb as 


ST to mg. 

. Becauſe the rectangle contained by KM, 
TA, is to the rectangle eM as ST to M, 
inverſely, the rectangle eM& will be to the 
rectangle contained by KM, TA; as M 
to ST: but becauſe the rectangle contained 
by Km, TA, is to the rectangle emb, or 
eMb, as ST to mg ; and the rectangle eMb 
is to the rectangle contained by KM, TA, 
4 as 


a. a A mz 8 — — Q — 5 
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33 MQ to ST; the rectangle contained by 
Km, TA, will be to the rectangle contain- 
ed by KM, TA, as MQ to mg ; that is, 
Km will be to KM as MQ_ to mg; there- 
fore K will be to the ſum of Km; KM, 
as MQ "to'the ſum of MQ, ng: but the 
ſum of Km, KM, is equal to twice KT, 
(becauſe TM, Tm are equal); therefore 
Km is to twice KT as MQ to the ſum of 
MQ , mg; and therefore K will be to 
MQ as twice KT to the ſum of M, 
mq : but the rectangle MKm is to the rect- 
1at angle KMQ as Km to MQ; therefore 
ay the rectangle MK will be to the rectangle 
; KM as twice KT to the ſum of M., 
0 ng: but the rectangle MK is equal to the 
as rectangle KM, becauſe Km, MP, are e- 

qual; therefore the rectangle KMP is to the 
. rectangle KM Q as twice KT to the ſum 
5 of MQ, u; that is, as twice the rect- 
c angle STK to the rectangle contained by 

ST, and the ſum of MQ, mg | 
Again, becauſe the retanalec contained by 
KM, TA, is to the rectangle eM as ST 
to MQ; that is, as the rectangle contain- 
| ed by ST, KM, to the rectangle KMQ; 
alternating, 


— > WY 
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alternating, the rectangle contained by KM, 
TA, will be to the rectangle contained by 
ST, KM, as the rectangle eM5 to the rect- 
angle KMQ; therefore TA will be to 
ST as the rectangle eM to the rectangle 
KMQ. ; and therefore the rectangle KMQ 
will be to the rectangle eMb as ST to TA, 
or TL; that is, as the rectangle contained 
by ST, and the ſum of MQ, n, to the 
rectangle contained by TL, and the ſum of 
M, mg: but becauſe the rectangle 
KMP is to the rectangle KMQ as twice 
the rectangle STK to the rectangle contain. 
ed by ST, and the ſum of M, mg; 
and the rectangle KMQ is to the rectangle 
eMb as the rectangle contained by ST, and 
the ſum of MQ, mg, to the rectangle 
contained by TL, and the ſum of MQ, 
ng; therefore, by equality, the rectangle 
KMP will be to the rectangle eM as twice 
the rectangle STK. to the rectangle contain- 
ed by TL, and the ſum of MQ, mg : but 
the rectangle KMP is to the rectangle eM 
as the rectangle STK to the rectangle 
TLN, that is, as twice the rectangle STK 
to twice the rectangle TLN ; therefore 

twice 
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1, © twice the rectangle STK will be to the 
y If [tangle contained by TL, and the ſum of 
t- YMQ_, my, as twice the rectangle STK to 
to I twice the rectangle. TLN; therefore twice 
) refangle contained by TL, and the ſum of 
\ M, mg; and therefore twice LN is e- 
d qual to the ſum of M, ng: but becauſe 
1c che rectangle contained by KM, TA, is to 
of be rectangle M as ST to M., and 
Sr 
ce ITA, is to the rectangle emò as ST. to ung; 
n- chere fore [G.] if ST repreſent the athtripe- 
al force of the earth to the ſun, M, 
ng, will repreſent the diſturbing. forces of 
the ſun upon the moon at the points L, , 
1 — (beacandh vitice!L.N 
s equal to the ſum of MQ, g,) if ST 
repreſent the centripetal force of the earth 
to the ſun, LN will repreſent half the ſum 
of the diſturbing forces of the ſun upon the 
nn, 4e E. "os | 


W = PROP. 
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seed ABCD ee ae 
ſent the orbit f the moon round the earth a 5 
T; let: ACbe the ſyzigial line, and BD the b 
line of the guadraturet; in TA tate Tb, 
.- fo, that the ſquare f TA may be triple th 
ſuare F Tb; and in IC take Te equal ii te 
I; produce TA to K; and let TK repre re 
ſent one third part of the diſtance of the ſul ;; 
from ibe earth; and produce TC to P; ank 
let N be equal to TK; in TK take TEY 4, 
- fuch, that the ſquare F TE is to the ſpuar T 
.- of TA as'the rectangle KbP to the rede 
angle KAP; and in TB take TF, fuchlll ,, 
tbat the ſquare of TB is to the ſquare of TI 90 
4s the ſquare of TK to the roctangle K N 
vwitb the. ſemiaxes TE, TF, let there | 
an ellipſe EFGH deſcribed; take TQ F.. 
-« ſuch, that FK may be t TA as the ſquar,, 
of TA t0.the ſquare of TQ; draw TL qu 
any point L in the circle, meeting the ellipſſi : 
in 7 M, and the circle in I: the centripets 
force of the earth to the ſun will be to ha 
the ſum of the diſturbing forces of the ſul yy) 
=_ 
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upon the moon at the points L. 1, as the 


* . 


Square of TQ the rectangie LM. 
Draw LN perpendicular to AC; meeting 


ITA in N; and let thrice the ſquare of TK 


be to the rectangle TLO as the rectanglo 
KNP to the rectangle Me. 

Becauſe thrice the ſquare of TK is to the 
rectangle TLO as the rectangle KNP to the 
rectangle Ne, and the ſquare of TL or TA 
is [2.] to the rectangle LM / as the rectangle 


n KNP to the rectangle Ne; therefore thrice 


the ſquare of TK will be to the rectangle 


1 TLO as the ſquare of TL or TA to the 


tectangle LM/; therefore, alternating, 
thrice the ſquare of TK will be to the 


Th ſquare of TL or TA as the rectangle TLO 


to the rectangle LM. Again, becauſe the 
ſquare of of TK is to the rectangle ATK 
as 'TK to TA ; that is, as the ſquare of TA 
to the ſquare of TQ_;- alternating, the 
ſquare of TK will be to the ſquare of TA 
as the rectangle ATK to the ſquare of T 
therefore thrice the ſquare of TK will be to 
the ſquare of TA as thrice the rectangle 


af ATK to the ſquare of TQ: but thrice 


upo 


R r 2 the 
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the ſquare of TK is to the fquare of TA as 
the rectangle 'TLO to the rectangle LM“; 
therefore thrice the rectangle ATK will be 
to the ſquare of TQ as the rectangle TLO 
to the rectangle LM /; and, alternating, 
thrice the rectangle ATK will be to the 
rectangle TLO as the ſquare of TQ to the 
rectangle LMI; that is, (becauſe TA, ITL, 
are equal), thrice TK will be to LO as the 
ſquare of TQ to the rectangle LM: but 
the centripetal force of the earth to the ſun 
is [8.] to half the ſum of the diſturbing for- 
ces of the ſun upon the moon at the points 
L, I, as thrice TK to LO; therefore the 
centripetal force of the earth to the ſun is to 
half the ſum of the diſturbing forces of the 
ſun upon the moon at the points L, I, as 
the ſquare of. Q the * LMI. 
&: EB. A 


PROP. Xx. Fig. 96. 

Me ſame confiruttion remaining as in the for- 
mer propofition; let the ellipſe EFGH 

meet the circle ABCD in the pint 8 in 


the arc AB; the force of the earth to the 
| ſun 


— mM 
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fun nll be to tbe meun diſturbing force of 
the ſur upon the moon as the ſquare, of TQ 
to the exceſs of the rectangle ETF above the 
ſquare of TA; likewiſe the ſum of the forces 
di mini ſbing the gravity of the moon to the 
earth will be to the ſum of the foroes incren- 
ing the gravity of the moon to the ent as 
Ge pes ASH 26 he ne WOES. 01. Of 


Let the arc AS be divided indo indefinite. 
ly little equal parts Ad, df, fg, gh, &c. ; and 
join Td; Tf, Tg, Th, &c.; meeting the 
arc Es of the ellipſe in E, I, m, u, &c, and 
the circle in o, p, 9. &c.; with the centre 


T, and diſtance TQ, deſcribe the circle 


LM meeting TA, Td, Tf, Tg, Th, &c. 
in Q, 7, , f, v, &c.; ara meet 
the arcs BC, CD, DA, in O, R, V. 
Becauſe the ſector ET is to the ſector 
ATd as the ſquare of TE to the ſquare of 
TA; by diviſion, the ſpace EAd# will be 
to the ſector AT d as the rectangle AEC to 
the ſquare of TA: but the ſector AT d is 
to the ſector QT as the ſquare of TA to 
the ſquare of TQ; therefore, by equality, 
the ſpace EAd& will be to the ſector QTr 


— — —— — 
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as the rectangle AEC to the ſquare of TQ 
therefore, inverſely, the ſector QTr will 


be to the ſpace EAdt as the ſquare of T 


to the rectangle AEC: but the force of the 
earth to the ſun is to half the ſum of the 
diſturbing forces of the ſun upon the moon 
at the points A, C, [o.] as the ſquare of 
TQ to the rectangle AEC; therefore the 
force of the earth to the ſun will be to half 
the ſum of the diſturbing forces of the ſun 
upon the moon at the points A, C, as the 
ſector QTy to the ſpace EA ; therefore, 
if the ſector QT7 repreſent the force of the 
earth to the ſun, the ſpace EA, will repre- 
ſent half the ſum of the diſturbing forces of 
the ſun upon the moon at the points A, C. 
The ſame way it is ſhown, that if the ſec- 
tor Ts repreſent the force of the earth to 
the ſun, the ſpace % will repreſent half 
the ſum of the diſturbing forces of the ſun 
upon the moon at the points d, o; like- 
wiſe the ſpace m will repreſent half 
the ſum of the diſturbing forces of the 
ſun upon the moon at the points f, #; 
and the ſpace mghn will repreſent half the 
ſum of the diſturbing forces of the ſun upon 
the moon at the points g, 2, and fo on; 

therefore 


A TT AX = . WT OT WO 
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therefore it is evident, that the ſpace. ASE 
will repreſent half the ſum of the diſturbing 
forces of the ſun acting upon the moon in 
its progreſs from A to8, and from C to R; 
therefore the ſpace contained by the are 
SEV of the ellipſe, and the are 8 AV of the 
circle, will repreſent the ſum of the diſturb» 
ing forces of the ſun acting upon the moon 
in its progreſs from A to 8, and from C to 
R. The fame way it is ſhown, that the 
ſpace contained by the are OGR of the el+ 
lipſe, and the arc OCR of the circle, will 
repreſent the ſum of the diſturbing forces 
of the ſun acting upon the moon in its pro- 
greſs from V to A, and from O to C; 
therefore the portion of the ellipſe that falls 
without the circle ABCD will repreſent the 
ſum of the diſturbing forces of the ſun act- 
ing upon the moon in its progreſs through 
the arcs VAS, OCR. The ſame way it is 
ſhown, that the portion of the circle that 
falls without the ellipſe will repreſent the 
ſum of the diſturbing forces of the ſun a 
ing upon the moon in its progreſs through the 
arcs SBO, VDR: but the action of the ſun 
upon the moon ner the gravity of 

the 
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. the moon to the carth in its » ptogreb 
through the arcs VAS, OCR, and inereaſes 
the gravity of the moon to the earth in its 
ptogteſs through the arcs SBO, VDR; 
therefore the portion of the ellipſe that falls 
without the circle ABC will reptrſent the 
ſum af che diſturbing. forces diminiſhing 
the gravity of the moon to the earth; and 
che portion of the circle that falls without 
the ellipſe will repreſent the ſum of the diſ- 
turbing forces — lee * the 
moon to the cartng. 

Again, becauſe the 8 AIC i is. not 
leſs than the ſquare of T5, the rectangle 
ETF will [3.] be greater than the ſquare of 
TA : but the ellipſe; EFG H is to the circle 
ABCD as the rectangle ETF to the ſquare 
of TA; therefore the ellipſe EFGH is 
greater than the circle: ABCD; and, there- 
fore the portion of the ellipſe that falls with- 
out the circle ABCD will be greater than 
the portion of the circle that falls without 
the ellipſe; therefore the ſum of the forces 
diminiſhing the gravity of the moon to the 
earth is greater than the ſum of the forces 
increafing the gravity of the moon to the 
8er ä earth; 
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the action of the ſun upon the moon dimi- 
niſhes the gravity of the moon to the earth; 
and therefore the exceſs of the portion of 
the ellipſe that falls without the  citcle: 
ABCD above the portion of the circle that 
falls without the ellipſe, will repreſent. the 
ſum of the forces by which the gravity of 
the moon to the earth is diminiſhed du- 
ring the periodic revolution of the moon 
round the earth; that is, the exceſs: of tho 
ellipſe EFG H above the circle MCD will 
repreſent the ſum of the forces by which 
f the gravity of the moon to the earth is di- 
„ niviſhed during the periodic revolution of 
le ¶ we moon round the earth: but it is- evis 
ent from what was ſhown aboue, that 
he eircle QLM will repreſent the ſum of 
the ſolar forces that have acted upon the 
earth during the periodic revolution of the 
moon round the earth; therefore the force 


bfturbing force of the fun upon the moon, 
1s the circle QMM to the exceſs of the el- 
lpſe EFGH above the circle ABCD: but 
beeauſe the ellipſe EFH is to the circle 

8 1 ABED 


of the earth to the fun, wilt be to: the mean 


_ — 
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' ABCD as the rectangle ETF to the ſquare 


of TRA; by diuiſion, the exceſs of the ellipſe 
EFG H above the circle ABCD, will be to 
the circle ABCD, as the exceſs of the rect- 
angle ETF above the ſquare of TA is to the 
ſquare of TA: but the circle ABCD is to the 
circle QM as the ſquare of TA is to the 
uare of TQ therefore, by equality, the ex- 
ceſs of the ellipſe EFGH above the circle 
ABCD, will be tothe circle QLM, as the ex- 
cels of the rectangle EI Fl above the ſquare of 
TA isto the ſquare of TQ therefore, inverſe- 


y, che cirele Q. M will be to the exceſsof the 


ellipſe above the circle ABCD, as the ſquare 
of TQ to the exceſs of the rectangle ETF 
above the ſquare of TA i but the force o 
the earth to the ſun is to the mean diſturb- 
ing force of the ſun upon the moon, as the 
circle” QL M to the exceſs of the ellipſe a- 
bove the circle ABCD; therefore the cen 

tripetal force of the earth to the ſun, will be 
to the mean diſturbing force of the ſun up 


on the moon, as the ſquare of TO to the 

exceſs gy __ . che * 

of TA. 

. becauſe the portion 05 the ellipſe 
that 
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that falls without the circle ACD repre- 
ſents the ſum of the diſturbing fottes dinũ- 
niſhing the gravity of the moon to the 
earth, and the portion of tho circle ABCD 
that falls without the ellipſe repreſents the 
ſum of the diſturbing. forces igereaſing tlie 
gravity. of the moon to the earth; there- 
fore the ſum ol the forces diminiſhing the 
gravity of the inoon to the earth, will be to 
the ſum of the forces increaſing the gravity 
of the moon to the earth, as the portion of 
the ellipſe that falls withaut the circle 
ABCD to the portion of the circle ABCD 
that falls without the ellipſe: hut) becauſe 
the portion of the ellipſe that falls without the 
circle ABCD is quadruple of the ſpace ASE, 
and the portion: of the citale ABCD that 
falls without the ellipſe is quadtuple of the 
ſpace BSF; therefore the portion of the el- 
lipſe that falls without the cirele ABCD, wall 
be to the pottion of the circle ABCD that 
falls without ther ellipſe, as the ſpace: ASE to 
che ſpace BSF; therefore, the ſum: of the 
Þ forces diminiſhing the gravity of the moon 
to the earth, will be to the ſum of the forces 


plc nating aa: of the moon to the 


8 2 carth, 


. 
— — — 2 — we —äñ = — 
— — * 


— 


324 TRACTS, Pnys16ar Tr. IV. 
carth, 2 _ do the e wer —_ 


| KR; E. D. Ver ic}- 
U OF oon 7s: To beſt tr; 
GU or *. . 97. 
ul 25 614 9 udn 2: 
ff . debit afkhrcl1Hhere 4 


aten u m to C the ventre HF the: circle, 
an lilæuiſe there be drawn AD a tangent 


"2 eee e Dy the exceſs of the ſquare of 


' AC above half the ſquare of the ſomidiumeter 
\ ef ebeindo wilt gr _ _ rec. 
3 % ah 2. 
2 CD, — en DB Kernen 
to AC, meeting AC in E; biſect EC in F; 
and in AC take AG equal to AD. 
Becauſe AD is a tangent to the circle at 
D, the angle ADC is a right angle; there- 
fore AC is to AD as AD to AE; therefore 
AC is to AG as AG to AE; therefore AC 
is to AG as CG to GE : but AC is greater 
than AD or AG; therefore CG is greater 
than GE; therefore CE is greater than 
twice GE ; therefore FE the half of CE is 
greater than EG; therefore FA is greater 
wa Ber AD; een — 
| C 


sg .' rt AER = © - 
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C is greater chan the rectangle: CAD : 
but becauſe AC is to CD as CD to CE, the 
rectangle ACE is equal to the ſquare of CD; 
therefore the rectangle ACF is equal to half 
the ſquare of CD : but the rectangle CAF 
is che exceſs of the ſquare of AC above the 
rectangle ACF; chat is, the rectangle CAF 
is the exceſs of the ſquatt of AC above half 
the ſquare of CD; and the rectangle CAF 
is greater than the rectangle CAD there- 
fore the exceſs of the ſquare of AC above 
half the ſquare of the ſemidiameter CD is 
Oy the n 41 GAN: — 


vn xn. 3 


Brom any point A. avithout a circle et ther be 
 draton AB a tengent. to the circle. at B, 
renirt C; in AC take Ad, ſuch; that the 
redbangie GAB may be equal to the exceſs of 
Ibe ſquare of AC, abour one third part of the 

ſquare of the ſemidiameter of the circle; fir 

time tbe rectangle contained by AB, CG, 
ul be greater than the ſquare ef rant: 
| amater of the cirie. 


From, 


| 
| 
| 
| 
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From h let fall BD perpendicular to AC, 
mectitig ¶ in Din CD take the point 
E, ſucha that CD may be triple of CE in 
A cake AF equal to AB; join CB. 
Becauſe the rectangle: GAB is equal to 
the exceſs of the ſquart of AC. above one 
third part of the ſquare of the ſemidiameter 
of tho circle, and the exceſs of the ſquare of 
AC aboye one thitd part of the ſquare pf the 
ſemidiameter of the circle ãs greater than the 
exceſs of tlie ſquare of AC above half the 
ſquare of: the ſemidiameter of tlie circle; 
therefore the reftangle/GAB is greater than 
the exceſs of the ſquare of AC above half 
the ſquare. ofthe ſemidiametet of the circle: 
but the exceſs of the ſquare of AC above 
half the guare of the ienidiameter of the 
circle is [TI.] greater chan the. rectangle 
CAB; cherefore the fectangle GAB is 
Freseeb than the rectangle CAB ; therefore 
GA greater than AC. 50 becauſe AC 
is to Cg as CB to CD} the rectangſe ACD 
will be equal to the ſquare of CB; there- 
fore (Pecauſe CD is tripfe of CE) the redt- 
angle Ac is one third part of the ſquare 


of CB; therefore the rectangle GA; is e- 
2011 | qual 
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qual to the rectangle CAE; therefore AB or 
AF is to AE as AC to AG ; therefore AF is 
to FE as AC to CG; therefore the rectangle 
contained by AF, CG, is equal to the rect- 
angle contained by AC, FE; that is, the 
rectangle contained by AB, CG, is equal 
to the rectangle contained by AC, FE. 
Again, becauſe AC is to AF as AF to AD, 
AC will be to AF as CF to FD; and be- 
cauſe AC is greater than AF; therefore CF 
will be greater than FD; therefore twice 
CF will be greater than CD; that is, great- 
er than thrice CE; and therefore twice FE 
will be greater than EC; therefore ſix times 
FE will be greater than CD; therefore 
ſix times the rectangle contained by AC, 
FE, will be greater than the rectangle 
ACD; that is, greater than the ſquare” of 
CB; and therefore ſix times the rectangle 
contained by AB, CG, is greater than on 
_ of the ſemidiameter. 


«Gan, Six times the rectangle ACG is 
greater than the {quare, of the ee, 


On # o , = " , " . 
= * = 1 * . . 1 
„ - . * . _ # #® — - „ - _- 
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Ls thedirels ABCD whit . 
fent-the orbit of the moon round the earth at 
T; kt AC be the hꝛigial lues; in TA 
produced take TK equal: to one third part 

' of the diftance of the ſun from the earth; 
draw KE a tangent to the circle at E; in 

KT produced teward F take KF, fuch, 
| that the rectangle FRE may be equal to the 
exceſs of the ſquare of KT above one third 
part of the ſquare of TA: the force of the 
earth to the fun will be to the mean difturh- 

ing force of the ſun upon the moon as AT 
N OT "Turret 


In TA take 'Th, ſo, that the ſquare of 
TA may be triple the ſquare of T5; and 
produee TC to P; and let FP be equal to 
TK; in TA take TG, ſuch, that the 
ſquare of TG may be to the ſquare of TA 
as the rectangle KP to the rectangle KAP; 
and in TB take TH, ſuch, that the ſquare 
of TB may be to the ſquare of TH as the 

ſquare of TK to the rectangle K4P ; let 


the 


— — 
— 
-_ 
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1 of TA be to the quare n 
TK to TA. 

' Becauſe the fquare of TA is aol the 
quare of Th, the rectangle KP will be e- 
qual to the exceſs of the ſquare of TK a- 
bove one third part of the ſquare of TA; 
that is, equal to the reclangle FKE : and 
becauſe KC, AP, Are equal, the rectangle 
KAP will be equal to the rectangle AKC; 
that is, equal to the ſquare of KE: but the 
ſquare of TG is to the ſquare of TA as the 
retangle K4P to the rectangle KAP; there- 
fore the ſquare of TG will be to the ſquare 
of TA as the reftangle FKE to the ſquare 
of KE; that is, as FK to KE; that is, as 
the ſquare of FK to the rectangle FKE ; 
therefore TG will be to TA in the ſubdu- 
plicate ratio of the ſquare of FK to the 
tectangle FKE : but the rectangle. GTH 
is to the rectangle ATH as GT to 
TA; therefore the rectangle GTH will be 
to the rectangle ATH in the ſubduplicate 
ratio of the ſquare of FK to the rectangle 
FKE. Again, becauſe the ſquare of TH 
is to the ſquare of TB, or TA, as the rect- 


angle KP, or FRE, to the ſquare of KT; 
1 therefore 
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therefore TH will be to TA in the ſubdu- 
plicate ratio of the rectangle FKE to the 
fquare of KT : but the rectangle ATH is 
to the ſquare of TA as TH to TA; there- 
fore the rectangle ATH is to the ſquare of 
TA in the ſubduplicate ratio of the rectangle 
FRE to the fquare of KT: but becauſe the 
rectangle GTH is to the retangle ATH in 
the ſubduplicate ratio of the ſquare of FK 
to the rectangle FRE, and the rectangle 
ATH is to the ſquare of TA in the ſubdu- 
plicate ratio of the rectangle FKE to the 
ſquare of KT; therefore, by equality, the 
rectangle GTH will be to the fquare of 
TA in the ſubduplicate ratio of the ſquare 
of FK to the {quare of KT; therefore the 
reftangle GTH is to the ſquare of TA as 
FK to KT; therefore, by diviſion, the ex- 
ceſs of the rectangle GTH above the ſquare 
of TA will be to the ſquare of TA as FT 
to TK: but the ſquare of TA is to the 
fquare of TQ as TK to TA; therefore, 
by equality, the exceſs of the rectangle 
GTH above the ſquare of TA will be to 
the ſquare of TO as TF to TA; therefore, 


inverſely, the ſquare of TQ_ will be to the 
excrl 
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exceſs of the rectangle GTH above the 
ſquare of TA as TA to TF; but the force 
of the earth to the ſun is ¶ 10. ] to the mean 
diſturbing force of the ſun upon the moon 
as the ſquare of T to the exceſs of the 
rectangle GTH above the ſquare of TA; 
therefore the force of the earth to the ſun 
will be to the mean diſturbing force of the 
fun upon the moon as TA Gd _ D. 


PR 0 * XIV. Er- 100. 


Let the circle ABCD retreſent the orbit of the 
moon round the earth, at the centre T; in 
TA tale TK equal fo one third part of 

the diſtance of the Jun from... the earth, and 
draw KE a. tangent te the: circle at E; 
produce KT 70 F, ſo, that that the rectangle 

FRE may be equal to the exceſs of the ſquare 

KT above one third part of the ſquare of 

| TA; tet TA be to TV. 2 


ale earth 70 the periodic time of the earth 
round the ſun : the force of the moon to the 
earth will be to the mean diſturbing force of 


7-2-2 the 
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the fin upon the moum as the reflangh ATV 
1 fied the  rhangle Err. 


— Tale 6 TVI in the duplicate 
ratio of the periodic time of the moon round 
the earth to tlie periodic time of the earth 
found che ſun, the force of the earth to the 
ſun will be 5 to the force of the moon to 
the earth as thrice TK to TV] that is, as 
thrice the rectangle ATK to the rectangle 
ATV therefore, inverſely, the förce of 
the moon to the earth will be to the force 
of the earth to the ſun as the rectangle ATV 
to thrice” the rectangle ATR; and the 
force of the earth to the ſur is to the mean 
diſturbing force of the fun upon the moon 
as TA to TF C13. J; that is, as thrice the 


tectangle ATR to thrice the rectangle 


K TF; therefore, by equality, the force of 
the moon to the earth will be to the mean diſ- 
turbing force of the ſun uponthe moon as the 
rectan 8 ATV to thrice the rectangle Kr. 
2 E. . 


| o 


PROP. 


t 
{ 
{ 
{ 
| 
| 
| 
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PROP. XV. Fg. loo. 
te 5. force of the moont to the earth ir m the 
id WW double of the mean difturbing force of the ſun 
th upon the moon in a eſs ratio than the du- 
ne i Phicate ratio of the periodic time of the earth 
to round the fun to the periodic time of the moon 
as round the . * 


? 


of The fame eonfirudion „ene as in 
e che former propoſitioͤn. 

4 Becauſe the force of the moon to the 
e earth is to the mean diſturbing force of the 
ſun upon the moon as the rectangle AT 
to thrice the rectangle KTF, the force of 
the moon to the earth will. be to the double 
of the mean diſturbing force of the ſun up- 
on the moon as the rectangle ATV to fix 
times the rectangle KTF : but becauſe fix 
times the rectangte K TF ĩisſ cor. to prop. 12.] 
greater than the ſquare of TA, the ratio of 
the rectangle ATV to fix times the rectangle 
KTP will be leſs than the ratio of the rect- 
angle ATV to the ſquare of TA that is, 


leſs 
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leſs than the ratio of TV to TA: but the 
force of the moon to the earth is to the dou- 
ble of the mean diſturbing force of the ſun 
upon the moon as the rectangle ATV to fix 
times the rectangle KIF, and TV is to 
TA in the duplicate ratio of the periodic 
time of the earth round the ſun to the peri- 
odic time of the moon round the earth; 
therefore the force of the moon to the earth 
is to the double of the mean diſturbing 
force of the ſun upon the moon, in a leſs 
ratio than the duplicate ratio of the periodic 
time of the earth round the ſun to the peri- 
odic time * 9 moon round the earth. 
Wy E. . 


ro XVL. Ei. en., 


Let thee be 4 W whoſe . ts AB, and 
centre Cs let DE, a tangent to the circle at 
| oy meet AB in D; draw CN parallel to DE, 
- meeting the circle in N, and draw NK per- 
. © pendicular. to AB, meeting AB in K; in DB 
tate DF, ſo, that the, remangle FDE may be 
equal tothe exceſs. of the ſquare of CD above 
ene third part of the ſquare of AC; in CA 
take 
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tale CL, fo, that the rectangie ACL may 
be triple the reftangle DCF, and in CD 
take CM, fo, that the reftangle MCL may 
be equal to the ſquare of AC: the rectangle 
MKA vill be triple of the err 


Draw EG perpendicular to AB, meeting 
AB i in G; in CG take CH, fo, that CG 
may be triple of CH; and join CE. | 

Becauſe CG is triple of CH, the rectangle 
DCG will be triple the rectangle DCH : 
but the rectangle DCG is equal to the ſquare 
of CA; therefore the ſquare of CA is triple 
the rectangle DCH ; therefore the rectangle 
CDH will be equal tothe exceſs of the ſquare 
of CD above one third part of the ſquare 
of CA; therefore the rectangle FDE is e- 
qual to the rectangle CDH; therefore FD 
is to DH as DC to DE; that is, as CN or 
CB to CK; therefore, converſely, DFistoFH 
as CB to BK. Again, becauſe the rectangle 
MCL, that is, the ſquare of AC, is triple of 
the rectangle DCH, and the rectangle ACL 
is triple of the rectangle DCF, the rect- 
angle DCH will be to the rectangle DCF 
as the rectangle MCL to the rectangle 

ACL; 
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ACL] therefore CH is to CF as MC to 
CA or CB; therefore, by compoſition, HF is 
to FC as MB:toBC. Becauſe DF is to FH as 
CBtoBK, and FHtoFCas MB to BC; there- 
fore DF is to FC as MB to BK; therefore DC 
is to CF as MK to KB: but DC is to CF as 
the ſquare of DC to the rectangle DC, 
and MK is to KB as the rectangle MKA to 
the rectangle AB; therefore the ſquare of 
DC is to the rectangle DC as the rectangle 
MKA to the rectangle AKB; that is, a8 
the rectangle MK A to the ſquare of KN; 
therefore the rectangle MK A is to the 
ſquare of KN as the ſquare of DC to the 
\ rectangle DCF: but the ſquare of KN is to 
the ſquare of CN or CA as the ſquare of CE 
or CA to the ſquare of CD; therefore the 
rectangle MK A is to the ſquare of KN as 
the ſquare of DC to the rectangle DCF: but 
the ſquare of KN is to the ſquare of CN or 
CA as the ſquare of CE or CA to the 
ſquare of CD; therefore the rectangle 
MKA is to the ſquare of CA as the ſquare 
of CA to the rectangle DCF; therefore the 
rectangle MK A is to thrice the ſquare of 
CA as the ſquare of CA to thrice the * f 
N angle 
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angle DCF: but becauſe the rectangle 
MCL is equal to the ſquare of CA, and the 
reQangle AC triple of the rectangle DCF; 
therefore the ſquare of CA is to thrice the 
rectangle DCF as the rectangle MCL to 
the rectangle ACL ; that is, as MC to CA; 
that is, as the rectangle MCA to the ſquare 
of CA; therefore the rectangle MRA is to 
thrice the ſquare of CA as the rectangle 
MCA to the ſquare of CA; and therefore 
the rectangle MK A is triple of the rectangle 
MCA. 8, E. D. 


PROP. XVII. Ex. 102. 


Let there be a' circle whoſe diameter is AB, 
and centre C; and let DE à tangent to the 
circle af E meet AB in D; in DC take DF, 
fuch, that the rectangle FDE may be equal 
fo the exceſs of the ſquare of DC above one 
third part of the ſquare of AC: if CD be 
great in compariſon of AC, fox times the 
. FeBlangle DCF will be nearly equal to the 
Square of AC. 


Draw EG perpendicular to AC; meeting 
| U u AC 


/ 
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AC in G, and join CE; in CG take CH, 
ſuch, that CG is triple of CH ; and in CB 
take CK, equal to EG; draw KN perpendi- 
cuiar to CB, n the cy in N; and 
join CN. 

Becauſe DE is a tangent to the 4. at 
E, and EG is perpendicular to AC, the 
rectangle DCG will be equal to the 
ſquare of AC; and becauſe CG is triple of 
CH, the rectangle DCH will be one third 
part of the ſquare of AC; therefore the 
retangle CDH will be the exceſs of the 
ſquare of CD above one third part of the 
ſquare of AC; therefore the rectangle FDE 
will be equal to the rectangle CDH; there- 
fore FD will be to DH as DC to DE: and 
becauſe DC is great in compariſon of CA or 
CE, CD and DE will be nearly equal; 
therefore FD and DH will be nearly equal; 
and therefore FD and DC will be nearly 
equal; therefore the rectangle contained by 
DF, CG, will be nearly equal to the rect- 
angle DCG; that is, equal to the. ſquare 
of AC. Again, becauſe FD is to DH as 
DC to DE ; that is, as CE to EG ; that 1s, 
as CB to CK; DF will be to FH as CB 

? to 
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to BK; that is, the rectangle contained by 
DF, CG, will be to the rectangle contain- 
ed by FH, CG, as the ſquare of CB to the 
retangle CBK : but the rectangle contained 
by DF, CG, is nearly equal to the ſquare 
of CB or CA; therefore the rectangle con- 
tained by FH, CG, will be nearly equal 
to the rectangle CBK; therefore twice the 
rectangle contained by FH, CG, will be 
nearly equal to the rectangle ABK: but 
becauſe CB, CK, are nearly equal, the 
rectangle ABK will be nearly equal to the 
rectangle AKB ; that is, nearly equal to the 
ſquare of KN; therefore twice the rectangle 
contained by FH, CG, will be nearly e- 
qual to the ſquare of KN: but becauſe CE, 
EG, are equal to CN, CK, and the angles 
EGC, CKN, equal, - becauſe both right ; 
therefore CG, KN, are equal; therefore 
the ſquares of CG, KN, will be equal; 
therefore twice the rectangle contained by 
FH, CG, will be nearly equal to the ſquare 
of CG ; therefore twice FH will be nearly 
equal to CG ; therefore twice CF will be 
nearly equal to CH ; therefore fix times the 


8 DCF will be nearly equal to the 
; Uu 2 rectangle 
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rectangle DCG; chat is, nearly equal to the 
ſquare of AC. 2. K. Y. f 


PR O P. XVIIL. Fig. 103. 


The mean diſturbing forces of the ſun upon the 

moon at different diſtances of the moon from 
the earth, are to one another nearly as the 
diſtances of the moon from the egrth. 


Let TK repreſent one third part of the 
diſtance of the ſun from the earth at T, 
and let TL, T4, repreſent two different di- 
ſtances of the moon from the earth; with 
the centre T, and diſtances TL, Ti, de- 
{cribe the circles ABL, ab; draw KB, Kö, 
tangents ta the circles ABL, ad, at B, 6; 
in KT produced towards T take KD, Kg, 
ſuch, that the rectangle DKB is equal to 
the exceſs of the ſquare of KT above ane 
third part of the ſquare of TA; and like- 
wiſe the rectangle K equal ta the exceſs 
of the ſquare of KT aboye one third part of 
the ſquare of Ta, 

Becauſe KT is great in n of 
TA, fix times the rectangle K TD will [17.] 

| be 
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be nearly equal to the ſquare of TA ; there- 
fore TA will be to TD nearly as fix times 
KT to TA; but if the moon had deſcribed 
the circle ABL round the earth at T, the 
force of the earth to the ſun would have 
been to the mean diſturbing force of the ſun 
upon the moon [13.] as TA to TD; there- 
fore the force of the earth to the ſun would 
have been to the mean diſturbing force of 
the ſun upon the moon deſcribing the circle 
ABL nearly as ſix times KT to TA. The 
ſame way it is ſhown, that if the moon had 
deſcribed the circle ab/ round the earth 
at T, the force of the earth to the ſun 
would have been to the mean diſturbing 
force of the ſun upon the moon deſcribing the 
circle «bl nearly as fix times K T to Ta. Be- 
cauſe the force of the earth to the ſun is to 
the mean diſturbing force of the ſun upon 
the moon defcribing the circle ABL nearly 
as fix times KT to TA ; inverſely, the 
mean diſturbing force of the ſun upon the 
moon deſcribing the circle ABL, will be to 
the force of the earth to the ſun nearly as 
TA to fix times KT: but the force of the 
earth to the ſun is to the mean diſturbing 

force 


| MY 
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force of the ſun upon the moon deſcribing 


the circle ab/ nearly as fix times K T to Ta; 
therefore, by equality, the mean diſturbing 


force of the ſun upon the moon deſcribing 


the circle ABL will be to the mean diſturb- 
ing force of the ſun upon the moon deſcri- 
bing the circle ab/ nearly as TA to Ta; 
that is, nearly as TL to T/; therefore the 
mean diſturbing force of the ſun upon the 
moon at the diſtance TL from the earth, 
will be. to the mean diſturbing force of the 
ſun upon the moon at the diſtance T/ from 
the earth, nearly as TL to TI. Q. E. D. 


PROP. XIX. Fig. 104. 


| The farce of the moon to the earth is to the 

- » double of the mean diſturbing force of the 

| * upon the moon, nearly in the duplicate ra- 
io of the periodic time of the earth round 
"the ſun to on 3 time f ons 
"the _—_ 


Us Asen eee 
of the moon round the earth at the centre 


T ; in TA produced take TK equal to one 
third 


. * > *'» 


bs T5 _ TY _ OOF 
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third part of the diſtance of the ſun from 
the earth, and draw KE a tangent to the 
circle at E; produce KT to F, fo, that the 
rectangle FRE may be equal to the exceſs 
of the ſquare of KT above one third part 
of the ſquare of TA; let TA be to TV in 
the duplicate ratio of the periodic time of 
the moon round the earth to the periodic 
time of the earth round the ſun. 

Becauſe the force of the moon to the 
earth is to the mean diſturbing force of the 
ſun upon the moon-[ 14.] as the rectangle 
ATV to thrice the rectangle K TF, the force 
of the moon to the earth will be to the dou- 
ble of the mean diſturbing force of the ſun 
upon the moon as the rectangle ATV to 
fix times the rectangle KTF: but becauſe 
TK is great in compariſon of TA, fix times 
the rectangle KTF will [17.] be nearly e- 
qual to the ſquare of TA; therefore the 
rectangle ATV will be to fix times the rect- 
angle KTF nearly as the rectangle ATV to 
the ſquare of TA ; that is, nearly as TV to 
TA; therefore the force of the moon to the 
earth will be to the double of the mean diſ- 
turbing force of the ſun upon the moon 
nearly 
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nearly as TV to TA: but TV is to TA in 
the duplicate ratio of the periodic time of 
the earth round the ſun to the periodic time 
of the moon found the earth; therefore the 
force of the moon to the earth is to the 
double of the mean diſturbing force of the 
fun upon the moon, nearly in the duplicate 
ratio of the periodic time of the earth round 
the ſun to the periodic time of the moon 
round the earth. & E. B. 


PROP. XX. Fig. 10s. 


Lot AB be 2 in C, and in CA produ- 
ced take AD equal to AC; lr E be à point 
in AD, and let DE be hittle in compariſon 
AD; in AB, take the point P, fuch, 
tut the rectangle AFE is equal to the rect. 

angle contained by CE, BD: DE vill be 
10 FB nearly as five to one. 


Becauſe! C is leſt than CD, the ratio of 
BC to CE will be greater than the ratio of 
BC to CD; therefore, by compoſition; the 
ratio of BE to EC will be greater than the 


ratio of BD to DC ; therefore the rectangle 
contained 
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contalned by BE, DC, will be greater than 
the rectangle contained by CB, BD; that 
is, the rectangle ABE will be greater that: 
the rectangle contained by CE, BD; but 
the rectungle AFE is equal to the roctangle 
contained by CE, BD; therefore the roct- 
angle ABE is gteater than the reftangle 
AFE; therefore AB is r than AF; 
and therefore BD is greater than EF. A. 
gain, becauſe the tectangle AFE is equal to 
the rectangle contained by BD, CE, BD 
will be to EF as AF to CE; and becauſe 
BD is greater than EF, therefore AF is 
greater than CE. Again, becauſe B is to 

EF as AF to CE, BD will be to its dxcefs 
over EF as AF to ies exceſs over CE 5 
that is, BD will be to the ſum of DE, BF, 
as AF to the exceſs of CF above AE : but 
the exceſs of CF above AE is equal. to the 
exceſs of CB ot AD above the ſum of AE, 
BP; that is, equal to the excefs of DE a+ 
bove BP; therefore BD- will be to the ſum 
of DE, BF, as AF to the exceſs of DB «- 
bove BF; and, alternating, BD wilt be to 
AP as the ſum of HE, FB, to the exceſs of 


DE above FB: but becauſe DE is little in 
XX compariſon 
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compariſon of AD, and DE is greatet than 
FB; therefore FB will be little in compari- 
ſon of AD; that is, BF will be little in 
compariſon of CB; therefore AF, AB, will 
be nearly equal; therefore DB will be to 
BA nearly as the ſum of DE, BF, to the 
exceſs of DE above BE; therefore the ſum 
of DB, BA, will be to the exceſs of DB 
above BA nearly. as twice DE to twice BF; 

that is, as DE to BF; therefore the ſum of 
DB, BA, will be to DA nearly as DE to 
FB; that is, DE will be to FB nearly as 
the ſum of DB, BA, to DA: but becauſe 
BD is triple of DA, the ſum of DB, BA, 
will be to DA as five tg one; therefore 
DE will be to LO nearly As fre N one. 
V / 1 k 2 03 3d TY TL 


Cam. . 1 EB * Ey * 2 the 
reftanigle contained by AB; Eq, may be e- 
qual to the rectangle contained by BD, CE: 
EF together with AB will be to AB as By 
dd ov 244 o3 TA 

Becauſe the rectangle APE is 8 to 
the rectangle contained hy BD, CE; that 
as ny to the redangle epntained. by AB, 

USO) 1 Eg; 
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Eq; therefore EF will be to Eg as AB to 
AF; therefore, converſely; EF will be to 
P as AB'to BF; therefore, alternating, 

F will be to AB as F to FB; therefore, 
by compoſition,” EF together with: AB will 
— —„— bolzen 

Con. 2. The ratio e fr vant 
OL the ratio of Eq together with AB to 
AB, but leſs than * ratio of ** 1 
with AB to AB. 


$$ 417 


af th the ratio oof the force d the moon to 
© the earth to the mean diſturbing force of the 
2 Ju upon the moon to be given, tbe ratio of 
© the mean diſtance of the ſun from the earth 
to the mean diſtance of the moon hw 5 
earth . be 1 | 


Let the ch . Ae is AB and 
centre T repreſent the orbit of the moon 
round the earth at T, and in TA produ- 


ced take TK equal to one third part of the 
diſtance of the ſun from the earth; draw 


X X 2 KE 
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KE a tangent to the circle at EI In KB 
take KF, ſuch, that the reftangle FRE may 
be equal to the eneeſd of the ſquare of K T 
above one third part of the ſquare of TA, 
and let TV be to TA in the duplicate ratio 
of the periodic time of the earth round the 
ſun to the periodic time of the moon round 
the earth ; In AT produced take CT, ſo, 
that TV may be to JC as the force of the 
moon to the earth to the mean diſturbing 
force of the ſun upon the mhp un. 
Becauſe the rectangle VTAis|[ 14.] to thrice 
the rectangle K TF as the force of the moon 
to the earth to the mean diſturbing force 
of the ſun upon the moon; that is, as VT 
to ITC; that is, as the rectangle VT A to 


the reftangle ATC; therefore thrice the 


rectangle KTF will be equal to the rect- 
angle ATC: and becauſe TV is to TA in 
the duplicate ratio of the petiodie time of 


the earth round the ſun to the periodic time 
of the moon round the earth, the 'ratio of 
TV to TA will be given : and becauſe TA 
is given, therefore 'T'V will be given, A- 
gain, becauſe TV is to TC as the force of 
the moon to the earth to the mean diſturb- 
ng 
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ing force of the ſun upon the moon, and 
by the ſuppoſition the force of the moon to 
the earth is to the mean diſturbing force of 
the ſun upon the moon in a given ratio; 
therefore TV is to TC in a given ratio: and 
becauſe TV is given, therefore TC will be 
given; and therefore, becauſe TA is given, 
the rectangle ATC will be given; there- 
fore thrice the tectangle K TF will be given; 
therefore the rectangle KTF will be given; 
and therefore [16,] TK will be given; 
therefore the ratio of TA to TK will be 
given; and therefore the ratio ot TA ta 
thrice TK. will be given; therefore the ra- 
tio of the mean diſtance of the moon from 
the earth to the mean diftance of the ſun 
from the carth will be rer. 


PROP. XXI. Fig. 106. 


The fame e remaining as in the for- 
mer propqſtian, let the rectungle CTD be 
equel to the ſquare of TA; in AB take the 
point G, fuch, that the rectangle DGA 

may be triple the rectangle DTA: the mean 

diſance of the moon from the earth will be 
| 40 
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o one third part wt of the diſtance of the ſun 
"from the 515 7 in the ſubuuplicute ratio of 


20 the hovers wh 'AGB to 8 1 


9 
18 i . 


"Draw GH perpendicular to AB, meet- 
ing the circle in H; and j join TH, TE; 
and draw EL r er to AB, meseing 
AB in L. 

It is evident, from what was ſhown in 
prop. 16. that EL, TG; are equal: and 
becauſe TE, TH, are equal, and the angles 
TLE, 'TGH, are equal; therefore the tri- 
angles TLE, 'TGH, will be every way e- 
qual, and equiangular : but the triangles 
KTE, TLE, are equiangular ; therefore 
the triangles K TE, TGH, are equiangular; 
therefore TE or TA is to TK as GH to 
HT or TA; therefore the ſquare of TA 
will be to the ſquare of TK as the ſquare 
of GH to the ſquare of TA: but the ſquare 
of GH is equal to the rectangle AGB, 
therefore the ſquare of TA is to the ſquare 
of TK as the rectangle AGB to the ſquare 
of TA; therefore TA is to IK in the ſub- 
duplicate ratio of the rectangle AGB to the 
ſquare of TA: but TA is to TK as the 

N | mean 


F114 and MATHEMATICAL, 355 


mean diſtance of the moon from the earth 
to one third part of the diſtance of the ſun 
from the earth; therefore the mean diſtance 
of the moon from the earth is to one third 
part of the diſtance of the ſun from the earth 
in the ſubduplicate ratio of the rectangle 
AGB to ma quart of TAs a 4.4462 


Con. Let AB be any given * biſect 
AB i in T; let TV be to TA in the dupli- 
cate ratio of the periodic time of the earth 
round the ſun to the periodic time of the 
moon round the earth; and in TA take 
TC, ſuch, that TV. is to TC as the force 
of the moon to the earth to the mean diſ- 
turbing force of the ſun upon the moon; 
in TA produced take TD, ſuch, that the 
rectangle DTC may be equal to the ſquare 
of TA; in AB take the point G, ſuch, that 
the rectangle DGA may be triple the rect- 
angle PTA: the mean diſtance; of the 
moon from the earth will be to one third 
— the ſubduplicate ratio of the rect. 
angle AGB to the "omg of TA, 

0 01 eb AK 31 PROP, 
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PRO P. XXIII. Fig. 107. 


Let DC be any given line bifefted in A; and 
in AC produced towards C take CB equal 
to AC, and biſec BC in E; rade the line 
P, ſuch, that AC may be to the line p in 
the duplicate ratio of the periodic time of 
te earth round the fun to the periodic time 
of the moon' round the earth; and in CD 
take CF, ſuch, that CF may be to the line 
p as the force of the moon to the earth to the 
mean diſturbing force of the fun upon the 
moon: the mean diflance of the moon from 
' the earth will be to one third part of the di- 
Aance of the ſum from the earth nearly in the 
fſubduplirute ratio of DF to DE. 


Let CV be to CA as CA to p, and VC 


to CG as CF top; and in AB take the point 
HF, ſuch, that the rectangſe FHA may be 


trip te the rectangle FCA. 
Becauſe OP is to þ as the force of the 


moon to the earth to the mean diſturbing 
force of the fun upon the moon, therefore 


CF will be to the double of p as the force of 
the 


„ Ob waz 


5 ww 0.  % ww a 


Q@ 4 
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the moon to the earth to the double of 
the mean diſturbing force of the ſun 
upon the moon: but [I 5.] the force of the 
moon to the earth is to the double of the 
mean diſturbing force of the ſun upon the 
moon in a leſs ratio than the duplicate ratio 
of the periodic time of the earth round 
the ſun to the periodic time of the moon 
round the earth; therefore the ratio of CF 
to the double of p will be leſs than the du- 
plicate ratio of the periodic time of the earth 
round the ſun to the. periodic time of the 
moon round the earth: but CA is to pin. 
the duplicate ratio of the periodic time of 
the earth round the ſunto the periodic time 
of the moon round the earth; therefore the 
ratio of CF to the double of p will be leſs 
than the ratio of CA to p; that is, leſs than 
the ratio of CD to the double of p; there- 
fore CD. is greater. than CF. Again, be- 
cauſe [19.] the force of the moon to the 
earth is to the double of the mean diſturbing 
force of the fun upon the moon, nearly in 
the duplicate ratio of the periodic time of 
the earth round the ſun to the periodic time 
of the moon round the earth; therefore FC 
will be to p nearly as DC to p; therefore 
Y y DC, 
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pc, Cp, will be nearly equal; and there- 


for DF will be little in compariſon of AD. 
Again, becauſe VC is to CA as CA to p, 
the ſquareof CA will be equal to the rectangle 
contained by CV, p; and becauſe VC is to 
CG as CF to p, the rectangle contained by 
VC, p, will be equal to the rectangle FCG ; 
therefore the rectangle FCG-is equal to the 
ſquare of CA: and becauſe the rectangle 
FH A is triple of the rectangle FCA, there- 
fore the mean diſtance of the moon from 
the earth will 22. ] be to one third part of 
the diſtance of the ſun from the earth in the 


ſubduplicate ratio of the rectangle AHB 


to the ſquare of CA. Again, becauſe DB 
is triple of AC, the rectangle contained by 
DB, FC, vill be triple the rectangle FCA; 
therefore the rectangle FH A will be equal 
to the rectangle contained by DB, FC: and 
becauſe DF is little in compariſon of DA, 
therefore [20.] DF will be to HB nearly as 
five to one; therefore HB will be little in 
compariſon of AB; and therefore the rect- 
angles AHB, ABH, will be nearly equal; 
therefore, becauſe the mean diſtance of the 
moon from the earth is to one third part of 


r d as aus . A A . ⅛ .... . ee ie od 


a O ow 


WW Oo - X7 F< 


and MATHEMATICAL, 355 


the diſtance of the ſun from the earth in the 
ſubduplicate ratio of the rectangle AHB to 
the ſquare of AC, and the rectangle AHB 
is nearly equal to the rectangle ABH, and 
the rectangle ABE is equal to the ſquare of 
AC; therefore, the mean diſtance of the 
moon from the earth will be to one third 
part of the : diſtance of the ſun from the 
earth nearly in the ſubduplicate ratio of the 
rectangle AB H to the rectangle ABE: but 
the rectangle ABH is to the rectangle ABE 
as BH to BE; that is, (becauſe DF is 
nearly quintuple of BH and DE is quintu- 
ple of BE) as DF to DE; therefore the 
mean diſtance of the moon from the earth 
will be to one third part of the diſtance of 
the ſun from the earth nearly in the ſubdu- 
nn to DE. * E. D. 
01/41 11 126 
ru O P.\ XXIV: Dig 108. 
Let AB be — Ting line biſefted i in C; take 
be line p, ſuch, that CB may be to p in the 
Auplicate ratio f the perisdic time of the 
- earth round the ſun to the pertogic time of 
be moon round ibe earth; and in AB take 
Mien 1572 BD, 
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Bb, ſucb, that BD may be to p as the force 
F tbe moon to the earth to the mean diſturb- 
ing force of the fun upon the moon; in CB 
produced towards B take BE, ſuch, that 
CB may be double of BE; | upon AE tet 

. there be a ſemicircle A FE deſcribed; draw 
DF perpendicular to AE, meeting the ſemi- 
circle in F; and join AF: ibe mean 


diſtance f tle moon from the earth: will 


be to the mean diſtance of the. ſun from” the 
. earth nearly as AF to the triple of AE 


Join FE. Becauſe the angle AFE is an 
angle in a ſemicircle, it- is therefore a 
right angle; and becauſe FD is perpendi- 
cular to AE, the triangles ADF, APE, 
will be ſimilar ; therefore AD will be to 
AF as AF to AE; therefore the ſquare” of 
AF will be to the ſquare of AE as AD to 
AE; and therefore AF will. he to AE in the 
ſubduplicate ratio of AD to AE: but the 
mean diſtance of the moon from the earth 
is to one third part of the diſtance of the 
ſun from the earth [23.] nearly in the ſub- 
duplicate ratio of AD to AE; therefore the 


mean diſtance of the moon from the earth 
; will 


wa ww w—& © -«@ þJof 


will be to one third part of the diſtance of 
the ſun from the earth nearly as AF to AE; 
and therefore the mean diſtance of the 
moon from the earth will be to the mean di- 
ſtance of the ſun from the earth nearly as 
r the a . ef. AE. 2. E. D. 


PROP, XXV. Fig. 109. 


Let there be an ellipſe ABCD whoſe focus is S z 
ſuppoſe a body acted upon by a centripetal 
force tending to the focus S to deſeribe the 
ellipſe; draw SA, SB, SC, SD, to any 

- points A, B, C, D, in the ellipſe ; the ſum 
of the central forces that have acted upon the 
body when deſcribing the parts AB, CD, of 

- the ellipſe, will be to one another as the angle 

As to the angle CSD; hkewiſe the ſum of 
the central forces that have afted upon the 
body during a revolution round the focus S, 

will be to the ſum of the central forces - that 
have ated upon the body when deſcribing 
the part AB os four right angles to the 

, angle ASB. 


| Sopoſe the part AB of the ellipſe to be 
divided 
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divided into -indefinitely little parts, AE, 
EF, FG, Gc. deſcribed in equal times; 
likewiſe let the part CD of the ellipſe be 
divided into indefinitely little parts, CI, 
HR, KL, deſcribed in equal times; join 
8E, SF, SG, &cy SH, SK, SL, Cc. and 
let the parts AE, CH, be deſcribed in e- 
qual times. 

Becauſe the body deterbing the Alec! is 
ated upon by a centripetal force tending to 
the focus of the ellipſe, the -centripetal 
force will 24. Tr. 1.] be reciprocally as 
the ſquare of the diſtance from the focus 8; 
therefore the centripetal force at A will be 

to the centripetal force at E as the ſquare 
of SE to the ſquare of SA: but the angular 
velocity at A is to the angular velocity at E 
6. Tr. 1] as the ſquare of SE to the 
ſquare of SA; therefore the centripetal 
force at A vill be to the centripetal force at 
E as the angular velocity at A to the angu- 
lar velocity at E: but becauſe the parts AE, 
EF, are indefinitely little, and deſcribed in 
equal times, the angular velocity at A will 
be to the angular velocity at E as the angle 
A to anne angle ESF; therefore the cen- 

tripetal 
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tripetal force at A is to the centripetal force 
at E as the angle ASE to the angle ESF. 
The ſame way it is ſhown, that the centri- 


petal force at A is to the centripetal force at 


F as the angle ASE to the angle FSG, and 
ſo on; therefore it is evident, that the ſum 
of the central forces that have acted upon 
the body when deſcribing the part AB is to 
the centripetal force at A as the angle ASB 
to the angle ASE. The ſame way it is 
ſhown, that the ſum of the central forces 
that have acted upon the body when deſcri- 
bing the part CD is to the centripetal force 
at C as the angle CSD to the angle CSH ; 
therefore the centripetal force at C will be 
to the ſum of the central forces that have 
acted upon the body when deſcribing the 


part CD as the angle CSH to the angle 


CSD. Becauſe the ſum of the central forces 
that have acted upon the body when deſcri- 
bing the part AB is to the centripetal force 
at A as the angle ASB to the angle ASE, 
and the centtipetal force at A is to the cen- 
tripetal force at C as the ſquare of SC to the 
ſquare of 8A; that is, as the angle ASE to 


_ angle CSH;; therefore the ſum of the 


central 
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central forces that have ated upon the bo- 
dy when deſcribing the part AB will be to 
the centripetal force at C as the angle ASB 
to the angle CSH : but the centripetal force 
at C is to the ſum of the central forces that 
have acted upon the body when deſcribing 
the part CD as the angle CSH to the angle 
CSD; therefore, by equality, the ſum of 
the central forces that have ated upon the 
body when- deſcribing the part AB, will be 
to the ſum of the central forces that have 
acted upon the body when deſcribing the 
part CD, as the angle ASB to the angle 
CSD. | 

The ſame way it is own, that the ſum 
of the central forces that have acted upon 
the body during a revolution round the fo- 
cus 8, will be to the ſum of the central for- 
ces that have acted upon the body when 
deſcribing the part AB, as four enen 
ee re al 
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Tet there: be two. 5 and Kale; ellipſes 


ABCD, abcd, deſcribed by two bodies att- 
ed 


and MATHEMATICAL: zr 


ted upon by centripetal forces tending to the 
Hoa E, e; the ſum of the central forces that 
have ated upon the body deſcribing the ellipſe 
ABCD during @ revolution round the focus 
E, will be tothe ſum of the central forces that 
have added upon the body deſcribing the ei- 
lipſe abcd during a revolution round the fo- 
cus e, as the periodic time of the body deſeri- 
Aung the ellipſe abcd to the periodic time of 
tte body deſcribing the ellipſe ABCD. 


Let AC be the tranſverſe axis of the el- _ 
lipſe ABCD, and ac the tranſverſe axis of 
the ellipſe abc; let EA, ea, be equal; and 
let AF be a part of the ellipſe ABCD deſcri- 
bed in an indefinitely little part of time; 
let af be a part of the ellipſe abcd deſcribed 
in the ſame time the part AF was deſcribed; 
draw FG, fg, perpendicular to EA, ea, 
meeting EA, ea, in G, g; join EF, ef, 
in FG take GH, fo, that the rectangle 
FGH mny be equal to the ſquare of fg. 

- Becauſe the ellipſes ABCD, abcd, are e- 
qual and ſimilar, the ſquare of FG will be 
to the rectangle AGC as the ſquare of fg to 
the rectangle agc; therefore the ſquare of 
2 2 FG 
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FG will be to the ſquare of fg as the re&- 
angle AGC to the rectangle age: but be- 
cauſe AC, ac, are equal, and AG, ag, are 
indefinitely little, therefore CG, cg, may 
be conſidered as equal; therefore the rect- 
angle AGC will be to the rectangle age as 
AG to ag; therefore the ſquare of FG will 
be to the ſquare of fg as AG to ag; that is, 
the ſquare of FG will be to the rectangle 
FGH as AG to ag; therefore FG is to GH 
as AG to ag; that is, AG is to ag as FG to 
GH: but becauſe the angles FEG, GEH, 
are indefinitely little, the angle-FEG is to 
the angle GEH as FG to GH; therefore 
AG is to ag as the angle FEG to the angle 
GEH. Becauſe the parts AF, af, are de- 
ſcribed in the ſame time, the central force 
that has. acted upon the body deſcribing the 
part AF is to the central force that has act- 
ed upon the body deſcribing the part af as 
AG to ag; therefore the central force that 
has acted upon the body deſcribing the part 
AF is to the central force that has acted up- 
on the body deſcribing. the part af as the 
angle FEG to the angle GEH. Again, 
becauſe the ſum of the central forces that 
* 8 wh have 
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have acted upon the body deſcribing the el- 
lipſe ABCD during a revolution round the 
focus E is to the central force that has acted 
upon the body deſcribing the part AF as 
four right angles to the angle FEG, and 
the central force that has acted upon the bo- 
dy deſcribing the part AF is to the central 
force that has acted upon the body deſcri- 
bing the part af as the angle FEG to the 
angle GEH ; therefore the ſum of the cen- 
tral forces that have acted upon the body 
deſcribing the ellipſe ABCD is to the central 
force that has acted upon the body deſcri- 
bing the part af as four right angles to the 
angle GEH: but the central force that has 
acted upon the body deſcribing the part af 
is to the ſum of the central forces that 
have acted upon the body deſcribing the el- 
lipſe abcd during a revolution round the fo- 
cus e as the angle feg to four right angles; 
therefore the ſum of the central forces that 
have ated upon the body deſcribing the el- 
lipſe ABCD during a revolution round the 
focus E, is to the ſum of the central forces 
that have acted upon the body deſcribing | 
the ellipſe abcd during a revolution round 
| Z 2 2 the 
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the focus e, as the angle feg to the angle 
GEH: but becauſe EG, g, may be conſi- 
dered as equal, and the angles feg, GEH, 
are indefinitely little, the angle feg is to the 
angle GEH as g to GH; therefore the ſum 
of the central forces that have acted upon 
the body deſeribing the ellipſe ABCD du- 
ring a revolution round the focus E, is to the 
ſum of the central forces that have acted up- 


on the body deſcribing the ellipſe abcd du- 


ring a revolution round the focus e, as f# to 
GH. Again, becauſe the periodic time of 
the body deſcribing the ellipſe ABCD is to 

the time in which the part AF or is de- 
ſcribed as the ellipſe ABCD or abcd to the 
ſector AEF, and the time in which the part 
af is deſcribed is to the periodic time of the 
body deſcribing the ellipſe abed as the ſector 
aef to the ellipſe abcd; therefore the perio- 
dic time of the body deſcribing the ellipſe 
ABCD is to the periodic time of the body 
deſcribing the ellipſe abcd as the ſector a to 
the ſector AEF: but becauſe ea, EA, are 
equal, and the ſectors aef, AEF, are inde- 
finitely little, the ſector aef is to the ſector 

AEF as fg to FG; therefore the periodic 
time 


— a Si -_ 3 1 


. + A wy ti 


TW Q[] CY wu: WW $- WS Wo" * oF 


33 


C 


and MATHEMATICAL. 96g 
time of the body deſcribing the ellipſe 
ABCD is to the periodic time of the body 
deſcribing the ellipſe abcd as f& to FG; 
therefore, inverſely, the periodic time of 
the body deſcribing the ellipſe abcd is to the 


the periodic time of the body deſcribing the 
ellipſe ABCD as FG to fg; that is, as fg 


to GH; therefore the ſum of the forces 


that have acted upon the body deſcribing 
the ellipſe ABCD during a revolution round 
the focus E, is to the ſum of the forces that 
have acted upon the body deſcribing the 
ellipſe abcd during a revolution round the 
focus e, as the periodic time of the body de- 
ſcribing the ellipſe abcd to the periodic time 
of the body deſcribing the ellipſe ABCD. 
* E. D. 


Cox. Let there be two ond iis de- 
ſcribed by two bodies ated upon by centri- 
petal forces tending to the centres of the 
circles, and let the centripetal forces be 
reciprocally as the ſquare of the diſtance from 
the centres; the ſum of the central forces 
that have acted upon the body deſcribing the 
one during a revolution round the centre, 

will 
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will be to the ſum of the central forces that 
have acted upon the body deſcribing the 
other during a revolution round the ate, 
er r der times. . 


. 


p R 0 P. vn. bb. 171. 


Suppofing the 8 nk 1 the — 
- the earth to be a circle, if the action of the 
* ſun did not affett the moon; but the action 
F the ſun diminiſhing. the gravity of the 
moon to the earth, the orbit as thereby length- 
ened: it is required to determine in this 


125 the ee of the lunar orbit. 


| It was thown [10 3. chat the action of 
the ſun upon the moon in ſome parts of the 
lunar orbit diminiſhes the gravity of the 
moon to the earth, and in other parts of the 
lunar orbit increaſes the gravity of the moon 
to the earth: but the ſum of the forces di- 
miniſhing the gravity of the moon to the 
earth is greater than the ſum of the forces 
increaſing the gravity of the moon to the 
earth; and therefore, upon the whole, the 


action of the ſun upon the moon dimi- 
| niſhes 
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niſhes the gravity of the moon to the earth. 
Suppoſe the original orbit of the moon 
round the earth to be a circle, if the action 
of the ſun did not affect the moon; but the 
action of the ſun diminiſhing the gravity of 
the moon to the earth, the orbit of the 
moon is thereby lengthened, and the lunar 
apogee has a progreſſive motion. | 
Let TA repreſent the diſtance of the 
moon from the earth at T; produce TA to 
B, and let AB be equal to AT; draw AC 
rpendicular to AT, and let AC be equal 
to AT; let CSD be a curve, ſuch, that if 
from any point M in AB there be drawn 
MS perpendicular to AB, meeting the curve 
CSD in S, the ſquare of TM is to the 
ſquare of TA as AC to MS; draw BD 
perpendicular to AB, meeting the curve 
CSD in D; let AC repreſent the centripe- 
tal force of the moon to the earth at the di- 
ſtance TA, ſuppoſing the action of the ſun 
not to affect the moon; MS, BD, likewiſe 
will repreſent the centripetal forces of the 
moon to the earth at the diſtances TM, 
TB, ſuppoſing the action of the ſun not to 
2 the moon; in AC take AE, ſuch, 
— that 
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that AC may be to AE as the centripetal 


force of the moon to the earth at the di- 
tance TA to the mean diſturbing force. of 
the ſun upon the moon at the ſame diſtance; 
join TE meeting MS in F; and becauſe 
the mean diſturbing forces of the ſun upon 
the moon at different diſtances of the moon 
from the earth are to one another [18.] 
nearly as the diſtances of the moon from the 
earth; therefore, if AE repreſent the 
mean diſturbing force of the ſun upon the 
moon at'the diſtance TA, MF will repre- 
ſent the mean diſturbing force of the ſun 
upon the moon at the diſtance TM. Let 
AHK repreſent the orbit deſcribed by the 
moon round the earth by the joint forces of 
the earth and ſun; letK be anypoint in the or- 
bit, and let KLbe a part of the orbit deſcribed 
in an indefinitely little part of time; join TK, 
TL; with the centre T, and diſtances TK, 
TL, deſcribe the circles KM, LN, meeting 
TB in M, N; let the circle LN meet TK 
in O; let AH be a part of the orbit AHK 
deſcribed in a time equal to the time in 
which the part LK was deſcribed; and join 
TH: becauſe the original orbit of the 

Ba moon 
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moon round the earth was ſuppoſed to be a 
circle, the velocity at the point A of the 
moon in, its orbit will be equal [3. Tr. 3.]to 
the velocity that would be acquired by falling 
from B to A; and the ſpace AD will rey 
preſent the ſum of the forces that have act: 
ed upon the moon in its deſdent from B to A: 
but at the point A, the action of the ſun upon 
the moon diminiſhing the gravity of the moon 
to the earth, the moon will recede from 
the centre, and the orbit will be lengthened ; 
and becauſe AC repreſents the centripetal 
force of the moon to the earth at the di- 
ſtance TA, and AE the mean diſturbing 
force of the {fun upon the moon at the ſame 
diſtance diminiſhing the gravity of the 
moon to the earth; therefote EC will. re- 
preſent the force of the moon to the earth 
at the diſtance TA. The ſame way it is 
ſhown, that FS will repteſent the force of 
the moon to the earth at the diſtance TM; 
and the ſpace ES will repreſent the ſum of 
the forces that have acted upon the moon 
in its aſcent through the ſpace AM there - 
fore the velocity of the moon at the diſtance 
3 A TM 
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TM wilt be to the velocity of the moon at 
the diſtance TA in the ſubduplicate ratio of 
the ſum of the ſpaces DM, AF, to the 
ſpace AD: and becauſe the parts LK, AH, 
of the orbit are deſcribed in equal times, 
therefore LK will be to AH as the velocity 
at K to the velocity at A; that is, as the 
velocity at M to the velocity at A; there- 
fore LK will be to AH in the ſubduplicate 
ratio of the ſum of the ſpaces DM, AP, to 
the ſpace AD; therefore the ſquare of LK 
will be to the ſquare of AH as the ſum of 
the ſpaces DM, AF, to the ſpace AD. 
With the centre T, and diſtance TA, 
deſcribe a circle meeting TA in Z; in AM 
produced take M/ quadruple of MA; and 
take Av, 82 that MA may be | to Av as TA 
to AE. 
al Becel the rule ef TM is to the 
ſquare of TA as the triangle 'TMF to the 
triangle TAE; that is, as twice the triangle 
TMF to twice the triangle TAE ; by divi- 
ſion, the rectangle ZMA will be to the 
ſquare of TA as twice the ſpace AF to the 
rectangle TAE; and alternating, the rect- 


ä angle 
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angle Z MA will be to twice! the ſpace AF: 


as the ſquare of TA to the rectangle TAE; 


that is, as TA to AE; that is, as AM to 
Av; that is, as the rectangle ZMA to the 
rectangie contained by ZM, Av; therefore 
the rectangle contained by ZM, Av, is 
double of the ſpace AF: becauſe the mean 
diſturbing force of the ſun upon the moon 
is little in compariſon of the centripetal 
force of the moon to the earth; therefore 
AM will be little in oompariſon of TA; and 
therefore the ſquares of ZM, ZA, may be 
conſideted as equal; therefore the ſquare of 
ZM may be conſidered as quadruple, the 
ſquare of TA; therefore ZM will be to TA 
as four times TA to Z M: but the rectangle 
Z Ma is to the rectangle TAM as Z M to 
TA; therefote the rectangle ZMA will be 
to the rectangle TAM as four times TA to 
ZM: but the rectangle TAM is to the 
ſquare of TA as AM to TA; that is, as 
four times AM, that is, My, to four times 
TA; therefore, by, perturbate equality, the 


rectangle ZMA will be o the ſquare of TA 


as My to . therefore, by compoſition, 
N ab Ane elena the 
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the ſquare of ITM wilt be to the. ſquare of 
TAas Zy to ZM]; that is, as the rectangle 
contained by Zf, Av, to the rectangle con- 
tained by ZM, Av: but the rectangle con- 
tained by ZM, Av, is double of the ſpace 
A; therefore the ſquare of TM will be to 
the ſquare of TA as the rectangle contained 
by Zf, Av, to tivice the ſpace AF. Again, 
the ſquare of TM is to the rectangle TM 
4 TM to MB; that is; [IT. Tr. E.] as the 
tectangle TBD to the ſpace DM; that is, 
as twice the rectangle TBD to twice the 
pace DM ; and twice the rectangle TBD is 
equal to the rectangle TAC ; chat is, equal 
to the ſquare of TA; therefore 5 ſquate 
of TM will be to the rectangle TMB as the 
ſquare of TA to twice the ſpace DM; and 
altertrating, the ſquare of TM will be to 
the ſquare of TA as the rectaungle TMB to 
twice the -fpace DM: but it has been 
ſhown, that the ſquare of TM is to the 
ſquate of TA as the rectangle contained by 
Zf, Av, to twice the ſpace. AF; therefore 
the ſquare of TM will be to the ſquare of 
TA as the reftangle TMB together with 
the rectan gle contained by Zf, Av, to twice 
the 


a »% - &a > SS  __Y* WW 9 TT TD” OG OS 3 EI SOE 


© SS DD. «. cM SD _ © ww ww _. mA __ OAT. IGG oa. Rk... — — 


"and MATHEMATICAL, 373 


the ſun» of the ſpaces DM, AF: but be- 
cauſe AH, LK, are deſcribed in equal times, 
the triangles TAH, TKL, will be equal; 
therefore AH will be to LO as TK or TM 
to TA; therefore the ſquare of AH will be 
to the ſquare of LO as the ſquare of TM 
to the ſquare of TA ; therefore the ſhuare 
of AH will be to the ſquare of LO as the 
rectangle” TMB, together with 'the' re 
angle contained by -Zf, Av, to twice the 
ſum of the ſpaces DM, AF: but becauſe 
the ſquare of LK is to the ſquare of AH as 
the fum of the ſpaces DM, AF, to the ſpace 
AD; that is, as twice the ſum of the ſpaces 
DM, AF, to twice the ſpace AD, and 'the 
fquare of AH is to the ſquare of LO as the 
rectangle TMB, together with the rect- 
angle contained by Zf, Au, to twice the 
ſum of the ſpaces DM, AF; therefore, by 
perturbate equality, the fquare of LK will 
be to the ſquare of LO as the rectangle 
TMB, together with the rectangle contain 
ed by Zf, Av, to twice the ſpace AD: but 


becauſe TA, AB, are equal, twice the ſpace 


AD is equal to the rectangle TAC; that is, 
equal to the ſquare of TA; therefore the 


ſquare 


374 TRAC TS, Pursic Al Tr. IV. 
ſquare of LK is to the ſquare of LO as the 


rectangle TM, together with the rectangle 


contained by Zf, Av, to the ſquare of TA. 
Let the rectangle TMB, together with 
the rectangle contained by Zf, Av, be equal 
to the ſpace Q, together with the ſquare 
of TA; in T take %, ſuch, that fq may 
be to AM as TA to AE; and in AT take 
A quintuple of AE; in AB take AP, 
ſuch, that TG may be to TA as twice AE 
to AP; upon AP let there be a ſemicircle 
deſcribed; draw M, Nr, perpendicu- 
lar to AP, meeting the ſemicircle in Q, 
r; and draw rt parallel to AP, meeting 
M, in 8; biſect AP in x; and join Qx; 
in Tæ take xp, ſuch, that the rectangle T 
may be equal to the ſquare. of æA; draw pt 
petpendicular to Or, a tangent to the ſe- 
micircle at Q; and join , pr; let the 
ſquare of TA be to the ſquare of Ay as TG 
to TA; in GA take Gd, da, equal to AE; 
ain AG take Am equal to ARE. 
Becauſe the rectangle TMB, together 
with the rectangle contained by. Zf, Av, is 
equal to the ſpace Q together with the 
ſquare of TA; let the ſquare of AM be add- 
F185 {1 ed 
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ed to both, and the ſquare of TA, toge- 
ther with the rectangle contained by Z, Av, 


will be equal to the ſpace Q,, together 
with the ſum of the ſquares of TA, AM.; 


therefore taking the ſquare of TA from 
both, the rectangle contained by /, Av, 
will - be equal to the ſpace Q, togetliet 
with the ſquare of AM: but becauſe ;fq is 
to AM as TA to AE; that is, as AM to 
Av;. the ſquare of AM will be equal to the 
rectangle contained by /q, Av; therefore 
the rectangle contained by Zf, Av, will be 


| equal to the ſpace Q, together with the 


rectangle contained by fg, Av; therefore 
taking the rect angle contained by fg, Av, 


from both, the rectangle contained by 29, : 


Av, will be equal to the ſpace Q. Again, 
becauſe TA is to AE as % to AM, and AE 
is to AG as AM to A TA will be to AG 
as fq to Af; therefore, by diviſion, TG 
will be to GA as Ag to : but GA is to 
AE as Af to AM; therefore TG is to: AE 
as Ag to AM: but becauſe TG is to TA as 
twice AE to AP; and TA is to AZ as AP 
to twice AP; therefore, by equality, TG 
will be to AZ as twice AE to twice AP; that 

1S, 


is, as AE to AP; and alternating, TG will 
be to AE as AZ to AP: but TG is to AE 
25 A to AM; therefore AZ is to AP as Ag 
to AM; therefore AZ will be to AP as Zyg 
to PM; that is, as the rectangle contained 
by Za. Av, to the rectangle contained by 
PM, Av: but the ſpace Q_ is equal to the 
rectangle contained by Zg, Av; therefore 
AZ will be to AP as the ſpace Q to the rect- 
angle contained by PM, Av; that is, the 
ſpace Q will be to the rectangle contained 
by PM, An, as AZ to AP : but the rect- 
angle contained by PM, Av, is to the rect- 
angle PMA as Av to AM; that is, as AE 
to AT:; that is, as twice AE to AZ; therefore, 

by perturbate equality, the fpace Q will be 
to the rectungle PMA, that is, tothe ſquare 
of MO, as twice AE to AP; that is, as TG 
to TMA; that is, as the ſquare of TA to the 
ſquare of Ay ; therefore, alternating, the 


ſpace Q will be ito the ſquare of TA as the 
ſquare of M to the ſquare of Ay. 

Again, becauſe it has been ſhown, that 
the ſquare of LK is to the ſquare of LO as 
the rectangle TM, together with the rect- 
angle contained by mf. Av, to the ſquare 


of 
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of TA, and the rectangle TMB, together 
with the rectangle contained by Zf, Av, is 
equal to the ſpace Q, together with the 
ſquare of TA; therefore the ſquare of LK 
will be to the ſquare of LO as the ſpace Q, 
together with the ſquare of TA, to the 
ſquare of TA; therefore, by diviſion, . the 
ſquare of KO will be to the ſquare of LO as 
ie ſpace Q to the ſquare of TA; that is, 
as the ſquare of MQ to the ſquare of Ay; 
therefore KO will be to LO 'as MQ to 
Ay; that is, MN will be to LO as MQ to 
Ay; therefore LO will be to MN as Ay 
to MQ : but becauſe Qr is indefinitely little, 
the triangles Qs, .QxM, will be ſimilar z 
and rs, that is, MN, will be to Or as M 
to Qx ; therefore LO will be to Or as Ay 
to Qx or Ax; therefore the rectangle con- 
tained by TM, LO, will be to the rectangle 
contained by TM, Qz, as Ay to Ax: 
but the rectangle contained by TM, Qr , 
is to the rectangle contained by pt, Qr, as 
TM to pt; that is, [4. Tr. 2.] as Ax toxp; 
therefore the rectangle contained by TM, 
LO, is to the rectangle contained by pt, 
Qr , as Ay to px: but the rectangle con- 

3 B tained 
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tained by TM, LO, that is, the rectangle 
contained by TK, LO, is double of the ſector 
TKL; and the rectangle contained by pt, 
Q, is double of the ſector pQr ; there- 
fore the ſector TKL is to the ſector pQr as 
Ay to px. 

Suppoſing the ſpace ATK to be divided 
into indefinitely little ſectors, and repeating 
the conſtruction, the ſector ApQ of the ſe- 
micircle will likewiſe be divided into indefi- 
nitely little ſectors, and each of the ſectors 
in the ſpace ATK will be to its correſpond- 
ing ſector in the ſemicircle as Ay to px; 
therefore it is evident, that the ſpace ATK 
will be to the ſector Ap as Ay to p; and 
that the ſpace deſcribed round the centre T, 
while the moon recedes through the diſtance 


A from the centre, will be to the ſemicircle 


AQP as Ay to px ; that is, as the rectangle 
contained by Ay, Tx, to the rectangle 
Txp but the ſemicircle AQ is to the ſe- 
micircle AH Z as the ſquare of Ax to the 
ſquare of TA; that is, as the rectangle Ty 

to the ſquare of TA; therefore the ſpace 
deſcribed round the centre T, while the 


moon recedes from the centre T through 
the 
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the ſpace AP, will be to the ſemicircle 
AHZ. as the, reQangle contained by Ay, 
Tx, to the ſquare: of TA; and therefore 
it is evident, that the ſpace deſcribed by the 
moon round the earth from apogee to apo- 
gee will be to the circle whoſe ſemidiameter 
is TA as the rectangle contained by Ay, 
Tx, to the ſquare of TA; therefore the 
time the moon takes to revolve from apogee 
to apogee, will be to the time the moon 
would deſcribe a circle round the earth at 
the diſtance TA by the action of the earth 
alone, as the rectangle contained by Ay, 
TY; to the ſquare of TA. 

Becauſe TG is to Ta as TA to TP, is 
ſquare of TG is to the ſquare of Ta as the 
ſquare of TA to the ſquare of TP; and be- 
cauſe Gm is biſeted in a, and Tm, TG, 
are nearly equal; therefore TG, Ta, Tm, 
may be conſidered as proportionals; there- 
fore TG will be to T as the ſquare of TG 
to the ſquare of Ta; that is, as the ſquare of 


TA to the ſquare of TP ; therefore the paral- 


lelopiped whole baſe is the ſquare of TP, and 

altitude TG, will be equaltothe parallelopiped 

An of TA, and altitude T. 
ä 1 Again, 
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Again, becauſe the ſquare of Ay is to the 
ſquare of TA as TA to TG; therefore Ay 
will be to TA in the ſubduplicate ratio of 
TA to TG; therefore the rectangle con- 
tained by Ay, Tx, will be to the rectangle 
contained by TA, Tæ, in the ſubduplicate 
ratio of TA to TG: andi becauſe the rect- 
angle contained by TA, Tx, is to the ſquare 
of TA as Tx to TA; that is, in the ſubdu- 
plicate ratio of TP to TA, (becauſe TP, 
Tx, TA, may be conſidered as proportionals); 
therefore the rectangle contained by AY, 
Tæ, will be to the ſquare of TA in the ſubdu- 
plicate ratio of TP to TG; that is, in the ſub- 
duplicate ratio of the cube of TP to the patal - 
lelopiped whoſe baſe is the ſquare of TP, and 
altitude TG; that is, in the ſubduplicate ratio 
of the cube of IP to the parallelopiped whoſe 
baſe is the ſquare of TA, and altitude T: 
but the time the moon takes to revolve from 
apogee to apogee, is to the time in which 
the moon would deſcribe a circle round the 
earth at the diſtance TA by the action of 
the earth alone, as the rectangle contained 
by Ay, Tx, to the ſquare of TA; there- 
fore the time the moon takes to reyolve from 
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apogee to apogee, will be to the time in 


which the moon would deſcribe acircleround 


the earth at the diſtance TA by the action of 
theearth alone, in the ſubduplicateratioofthe 
cube of TP to the parallelopiped whoſe baſe 
is the ſquare of TA, and altitude T: but 
the time in which the moon would deſcribe 


a circle round the earth at the diſtance TA 


by the action of the earth alone, is to the 
time in which the moon revolves round the 
earth by the joint forces of the earth and 
ſun, in the ſubduplicate ratio of CE to CA; 
that is, in the ſubduplicate ratio of Tm to 
TA; that is, in the ſubduplicate ratio of the 
parallelopiped whoſe baſe is the ſquare of TA, 
and altitude Tn, to the cube of TA; therefore 
the time the moon takes to revolve from a- 


pogee to apogee is to the periodic time of 


the moon round the earth, in the ſubdupli- 
date ratio of the cube of TP to the cube of 
TA; therefore the cube of TP is to the 
cube of TA, in the duplicate ratio of the 
time the moon takes to revolve from apogee 
to apogee to the periodic time of the moon 
round the earth. 2 . Li 
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PROP. XVII. fig. 112. 11 114 115. 
Let there te an ollipſs «obeſe leſor axir is AB} 
and centre C; ler CD be half the greater 
axis; in AC tale the point E, ſuch, that 
rhe ſquare of AC ir ro the refiongle AEB 
as the ſquare of DC to the' ſquare of CA ; 
biſett EC in F, and in CB take the point 
G, fuch, "that GF may be to FC as the 
ſquare of DC to the ſquare of CA}; drato 
_. FHperpendicular to CF, meeting the ſemeel- 
ie AH in the point H; and join GH: 
| of all the lines tbat can be drawn from te 
© port G tony point in * N 
| a ee N 


In FG produced take GK equal. 0 FC. 


1. Fig. 112. From tho pale Get there 
be drawn GD to the point D; from H 
draw HL parallel to AB, meeting CD in 
L; and let CMD meet the ellipſe in N. 
Becauſe K C is greater than G, the ra- 
tio of KC to FC will be greater than the 
ratio of GF to FC; therefore the ratio of 
the 
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the rectangle K F to the ſquare of FC will 
be greater than the ratio of GF to FC: but 
GF is to FC as the ſquare of DC to the 
ſquare of CA; that is, becauſe of the ellipſe, 
as the rectangle DLN to the ſquate of HE; 
therefore the ratio of the rectangle KCF to 
the ſquare of FC is greater than the ratio of 
the rectangle DLN to the ſquare of HL : 
and becauſe the ſquares of FC, HL, are e- 
qual, becauſe FC, HE, are equal, therefore 
the tectangle KF is greater than the rect- 
angle DLN : let the ſquare of CG be added 
to both, and the ſquare of GF will be great- 
er than the rectangle DEN together with 
the ſquare of CG. Again, let the ſquare 
of HF or CL be added to both, and the 


' ſquares of GF, FH, will be greater than the 


ſquares of GC, CD: but the ſquare of GH 
is equal to the ſquares of GF, FH, and the 
ſquare of GD is equal to the ſquares of 
GC, CD; therefore the ſquare of GH will 
be greater than the ſquare of GD; and 
therefore GH is greater than GD. 


2. Hg. 113. Again, from the point G, 
let there be drawn GO to any point O; be- 
tween 
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tween A, H, draw OP perpendicular to 
AB, meeting AB in P; let HF meet the 
ellipſe in Q; and draw OR parallel to 
AB, meeting HF, CD, in R, S, and the el- 
lipſe in T. 


* Becauſe the ratio of PC. to CF is greater 


than the ratio of PG to GF; by compoſi- 
tion, the ratio of PC together with CF to 
CF will be greater than the ratio of PK to 
GF : but PC together with CF is equal to 
OS together with SR ; that is, equal to RT; 
therefore the ratio of RT to CF is greater 
than the ratio of PK to GF; therefore, alter- 
nating, the ratio of RT to PK is greater than 


the ratio of CF to FG; therefore the ratio 


of the rectangle ORT to the rectangle KPF 
is greater than the ratio of CF to FG: but 
CF is to FG as the ſquare of AC to the 
ſquare of CD; that is, becauſe of the el- 
lipſe, as the rectangle ORT to the rectangle 
HRQ ; therefore the ratio of the rectangle 
ORT to the rectangle KPF is greater than 
the ratio of the rectangle ORT to the rect- 
angle HRQ ; and therefore the rectangle 
HRQ. is greater than the rectangle KPF : 
let the ſquare of GF be added to both, 2 

me 
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the reQangle HRQ together with the 
ſquare of GF will be greater than the ſquare 
of GP, Let the ſquare of FR or OP be add- 
ed to both, and the ſquares: of GF, -FH, 
will be greater than the ſquares of GP, PO: 
but the ſquare of GH is equal to the ſquares 
of F, FH, and the ſquare. of GO is equal 
to the ſquares of GP, PO; therefore the 
ſquare of GH is greater than the ſquare 
of GO ; and theretore GHH is N — 
S ... | 


3. Fig. 114. Again, from the point. G 
let — be drawn GO to any point O in the 
ellipſe between D, H; draw OP perpendi- 
cular to AB, meeting AB in P, and the el- 
lipſe in Q ; and draw HR parallel to AB, 
meeting OP, CD, in R, S, and the * 
in T. 

Becauſe the ratio of GP to PC is greater 
than the ratio of GF to FC; therefore, al- 
ternatiog, the ratio of GP to GF will be 
greater than the ratio of PC to CF; there- 
fore the ratio of GP together with GF to 
GF, that is, the ratio of KP to GF, will be 
greater than the ratio of PC together with 

3 C CF 
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CF to CF: but FC together with CP is e- 
qual to HS together with SR; that is, e- 
qual to RT]; therefore the ratio of KP to 
GF will be greater than the ratio of RT to 
FC; therefore, alternating, the ratio of KP 
to R is greater than the ratio of GF to FC; 
and therefore the ratio of the rectangle KPF 
to the rectangle HRT is greater than the 
ratio of GF to FC: but GF is to FC as the 
ſquare of DC to the ſquare of CA ; that is, 
becauſe of the ellipſe, as the rectangle 
ORQto the rectangle HRT; therefore the 
ratio of the rectangle KPF to the rectangle 
HRT. is greater than the ratio of the rect- 
angle ORQ to the rectangle HRT; there- 
fore the rectangle K PF is greater than the 
rectangle ORQ . Let the ſquare of GP be 
added to both, and the ſquare of GF will 
be greater than the rectangle ORQ toge- 
ther with the ſquare of GP. Again, let 
the ſquare of HF or PR be added to both, 
and the ſquares of GF, FH, together, will 
be greater than the ſquares of GP, PO, to- 
gether: but the ſquare of GH is equal to 
the ſquares of GF, FH, together, and the 
_ of GO is equal to. the ſquares of GP, 
PO, 
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PO, together ; therefore the ſquare of GH 
is greater than the ſquare of G03 and 
therefore G 20 is 8 ans GO. q 


oh yt Beg 115. Ain, from the point O let 
there be drawn GO to any point O in the 


ellipſe between D, B; draw. OP parallel to 
AB, meeting CD in P, and the ellipſe in 
Q and join CO, GQ, COM. 

Becauſe O is parallel to AB, OP, PQ, 
will be equal, and the angles at P right; 
therefore CO, CO, are equal; therefore 
the angles CQO, COQ_ are equal: but 
the angle CQO is greater than the angle 
GQO; therefore the angle COQ is greater 
than the angle GQO : but the angle GO 
is greater than the angle COQ; therefore 
the angle G0 is greater than the angle 
GQO; therefore is greater than GO; 
and n GH is . 1 N han GO. 
2, E. Y. 71 


Cor. From this i it is erica that a al 
cle deſcribed with the centre G, and diſtance 
H, will fall een the ellipſe ADB. 


>= —_—_ _ "+ F 


, | pr PROP. 
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"P * Yr Pr lr "Rh, 116. 


Let tbere he a WR" whoſe 72 axis is 
AB, and chm C; att ler CD be half the 
"greater axis; in AC tale the point E, ſuch, 
bur the ſhure of AC is 1 ie Fretdiigle 
 AEB as the ſytiare of CD ts the ſhuare of 
CA; and la EC he # CF as the ſuare of 
"AC togetbef with the vefangle NEB io the 
funre of EC; from C, E; Kt there be 
drawn CG, EG, t any po int G in the ſe- 
 muellipfe; meeting the ſemirirtie deſeribed 
Apen AB in H, K: bear Gooints : 
_ be * 15 CF.” | 
5 | 
Bie EC 10 L; draw Abe pendeln 
to EL, meeting the ellipſe i M]; and in 
EC produced take the point N, fuch, that EN 
is to NC as EC to CF; join MN, CM]; with 
the centre N, and diſtance NM, let there 
be a circle deſcribed, meeting AB in O, P, 
let EG meet the circle OM in Q, and 
join NQ; let LM meet the circle AHB 
in R, and CM theet tire circle AHB in Z; 
and let MS a tangent to the ellipſe at M 
a | meet 
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meet AB in S; join SR, CR; from H 
draw HT parallel to AB, meeting CG in T; 
join EM, and let EM meet the circle 
AHB in V; draw VX parallel to AB, 
meeting CM in X; and in CS take EY e- 
qual to EC. | | 

Becauſe EN is to NC as EC to CF; that 
is, as the rectangle AEB together with the 
ſquare of AC to the ſquare of EC; by divi- 
fion, EC will be to CN as twice the rect- 
angle AEB to the ſquare of EC; therefore 
LC will be to CN as the rectangle AEB to 
the ſquare of EC; therefore LC will be to 
LN as the rectangle AEB to the ſquare of 
AC; and therefore, inverſely, NL will be 
to LC as the ſquare of AC to the rectangle 
AEB: but the ſquare of LM is to the ſquare 
of LR as the ſquare of CD to the ſquare 
of CA; that is, as the ſquare of AC to the 
rectangle AEB; and the rectangle NLS is 
to the rectangle CLS as NL to LC; there- 
fore the rectangle NLS is to the rectangle 
CLS as the ſquare of LM to the ſquare of 
LR: but becauſe SM is a tangent to the el- 
lipſe at M, SR will be a tangent to the cir- 
cle at R; therefore the angle SRC is right; 
and 
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and therefore the rectangle CLS is equal to 
the ſquare of LR; therefore the rectangle 
NLS is equal to the ſquare of LM; and 
therefore the angle. SMN is a right angle. 
Again, becauſe LC is to CN as the rect- 
angle AEB to the ſquare of EC; by com- 
poſition, LN will be to NC as the ſquare 
of AC to the ſquare of EC: but the rect- 
angle SCL is equal to the ſquare of CR 
or CA; and the rectangle VCL is equal to 
the ſquare of CE, becauſe YC is double of 
CE, and CE is double of CL; therefore 
EN will be to NC as the rectangle SCL to 
the rectangle YCL; that is, as SC to CY; 
and therefore, by diviſion, LC will be to 
CN as SY to YC; therefore the rectangle 
contained by SY, CN, will be equal to the 
rectangle YCL ; that is, equal to the ſquare 
of YE or EC; therefore SY will be to YE 
as YE or EC to CN; and therefore, by 
compoſition, SE will be to EC as EN to 
NC; therefore alternating, SE will be to 
EN as EC to CN; therefore, by compoſi- 
tion, SN will be to NE, as EN to NC; 
therefore the rectangle SNC is equal to 
the ſquare of EN. Becauſe the rectangle 
5 SNL 


and MATHEMATICAL: 391 


SNL is to the rectangle SNC as LN to NC; 
that is, as the ſquare of AC to the ſquare 
of EC; and the rectangle SNL is equal to 
the ſquare of NM, becauſe the angle 
SMN is right, and the rectangle SN C was 
ſhown to be equal to the ſquare of EN; 
therefore the ſquare of NM will be to the 
ſquare of EN as the ſquare of AC or CV 
to the ſquare of CE; therefore NM will be 
to EN as VC to CE: and becauſe the 
angle CEV is common to both the tri- 
angles VEC, MEN, the triangles VEC, 
MEN, will be equiangular, and the angles 
ECV, ENM, will be equal; therefore CV, 
MN, are parallel. The ſame way it is 
ſhown, that CH, QN, are parallel; there- 
fore EM is to MV as EN to NC; that'is, 
as EC to CF: but EC is to VX as EM to 
MV ; therefore EC is to VX as EC to CF; 
therefore VX is equal to CF: but becauſe 
the angle VXM is equal to the angle ECM, 
the angle VXM will be leſs than a right 
angle; therefore VX will be greater than 
the fine of the arc VZ; and therefore the 
ſine of the arc VZ is leſs than CF : and be- 
cauſe [cor. prop. 28.] the circle deſcribed 
r the centre N, and diſtance NM, falls 
without 
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without the ellipſe ADB, therefore the 

point Q. falls without the ellipſe ; there» 
fore the ratio of EG to GH is greater than 
the ratio of EQ to H: but EC is to HT 
as EG to GH, and EC is to CF as EN to 
NC; that is, as EQ to MH; therefore the 
ratio of EC to HT is greater than the ratio 

of EC to CF; therefore HT is leſs. than 
FC: but the ſine of the arc HK is not 
greater than HT ; and therefore the fine of 
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Let there be a circle whoſe diameter is AB, 
and centre C, and ler D be @ point in the 
| diameter; in CD take CE, fuch, that the 
reftangle ACE be equal to the ſquare of 
CD; take CV, ſuch, that DC is to CV as 
the ſum of CA and AE is to CE; from D 
let there be drawn DF to any point F in 
the circle; and CO hr chard be drawn 
CG parallel to DF, meeting FG A tangent 
to the circle at F in G, and likewiſe meet- 
ing the ſemicircle AFB in H; join DG 
meeting the ſemicircle AFB in K : the fine 
of the arc HK is leſs than CV. 


Becauſe 


* 
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Becauſe the rectangle ACR is equal to 
the ſquate of CD/ the rectangle CAE will 
be equal to the rectangle ADB; therefore the 
rectdngle ADB together with the ſquare of 
AC will be ęqual td the rectangle CAE toges 
ther with tha ſquare af N: butthe rectangle 
CAE together/with the quate of AC is c- 
quali tu the voctungle tuntaimed hy CA; and 
the fin obCdlp All therefore the rectangle 
ADB together wirkt they AC is e- 
quad to the lectangle conMed by OA, and 
che ſum ofi CA;AE ji ann thgrefcre thi 
rectungle ADB togethe? with the ſquare of 
AC: will de tothe ſquare df «CD as the res 
angle conaintÞ by CAp ad che ſum of CA; 
AE, tothe teftangleACB : but the rect. 
antzle eontaiuei by CA. (CJahd the ſym of 
CA, AE, is tothe teſtaigde ACE as the 
ſum of CAR, v CE that i u DC 
to CV; theoeſdro the rectingie ADB toge- 
thet with the ſquate of AG to che — 
of CD as C MW CV i 
Again, dad CL, perpendicular © 46 
and let this ſquarih d CL be) to the ſquare 
of CA as thecſduare of CA to the rectangle 

— D 3 72 ADB; 


« * N 9 
. 2 5 þ * 
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ADB; draw GM perpendicular to AB, 
meeting AB in a; Grate eie, N. O; 
age: join CF. engh291 21 01 laups 3d 

. Becauſe bi is a U men cle ue at 
P, the angle GFC is a right angle; 'there- 
fore the rectangle G FC is double of the tri- 
angle GF C: and becauſe GM is perpendi- 
cular to AB, the rectangle contained by 
DC, GM, is double if the triangle GDC: 
but becauſe BF, GC ate parallel the tri- 
angles GFC, GDC, ard equal; therefore 
the rectangle FC is dquał to the rectangle 
contained by DC, GM therefore GM is 
to GF as CF to CP; thertfore the ſquare 
of GM 1s: tothe ſquare of G or the rect - 
angle NGO, as the / ſquare tif CF or CA 
the ſquare of {ED 7 therefare;i converſely; 
the ſquare /of Mis to:theofquiare of MN 
as the ſquare of CM to the, refangle ADB; 
that is, s thegſquate of CL tothe ſquare 
of CA; therefore GM is toi MN as CL. to 
Cu; and therefore it is gvident, that the 

point G is In Ahrellipſe deſcribed upon the 
ſemiaxes CL CA; and (by the 
laſt propoſition) the ſine of che are HK is 
leſs than CV. 2. E. D.. 


PROP. 
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ya here bes Prog line AB, and CD a 
portion a curve whilly.- concave. towards 
AB, AR at and AC, BD, parallel to euch 
er meeting the curve in C, D; let CE, 
a tangent to the curve at C, meet BD in 
E; join AD, AE, BC; and let AE meet 
_ the curve in F: the triangle ABC will be 
- o 
| n \, ann 


Join CD. Becsüle. AC, BB; are parallel, 
the triangles ABC, AEC, will be equal: 
but the triangle AEC is greater than the 
ſector ACF; therefore the triangle ABC 
is greater than the ſector ACF. Again, be- 
cauſe AC, BD, are parallel, the triangles 
ABC, ADC, are equal: but the triangle 
ADC is leſs than the ſector ACD; therefore 
the triangle n leſs than dhe ſector 
Aen. #1. TG 


3D2 PROP. 
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RO P. XXXI. RR. 119 


LE there be 4 curve AEB. wholly concavut 
toward the ftraight ine AB, and ke: 'D, 
bx twvo-pornts in the lint. AB; draw DE to 
any point E in the curve, and 'draw- CF 
: . parallel to DE, meating 'the curve in F; 
let EG, a tangent kb the curve ut E, meet 
CF in G, and join DF, DG, and let DG 
meer the. cure in H; letthe point D be be- 
tween the points A, C: the ſecter ACE 
will be greater than the ſector ADH, but 
I than the ſicr ADF; and the febtor 
BCE wull be greater er. 
Oe Og: gar m Sr 1446 
Tri? 
| Boekwſs the triangle DEC is * Mad 
er then the ſector EDH, let the ſector ADE 
be added to both; and the ſector ACE will 
be greater than the ſector ADH: and, be- 
cauſe: the triangle DEC. is [3 .] leſs than 
the ſector EDF, let the ſector ADE be add- 
ed to both; and the ſector ACE will be leſs 
than the ſector ADF. | 
| Again, becauſe the ſcctor ACE together 


with 
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with the ſectot BCE, is equal to the ſector 
ADF together with the ſector BDF, and 
the ſeQor ACE is leſs than the ſector ADF; 
therefore the ſetor BCE is greater than the 
ſector BD: and becauſe the ſector ACE 
together with the ſector BCE, is equal to 
the ſector ADH together with the ſector 
BDH, and the ſector ACE is greater than 
the ſector ADH ; therefore the ſector BCE 
menen n D. 


PROP. rin. Hi: 120. 


Let there be 6: fanveireh a 1 15 
Ag, and centre C, and let D be a point 
in tbe diameter nat very. excentric ; grant- 
ing the quadrature of the circle, it is requi- 
red to draw'a line DE, meeting the circle 

in E, fo, that the ſemicircle may be to the 
f — BDE in ne EG Amel that 


-"Bigphok dd ceckion pived; — let the 
ien be to the ſector BCF as p is to q ; 
join DF, and draw CG parallel to DF, 
meeting FG a tangent to the circle at F in 

| G; 


— A CA AG CO OI I EI AO — * 
* 
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G; join DG, and let CG, DG, meet the 


circle in H, K; join DH. FH; draw CM 


parallel to DH, meeting HM a tangent to 
the circle at H in M; draw DL perpendi- 
cular to CH, meeting H in L; join LE, 
and let FN ane 1 . CH 
in N. 5313" i | F err © 

[Becauſe the ſemicircle is to che bedr 
BDE as p is to 9, that is, as the ſemicircle 
to the ſector BCF, the ſector BDE will be 
equal to the ſector BCF: and becauſe the 
ſector BCH is common to both, the ſpace 
HCDE will be equal to the ſector HCE; 
but becauſe CH, DF, are parallel, the tri- 
angle DC H is equal to the triangle FCH; 
therefore the ſector EDH will be equal to 
the ſpace contained by the arc HKF, and 
the chord FH. Again, becauſe the ſector 
BDE is '<qual to the ſector BCF, and the 
ſector BCF is [ 32. ] greater than the ſector 
BDH, and leſs than the ſector BDK, the 
ſector BDE will be greater than the ſector 


 BDH, and leſs than the ſector BDK; 


therefore the point E is in the are HK be- 
tween the points H, K. ¶ Let the arc HK 
be called the * arc]. Becauſe the 


point 
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point D is not very excentric, the limiting 


arc will be little; therefore EH may be con- 
fidered as coinciding with the tarigeht to the 
cirele at the point H; and therefore the tri- 
angle ELH will de equal to the ſector 
EDH; chat is, equal to the ſpace contain 
therefore the rectangle LHE will be double 
of the ſpace contained by the arc FKH, 
and the chord FH. Becauſe the tectangle 
contained by CH, and the arc FK H, is dou- 
ble of the ſector HH, and the rectangle 
contained by CH, EN, is double of the tri- 
angle CFH; the rectangle contained by 
CH, and the exceſs of the arc FK H above 
FN, will be double of the ſpace contained 
by the arc FK H, and the chord FH; there- 
fore the rectangle EHE will be equal to tlie 
rectangle contained by CH, and the exceſs 
of the arc FKH above FN; therefore LII 
will be to HC as the exceſs of the arc FK H 
above FN to HE: but becauſe the triangles 
DLH, CH M, are fimilar; LH will be to 
HC as DL or FN to HM; therefore FN 
will be to HM as the n of ien arc 
THOR above FN. to HE. | 


" From 
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8 N. N. 8 'T ROT, 9 N. fl 

Let the ſemicircle be to dhe {tor BC 
a8 þ3s tolg ;cjoit. D ru CH parallel to 
DF, meeting the circle in H; qoin DH; 
dra Q parallel to NH. meeting HM 
a tüngegt tb the cict hegt Hino M; anddet 
| FN perpen dicular ti meet CH in N, 
inthe tangent HM take HE towards F, ſo, 
that FN may be tofHM as the exceſs:of the 
arc NK H abovd FN th HE; join Ev che 
ſerhiclecle will be to ie ſector DE nearly 
ar. 5 Signs 57H40 gigas 
Let | -perpdtidicular:to-©Hz nkict 
CH in Lg. join BH; LE let CTI meet 
FG;a e eee Fi in G oi 
Dane ce bi n t ont 
Beaute the triangles DLH, CHM, bare 

fitallary . vil be to HC as” DL or F 
to HM: :thix is, us the {exceſs of the are 


FRH abo PN to HE; therefore tlie rect · 


angie UNE will be equal to the reckangle 


contained by H, and the' excels" of the 
are HE F above FEN: but becauſe the rect - 


my contained by H "and the are HF is 
double 
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double of the ſector HCF, and the rect- 
angle contained by CH, FN, is double of 
the triangle CFH; therefore the rectangle 
contained by CH, and the exceſs of the 
arc FK H above FN will be double of the 
{pace contained by the arc FKH, and the 
chord FH ; therefore the rectangle LHE 
will be double of the ſpace contained by the 
arc FKH, and the chord FH; and therefore 
the triangle LHE will be equal to the ſpace 
contained by the arc FKH, and the chord 
FH : but becauſe DL, HE, are parallel, 
the triangles DHE, LHE, are equal ; there- 
fore the triangle DHE is equal to the ſpace 
contained by the arc FKH, and the chord 
FH: and becauſe DF, CH, are parallel, 
the triangles CDH, CFH, are equal; there- 
fore the ſpace HCDE will be equal to the 
ſector CFH. Let the ſector BCH be added 
to both, and the ſector BDE will be equal 
to the ſector BCF: but becauſe the ſector 
BCF is greater than the ſector BDH, and 
leſs than the ſector BDK ; therefore the ſec- 
tor BDE is greater than the ſector BDH, 
and leſs than the ſector BDK; and there- 
fore DE falls between DH, DK : and be- 
Laa 3 E cauſe 
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cauſe the point D is not very excentric, the 
limiting are HK will be little; therefore 
the tangent HE may be conſidered as coinci- 
ding with the arc HK : becauſe the ſector 
BDE is equal to the ſector BCF, the ſemi- 
circle will be to the ſector BDE as the ſe- 
micircle to the ſector BCF: but the ſemi- 
circle is to the ſector BCF as p is to 9 
therefore the ſemicircle is to the ſector BDE 
nearly as p is to . L. E. D. 


EKepler firſt of all diſcovered that the pla- 
nets revolved in ellipſes round the ſun pla- 
ced in one of the foci, and that they deſcri- 
bed equal areas in equal times round the 
ſun. Let the ſemiellipſe [g. 121. ] whoſe 
greater axis is AP, focus 8, and centre C, 
repreſent half the orbit of a planet round 
the ſun in 8; and ſuppoſe the planet at the 
point K in its orbit; join SK: half the pe- 
riodic time of the planet round the ſun is to 
the time in which the planet moves from A to 
Kas the area of the ſemiellipſe to the area 
ASK; and therefore, to find the place of the 
planet at any given time, it is neceſſary to find 
the poſition of the right line SK, which 
e | ſhall 
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ſhall cut off the area ASK proportional to 
the time, that is, to draw the line 8K fo, 
that the area of the ſemiellipſe may be to 
the area ASK as half the periodic time of 
the planet round the ſun to the given time. 
From K let fall KH perpendicular to AP, 

meeting AP inH, andthe ſemicircledeſcribed 
upon AP in G; and join SG: it is evident, from 
the nature of the ellipſe and circle; that the ſe- 
micirele is to the ſector A8 as the ſemiel- 

lipſe to the ſector ASK ; therefore the ſe- 
micircle is to the ſector ASG as half the 
periodic time of the. planet round the ſun to 
the time in which the planet moves from A 
to K. The problem therefore is reduced to 
this: To draw the line SG meeting the ſemi- 
circle in G, ſo, that the ſemicircle may be 
to the ſector A8 as half the periodic time 
of the planet round the ſun to the given 
time. In the ſemicircle take the are AB, 
fo, that the are APR may be to the arc 
AB as half the periodic time of the planet 
round the ſun to the given time; join CB; 
the ſemicircle therefore will be to the ſec- 
tor ACB as half the periodic time of the 
Pane round the ſun to the given time; 
3 E 2 that 
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that is, as the ſemicircle to the ſector ASG; 
therefore the ſectors ACB, ASG, are e- 
qual; join CG. 

Ihe angle ACB is called by Kepler the 
mean anomaly, the angle ACG the ano- 
maly of the excentric, and the angle ASK 
the coequate or true anomaly. The pro- 
blem therefore is reduced to this: The 
mean anomaly of a planet being given, to 
find the anomaly of the excentric and the co- 
equate anomaly. 


P R OP. XXIV. Eg. 121. 


Let AP be the greater axis of a planet s orbit, 
S the focus the place of the ſun, A the aphe- 
lion, P the peribelion; upon AP let the ſe- 
micircle ABP be deſcribed; let C be the 
centre; and let the angle ACB be the mean 
anomaly of the planet at any given time : it 
is required to find the anomaly of the excen- 


tric. 


Join SB; and draw CD parallel to SB, 
meeting. the circle in D; join SD in BD; 
| take the arc DG fo, that the fine of the 


angle 
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angle BCD may be to the tangent of the 
angle CDS as the exceſs of the arc BD a- 
bove its fine to the arc. DG ; and join CG: 
the angle ACG will be nearly the — 
of the excentric. 

Join SG; draw BE perpendicular to CD, 
meeting CD in E; and draw CF parallel to 
SD, meeting DF a tangent to the circle at 
D in F. | | 

Becauſe BE is the fine of the angle 
BCD, and DF the tangent of the angle 
DCF, that is, of the angle SPC, BE will 
be to DF as the exceſs of the arc BD above 
BE to the arc DG; therefore [33.] the 
ſector ASG is equal to the ſector ACB; 
therefore the angle ACG is the anomaly of 
the excentric. 

The computation i is as follows. In the 
triangle BCS, as the ſum of the ſides BC, 
CS, is to the difference of the ſides BC, CS, 
ſo is the tangent of half the angle ACB to 
the tangent of half the difference of the 
angles CSB, CBS; therefore the angles 
CSB, CBS, will be given; that is, the angles 
ACD, DCB, will be given. Again, in the 
triangle CSD, the ſum of the ſides CD, CS, 

is 


466 TRACTS, Puysrcar Tr. IV. 


is to the difference of the ſides CD, Cs, as 
the tangent of half the angle ACD to the 
tangent of half the difference of the angles 
CSD, CDS; therefore the angle CDS will 
be given. Again, becauſe- as the fine of 
the angle BCD is to the tangent of the 
angle CDS, ſo is the exceſs of the arc BD 
above its ſine to the arc GD; ſay, As the ra- 
dius is to the fine of the angle BCD, ſo is 
57. 2957795 c. the number of degrees i in 
an angle ſubtended by an arc equal to the 
radius, to the number of degrees in an 

angle ſubtended by an arc equal to the fine 
of the angle BCD; (let this angle be cal- 
led A). A the ſine of the angle 
BCD to the tangent of the angle CDS, fo 
is the exceſs of the angle BCD above the 

angle A to the angle GCD. Therefore the 
angle ACG, the ne of the excentric, 
will be given. 

In orbits of ſmall excentricity, ths 1 
ACD is nearly the anomaly of the excen- 
tric ; therefore the following rule will give 
the anomaly of the excentric very nearly. 
From the logarithmic tangent of half the 

mean anomaly, ſubtract the difference of 
| the 
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the logarithms of the aphelion and perihe- 
lion diſtances ; the remainder is the logarith- 
mic tangent of an angle, which call B: to 
the angle B, add half the mean anomaly ; 
the ſum will give very nearly the anomaly 
of the excentric “. 

In the orbits of Mercury and Mars, if the 
exceſs of the angle BCD above the angle 
A be added to the angle ACD, the ſum 
will be nearly the anomaly of the excentric 
reckoned from the aphelion. 

The anomaly of the excentric being 
found, the coequate or true anomaly will 
be found by the reſolution of the triangle 
GCS, thus: From the long. tang. of half 
the anomaly of the excentric, ſubtract the 
difference of the logs. of the aphelion and 
perihelion diſtances, the remainder will be 
the log. tang. of an angle; to this angle add 
half the anomaly of the excentric; let the 
ſum be called the angle C; to the log. tang, 


® In the earth's orbit, even in that part where the limit- 
ing arc is greateſt, the limiting arc will be leſs than half a 
ſecond; and in the lunar orbit, when the excentricity is 
greateſt, the limiting arc, even ia that part of the orbit 
where it is greateſt, ſcarcely exceeds half a minute, . This 
may be eaſily computed from prop. 30. 5 
0 
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of the angle C, add half the ſum of the 
logs. of the aphelion and perihelion diſtan- 
ces; from this ſum ſubtract the log. of the 
mean diſtance : the remainder will be the 
log. tang. of the coequate or true anomaly. 

Let CL be the leſſer axis of the planet's 

orbit. Becauſe, from the nature of the el- 
lipſe, the ſquare of CL is equal to the rect- 
angle ASP, the log. of CL will be equal to 
half the ſum of the logs. of AS, SP: and 
becauſe the tangent of the angle KSH is to 
the tangent of the angle GSH as HK to 
HG; that is, from the nature of the el- 
lipſe, as LC to CA; therefore, if to the 
log. tang. of the angle GSH the log. of CL 
be added, and from the ſum the log. of AC 
be ſubtracted, the remainder will be an 
log. tang. of the angle KSH. 
Again, the ſine of the true anomaly is 
to the ſine of the anomaly of the excentric 
as the leſſer axis of the orbit to the diſtance 
of the planet from the ſun. 

Becauſe CL is to HK as CG to GH, 
that is, as the radius to the fine of the ano- 
maly of the excentric, and HK is to KS as 


the ſine of the true anomaly to the radius; 
| therefore 
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therefore CL is to KS as the fine of the 
true anomaly to the anomaly.of the excen- 
tric. 

The place of a planet in an elliptic orbit 
(granting the quadrature of the ellipſe) may 
be found. at any given time within a ſmall 
limit by the following propoſition. | 


* R 0 P. XXXV. : Pig. 122, 


Let the ellipſe whoſe greater axis is AP, 
ſoci 8, K, and centre C, repreſent the orbit 
Va planet round the ſun at 8; and ſuppo- 
Ing the periodic time of the planet round the 
fun to be known, and kkewiſe the time the 
Planet paſſed through the apheſion A: as 
ile periodic time of the planet round the ſun 

ii to the time elapſed ſince the planet paſſed 
through the point A, ſo let the area of the 
ellipſe be to the ſector ACB ; join SB, and 
draw CD parallel to SB on the ſame fide 
of AP that SB is; and let CD be equal to 
CA; Join SD; t CD, SD, meet the el- 
hipſe in E, F: the true place of the planet 
is between the points E, F; that is, the 
3F Planet 
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ne eee E, but nat come to 
the paint F. 


Let G be the place of the planet; join 

SG; and join BD meeting AP in H; and 
join KB ; draw SL parallel to KB, meeting 
Bb in L. Becauſe CD is parallel to SB, 
CD will be to SB as CH to HS; therefore 
twice CD will be to SBas twice CH to HS: 
but becauſe twice CD is equal to AP, that 
is, equal to KB together with BS, and 
twice CH is equal to KH together with 
HS ; therefore KB together with BS will 
be to BS as KH together with HS is to 
HS; and therefore KB will be to BS as KH 
to HS; that is, as KB to SL; therefore 
BS, SL, are equal ; therefore the angle 
SBL is equal to the angle SLB; that is, e- 
qual to the angle KBD; and therefore, 
from a known property of the ellipſe, BD 
is a tangent to the ellipſe at the point B; 
and therefore {32.]. the ſector ACB is 
greater than the ſector ASE, and leſs than 
the ſector ASF: but becauſe G is the place 
of the planet, the area of the ellipſe will be 
to the ſector ASG as the periodic time of 
the 
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the planet round the ſun is to the time e- 
lapſed fince the planet paſſed through the 
point A; that is, as the area of the ellipſe 
to the ſector ACB; therefore the ſector 
ASG is equal to the ſector ACB; and 
therefore the ſector AS is greater than the 
ſector ASE, and leſs than the ſector ASF; 
therefore the line SG falls between the lines 
SE, SF; and therefore G, the place of the 
planet, is between the points E, F; there- 
fore the planet has paſſed the point E, but 
is not come to the point F, 


